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Preface 


The theory of evolutionary equations has its origins in the seminal paper [82] by 
Rainer Picard, working at the Technische Universität Dresden, Germany. All three 
of us were students at this university at the time. Thus, we were lucky enough to 
learn the theory of evolutionary equations from its early days on. We took and still 
take the opportunity to be part of the continuously growing group of people actively 
developing the theory further. In fact, both the PhD and the habilitation theses of 
S.T. and M.W. are concerned with generalisations of the initial theory as well as 
opening up new directions of research. It is also an aim of these lecture notes to 
present some of these latest results in a coherent text. 

In general terms, the theory of evolutionary equations provides a Hilbert space 
method to understand differential equations. It comprises a unified approach 
to solving both ordinary and partial differential equations as well as to show 
general well-posedness results for both stationary and nonstationary, that is, time- 
dependent problems. Besides well-posedness theorems for large classes of differen- 
tial equations (including nonlinear problems), the theory addresses quantitative and 
qualitative questions related to exponential stability, homogenisation and regularity. 
This list is bound to get longer in future. The general approach, furthermore, allows 
for either a comparison or unification (depending on the context) of approaches 
initially tailored for particular types of equations, such as parabolic, hyperbolic 
or elliptic. In particular, mixed type equations can be considered and understood 
with the presented perspective. Thus, many fundamental equations of mathematical 
physics such as the heat equation, wave equation, Maxwell’s equations and the 
equations of elasticity theory can be treated using this method. 

The abovementioned equations fitting into a general solution theory posed a 
surprising fact (at least for us). Even more so as the general problem class of 
evolutionary equations bases on four rather elementary observations being shortly 
summarised as follows: 


* the (distributional, time) derivative can be realised as a boundedly invertible, 
normal operator in exponentially weighted L2-spaces, 
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* many equations of mathematical physics (including the above) can be written as 
a sum of two unbounded operators: one of them involving first order differential 
operators in space and the other one a first order differential operator in time, 

* the introduction of abstract so-called ‘material laws’ or ‘material law operators’ 
as coefficients of the time derivative describes both heterogeneous media and 
coupling effects, 

* the solution mechanism is based on monotonicity of both the sum of the 
mentioned unbounded operators together with its adjoint computed in the space- 
time Hilbert space; in many cases, this monotonicity readily follows from the one 
of the time derivatives multiplied with the material law operator. 


The last observation is particularly striking in as much as the monotonicity of the 
time derivative multiplied with the material law operator is rather easily obtained in 
many applications. This provides a well-posedness criterion that is both elementary 
and general, often leading to generalisations of known solution criteria for particular 
situations. From an applied perspective, these criteria can often be verified without 
diving into the intricacies of more involved solution methods and, thus, the existing 
numerical methods for evolutionary equations can be used to numerically solve the 
considered equation at hand. 

In the context of time-dependent equations and related topics, there is a well- 
established format of introducing various subjects to advanced master or diploma 
students as well as PhD students, namely the Internet Seminar on Evolution 
Equations. Since 1997, it has been organised by various groups from Germany, 
Hungary, Italy, the UK and the Netherlands, providing virtual lectures as well 
as supervised student projects. In the academic year 2019—2020, we organised 
the Internet Seminar focussing on evolutionary equations. The present book is an 
extended version of the lecture notes for the virtual lectures. As such, it presents a 
thorough introduction to the theory of evolutionary equations and the corresponding 
solution theory and provides many properties, different classes of examples and 
properties of solutions, taking the reader from the early beginning of Picard's 
theorem to (almost) the state-of-the-art in this theory. 

As the text is based on weekly virtual lectures, each chapter of the book is 
intended to (roughly) comprise a selection of material that covers 4 h of lectures and 
2h of exercise classes. Hence, this book covers material for one or two semesters. It 
is intended for master or diploma students as well as PhD students and researchers 
and requires only basic knowledge on functional analysis, foundations in Hilbert 
space theory and complex analysis in one variable. The needed amount of these 
is similar to the ones provided in basic courses on these topics. Apart from these 
prerequisites, the material of the book is self-contained. At the end of each chapter, 
we appended 7 exercises of varying difficulties from easy to challenging and also 
we commented on further reading and/or on the wider context of the contents of the 
chapter. 

We are indebted to Rainer Picard for introducing this theory to us more than 
a decade ago and for his past and ongoing support in many areas. We are very 
grateful to the participants of the 23rd Internet Seminar for reading the manuscript, 
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working with the material and thus checking large parts of the present text. In 
particular, we cordially thank Jiirgen Voigt, Hendrik Vogt and Michael Doherty 
for their valuable comments, which led to many improvements. M.W. thanks Jussi 
Behrndt for the invitation on a guest professorship at the TU Graz at the end of 
2020 and the beginning of 2021. This guest appointment led to the presentation of 
the course at TU Graz with many interested students, in particular, Julia Hauser, 
Peter Schlosser, Georg Stenzel and Raphael Watschinger, studying the material and 
providing useful feedback that helped to profoundly improve the text. We thank the 
anonymous referees for their comments that led to further improvements. All the 
remaining mistakes are our own. 

We thank Christiane Tretter, Editor of the Operator Theory series, for her 
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Chapter 1 ff) 
Introduction Geek for 


This chapter is intended to give a brief introduction as well as a summary of the 
present text. We shall highlight some of the main ideas and methods behind the 
theory and will also aim to provide some background on the main concept in the 
manuscript: the notion of so-called 


Evolutionary Equations 


dating back to Picard in the seminal paper [82]; see also [84, Chapter 6]. 

Another expression used to describe the same thing (and in order to distinguish 
the concept from evolution equations) is that of evo-systems. Before going into detail 
on what we think of when using the term evolutionary equations, we provide some 
wider context to (some) solution methods of partial differential equations. 


1.1 From ODEs to PDEs 


In order to study and understand partial differential equations (PDEs) in general 
people have started out looking for methods known from the theory of ordinary 
differential equations (ODEs) to apply these to PDEs. The process of getting from a 
PDE to some ODE is by no means unique nor ‘canonical’. That is to say there might 
be more than one way of reformulating a PDE into an (generalised) ODE setting (if 
at all). 

The benefits of such a strategy, if it works, are obvious: Since for ODEs solution 
methods are well-known and well understood, some intuition from ODEs may 
be passed onto the solution process for PDEs. One way of directly apply ODE- 
methods to PDEs can be carried out for transport type equations, where the method 
of characteristics uses the fact that—using the implicit function theorem—some 
solutions of PDEs correspond to solutions of ODEs. In this section we shall not 
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delve into this direction of PDE theory but refer to the standard literature such as 
[39] instead. 

Another way of using ODE theory for PDEs is summarised by what might be 
called infinite-dimensional generalisations. In a nutshell instead of solving a PDE 
directly, one solves (infinitely many) ODEs instead. For some equations this strategy 
can be applied by the separation of variables ansatz. Somewhat similarly, one 
can generalise linear ODEs into an infinite-dimensional setting under the umbrella 
term evolution equation to signify differential equations involving time. In order 
to provide some more detail to this strategy we shortly recall how to solve linear 
ODEs: Let us consider ann x n-matrix A with entries from the field K of complex 
or real numbers, C or R, and address the system of ordinary differential equations 


u'(t) = Au(t), t 90, 
u(0) = uo 


for some given initial datum, uo € IK". This solution can be computed with the help 
of the matrix exponential 


oo k 
tA __ (tA) nxn 
~ 3 k! K 
=0 


in the form 


u(t) = Ayo. 


As it turns out, this u is continuously differentiable and u satisfies the above 
equation. We note in particular that e/^uo — e°4u9 = uo ast — 0+ and that 
ef +94 — e^e5^. In a way, to obtain the solution for the system of ordinary 
differential equations we need to construct (e' A). >0. the so-called fundamental 
solution. 

In order to have a particular example for the infinite-dimensional generalisation 
in mind, let us have a look at the heat equation next. This is the prototypical 
example for an (infinite-dimensional) evolution equation: Let Q C R? be open. 
Then consider 


0;0(t, x) = A0(t, x), (t,x) € (0,00) x Q, 
0(0, x) = 09 (x). xeg, 


where A — i 97 is the usual Laplacian carried out with respect to the ‘x- 
variables’ or ‘spatial variables’, and 09 is a given initial heat distribution and 0 
is the unknown (scalar-valued) heat distribution. The above heat equation is also 
accompanied with some boundary conditions for 0(t, x) which are required to be 
valid for all t > O and x € əN. For definiteness, we consider homogeneous Dirichlet 
boundary conditions, that is, 0 (t, x) = 0 for allt > O and x € dQ, in the following. 
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In order to mark the considered boundary conditions we shall write Ap instead 
of just A and look at the heat equation in the form 


u' = Apu, u(0) = uo 


with the understanding that u is considered to be a vector-valued function assigning 
each time t > 0 to a function space X of functions Q — K; here we choose 
X = La (Q). If Q is bounded, it is possible to diagonalise Ap and the corresponding 
eigenvector expansion leads to infinitely many ODEs of the form 


uy = Àgug, ug(0) = uo, 


for suitable scalars Ay, k € N. The solution sequence (ux) for these ODEs is the 
sequence of coefficients of the eigenvector expansion of u. 

A different infinite-dimensional generalisation of the finite-dimensional setting 
leads to a solution method valid for all Q. 

This generalisation does not consist in changing the PDE to many ODEs but only 
to a single one with an infinite-dimensional state space. The method is described best 
by looking at the fundamental solution in the ODE setting rather than the equation. 
The idea is to find a fundamental solution with state space X so that we replace the 
family (e/^) t20 of matrices acting on K” by a family (T (t));>0 of linear operators in 
X. This leads to the notion of so-called Co-semigroups and the fundamental solution 
of the heat equation is then the (appropriately interpreted) family (e' ^D), >0, see 
[38, 48, 81] for some standard references. More precisely, for X = L(Q) and 
09 € L5(€2), the function 0: t œ> ef ADA € L2(Q) satisfies the above heat equation 
in a certain generalised sense. 

In general, for equations written in the form u’ = Au for appropriate A, a solution 
theory, that is, the proof for existence, uniqueness and continuous dependence on 
the data, is then contained in the construction of the fundamental solution (e.g., Co- 
semigroup) in terms of the ingredients of the equation. This infinite-dimensional 
generalisation from the ODE case proves to be versatile and has been applied to 
many different particular PDEs of the form u’ = Au. 

Albeit quite successful there are also some drawbacks in the application of the 
abovementioned theories. For particular PDEs either the considered methods are not 
applicable or their application necessitates more or less involved workarounds. 

In the next section, we describe a particular problem for which invoking for 
instance semigroup theory would seem unnatural let alone not at all straightforward. 
It follows, however, the general scheme of looking at fundamental solutions in an 
infinite-dimensional context. 
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1.3 Time-independent Problems 


The construction of fundamental solutions is also a valuable method for obtaining a 
solution for time-independent problems, see, e.g., [39]. To see this, let us consider 
Poisson’s equation in R3: Given f € CY (R?) we want to find a function u: R? > 
R with the property that 


—Au(x) = f(x) (x ER’). 


It can be shown that u given by 


1 1 
i) - c f oo foy 
7 JR |x — y| 


is well-defined, twice continuously differentiable and satisfies Poisson's equation; 
cf. Exercise 1.3. Note that x œ> EIE is also referred to as the fundamental solution 
or Green's function for Poisson's equation. The formula presented for u is the 
convolution with the fundamental solution. The formula used to define u also works 
for f being merely bounded and measurable with compact support. In this case, 
however, the pointwise formula of Poisson's equation cannot be expected to hold 
anymore, since changing f on a set of measure 0 does not influence the values 
of u. Thus, only a posteriori estimates under additional conditions on f render u 
to be twice continuously differentiable (say) with Poisson's equation holding for 
all x € R?. However, similar to the semigroup setting, it is possible to generalise 
the meaning of —Au = f. Then, again, the fundamental solution can be used to 
construct a solution for Poisson's equation for more general f. 

The situation becomes different when we consider a boundary value problem 
instead of the problem above. More precisely, let 2 C IR? be an open set and let 
f € L5(&2). We then ask whether there exists u € L5(&2) such that 


—^u- f, gQ, 
u=0, ondQ. 


Notice that the task of just (mathematically) formulating this equation, let alone 
establishing a solution theory, is something that needs to be addressed. Indeed, we 
emphasise that it is unclear as to what Au is supposed to mean if u € L2(&2), only. 
It turns out that the problem described is not well-posed in general. In particular— 
depending on the shape of Q and the norms involved—it might, for instance, lack 
continuous dependence on the data, f. 

In any case, the solution formula that we have used for the case when Q = IR? 
does not work anymore. Indeed, only particular shapes of Q permit to explicitly 
construct a fundamental solution; see [39, Section 2.2]. Despite this, when Q is 
merely bounded, it is still possible to construct a solution, u, for the above problem. 
There are two key ingredients required for this approach. One is a clever application 
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of Riesz’s representation theorem for functionals in Hilbert spaces and the other 
one involves inventing ‘suitable’ interpretations of Au in € and u = 0 on dQ. Thus, 
the method of ‘solving’ Poisson's equation amounts to posing the correct question, 
which then can be addressed without invoking the fundamental solution. With this 
in mind, one could argue that the setting makes the problem solvable. 


1.3 Evolutionary Equations 


The central aim for evolutionary equations is to combine the rationales from both 
the Co-semigroup theory and that from the time-independent case. That is to say, 
we wish to establish a setting that treats time-independent problems as well as time- 
dependent problems. At the same time we need to generalise solution concepts. 
We shall not aim to construct the fundamental solution in either the spatial or 
the temporal directions. The problem class will comprise of problems that can be 
written in the form 


(0;M(0;) + JU = F 


where U is the unknown and F the known right-hand side. Furthermore, A is an 
(unbounded, skew-selfadjoint) operator acting in some Hilbert space that is thought 
of as modelling spatial coordinates; 0; is a realisation of the (time-)derivative 
operator and M (ð+) is an analytic, bounded operator-valued function M, which is 
evaluated at the time derivative. In the course of the next chapters, we shall specify 
the definitions and how standard problems fit into this problem class. In particular, 
we will specify the Hilbert spaces modelling space-time in which the above equation 
is considered. 

Before going into greater depth on this approach, we would like to emphasise 
the key differences and similarities which arise when compared to the derivation of 
more traditional solution theories that we outlined above. 

Since the solution theory for evolutionary equations will also encapsulate time- 
independent problems, we predominantly focus on inhomogeneous problems. In 
fact, the choice of Hilbert spaces implies implicit homogeneous initial conditions at 
t = —oo. However, inhomogeneous initial values at £ = 0 will also be considered 
in this manuscript. In fact, it turns out that these initial value problems can be recast 
into problems of the above type. 

In any case, as we do not want to require the existence of any fundamental 
solution we will also need to introduce a generalisation of the concept of a solution. 
Moreover, we shall see that both ð; and A are unbounded operators whereas M (8) 
is a bounded operator. Thus, we need to make sense of the operator sum of the two 
unbounded operators ð; M (8;) and A, which, in general, cannot be realised as being 
onto but rather as having dense range, only. 

A post-processing procedure will then ensure that for more regular right-hand 
sides, F, the solution U will also be more regular. In some cases this will, for 
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instance, amount to U being continuous in the time variable. We shall entirely 
confine ourselves within the Hilbert space case though. In this sense, the solution 
theory to be presented will be, in essence, an application of the projection theorem 
applied in a Hilbert space that combines both spatial and temporal variables. 

The operator M (8;) is thought of as carrying all the ‘complexity’ of the model. 
What we mean by complexity will become more apparent when we discuss some 
examples. 

Finally, let us stress that A being ‘skew-selfadjoint’ is a way of implementing first 
order systems in our abstract setting. In fact, we shall focus on first order equations 
in both time and space. This is also another change in perspective when compared 
to classical approaches. As classical treatments might emphasise the importance 
of the Laplacian (and hence Poisson's equation) and variants thereof, evolutionary 
equations rather emphasise Maxwell's equations as the prototypical PDE. This 
change of point of view will be illustrated in the following section, where we address 
some classical examples. 


1.4 Particular Examples and the Change of Perspective 


Here we will focus on three examples. These examples will also be the first to 
be readdressed when we discuss the solution theory of evolutionary equations in 
a later chapter. In order to simplify the current presentation we will not consider 
boundary value problems but solely concentrate on problems posed on Q = R?. 
Furthermore, we shall dispose of any initial conditions. For a more detailed account 
on the derivation of these equations, we refer to the appendix of this manuscript. 


Maxwell’s Equations 

The prototypical evolutionary equation is the system provided by Maxwell's 
equations. Maxwell's equations consist of two equations describing an electro- 
magnetic field, (E, H), subject to a given certain external current, /, 


Q;£E 4-o E — cul H = j, 

9; LH + curl E = 0. 
We shall detail the properties of the material parameters £, u, and o later on; for 
a definition of curl see Sect. 6.1. For the time being it is safe to assume that they 
are non-negative real numbers and that they additionally satisfy that u(e + o) > 0. 


Now, in the setting of evolutionary equations, we gather the electro-magnetic field 
into one column vector and obtain 


(Gn) * (60) * (em 0”)) (a) = (6): 
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We shall see later that we obtain an evolutionary equation by setting 


= — ; 
M (85) := ( °) +0; , n o) and A := ie a . 


A formulation that fits well into an infinite-dimensional ODE-setting would be, 
for example, 


=i ed 

3 EY [(&0 —o curl\ (E + e0 j 

"MH) \ou — curl 0 H Ou 0)’ 
provided that £ > 0. The inhomogeneous right-hand side a j, 0) can then be dealt 
with by means of the variation of constants formula, which is the incarnation of 


the convolution of d j. 0) with the fundamental solution in this time-dependent 
situation. Thus, in order to apply for example semigroup theory, the main task lies 


in showing that 
one em lo 1 curl 
Ex curl O0 


gives rise to a suitable interpretation of (e' A) 1>0- 

A different formulation needs to be put in place if €e = 0 everywhere. The 
situation becomes even more complicated if £ and o are bounded, non-negative, 
measurable functions of the spatial variable such that € + o > c for some c > 0. 
In the setting of evolutionary equations, this problem, however, can be dealt with. 
Note that then one cannot expect E to be continuous with respect to the temporal 
variable unless j is smooth enough. 


Wave Equation 

We shall discuss the scalar wave equation in a medium where the wave propagation 
speed is inhomogeneous in different directions of space. This is modelled by finding 
u: R x R? => R such that, given a suitable forcing term f: R x R? — R (again 
we skip initial values here), we have 


92u — diva gradu = f, 
where a = a! € R>*? is positive definite; that is, (£, a&)p3 > Oforallé € R? \ {0}. 


In the context of evolutionary equations, we rewrite this as a first order problem in 
time and space. For this, we introduce v := 0;u and q := —a grad u and obtain that 


62) C290 -(Q. 
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Thus, 


1 0 0 div 
M (8,) = d A := 
(3) E 2x) us ee 2) 


render the wave equation as an evolutionary equation. 

Let us mention briefly that it is also possible to rewrite the wave equation as a 
first order system in time only. For this, a standard ODE trick is used: one simply 
sticks with the additional variable v = 0,u and obtains that 


(5) =(avenaao) (6) * 7) 


In this formulation the ‘complexity’ of the model is contained in the operator 


0 1 
div a grad 0) ` 
Heat Equation 


We have already formulated classical approaches to the heat equation 
0,0 — diva grad0 = Q, 


in which we have added a heat source Q and a conductivity a = a! € RÌ”? being 
positive definite. Here, however, we reformulate the heat equation as a first order 
system in time and space to end up (again setting q :— —a grad 0) with 


(^ (00) * (ca) + Cama 0 )) Q2 = C0) 


In the context of evolutionary equations we then have that 


10 1/0 0 0 div 
M(0;) := ( o +a! b 2) and A := E o ) ; 


The advantage of this reformulation is that it becomes easily comparable to the 
first order formulation of the wave equation outlined above. For instance it is now 
possible to easily consider mixed type problems of the form 


(Qa e) * (osai) * kema 0)) 7 (8) 


with s: R? — [0,1] being an arbitrary measurable function. In fact, in the 
solution theory for evolutionary equations, this does not amount to any additional 
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complication of the problem. Models of this type are particularly interesting in the 
context of so-called solid-fluid interaction, where the relations of a solid body and a 
flow of fluid surrounding it are addressed. 


1.5 A Brief Outline of the Course 


We now present an overview of the contents of the following chapters. 


Basics 

In order to properly set the stage, we shall begin with some background of operator 
theory in Banach and Hilbert spaces. We assume the reader to be acquainted with 
some knowledge on bounded linear operators, such as the uniform boundedness 
principle, and basic concepts in the topology of metric spaces, such as density 
and closure. The most important new material will be the adjoint of an operator, 
which needs not be bounded anymore. In order to deal with this notion, we will 
consider relations rather than operators as they provide the natural setting for 
unbounded operators. Having finished this brief detour on operator theory, we will 
turn to a generalisation of Lebesgue spaces. More precisely, we will survey ideas 
from Lebesgue's integration theory for functions attaining values in an infinite- 
dimensional Banach space. 


The Time Derivative 

Banach space-valued (or rather Hilbert space-valued) integration theory will play 
a fundamental role in defining the time derivative as an unbounded, continuously 
invertible operator in a suitable Hilbert space. In order to obtain continuous 
invertibility, we have to introduce an exponential weighting function, which is akin 
to the exponential weight introduced in the space of continuous functions for a proof 
of the Picard-Lindelóf theorem; that is, the unique existence theorem for solutions 
for ODEs. It is therefore natural to discuss the application of this operator to ODEs. 
Hence, in passing, we will present a Hilbert space solution theory for ordinary 
differential equations. Here, we will also have the opportunity to discuss ordinary 
differential equations with delay and memory. After this short detour, we will turn 
back to the time derivative operator and describe its spectrum. For this we introduce 
the so-called Fourier-Laplace transformation which transforms the time derivative 
into a multiplication operator. This unitary transformation will additionally serve to 
define (analytic and bounded) functions of the time derivative. This is absolutely 
essential for the formulation of evolutionary equations. 


Evolutionary Equations 

Having finished the necessary preliminary work, we will then be in a position 
to provide the proper justification of the formulation and solution theory for 
evolutionary equations. We will accompany this solution theory not only with 
the three leading examples from above, but also with some more sophisticated 
equations. Amazingly, the considered space-time setting will allow us to discuss 
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(time-)fractional differential equations, partial differential equations with delay 
terms and even a class of integro-differential equations. Withdrawing the focus on 
regularity with respect to the temporal variable, we are en passant able to generalise 
well-posedness conditions from the classical literature. However, we shall stick 
to the treatment of analytic operator-valued functions M only. Therefore, we will 
also include some arguments as to why this assumption seems to be physically 
meaningful. It will turn out that analyticity and causality are intimately related 
via both the so-called Paley-Wiener theorem and a representation theorem for time 
translation invariant causal operators. 


Initial Value Problems for Evolutionary Equations 

As it has been outlined above, the focus of evolutionary equations is on inhomoge- 
neous right-hand sides rather than on initial value problems. However, there is also 
the possibility to treat initial value problems with the approach discussed here. For 
this, we need to introduce extrapolation spaces. This then enables us to formulate 
initial value problems as inhomogeneous equations. We have to make a concession 
on the structure of the problem, however. In fact, we will focus on the case when 
M(0;) = Mo + a, 1M, for some bounded linear operators Mo, Mı acting in the 
spatial variables alone. The initial condition will then read as (MoU) (0+) = MoU. 
Hence, one might argue that the initial condition U (0+) = Uo is only assumed in 
a rather generalised sense. This is due to the fact that Mo might be zero. However, 
for the case A = 0 we will also discuss the initial condition U (0+) = Uo, which 
amounts to a treatment of so-called differential-algebraic equations in both finite- 
and inifinite-dimensional state spaces. 


Properties of Solutions and Inhomogeneous Boundary Value Problems 
Turning back to the case when A z O we will discuss qualitative properties 
of solutions of evolutionary equations. One of which will be exponential decay. 
We will identify a subclass of evolutionary equations where it is comparatively 
easy to show that if the right-hand side decays exponentially then so too must 
the solution. If the right-hand side is smooth enough we obtain that U (t), the 
solution of the evolutionary equation at time t, decays exponentially if f — oo. 
Furthermore, we will frame inhomogeneous boundary value problems in the setting 
of evolutionary equations. The method will require a bit more on the regularity 
theory for evolutionary equations and a definition of suitable boundary values. In 
particular, we shall present a way of formulating classical inhomogeneous boundary 
value problems for domains without any boundary regularity. 


Properties of the Solution Operator and Extensions 

In the final part, we shall have another look at the advantages of the problem 
formulation. In fact, we will have a look at the notion of homogenisation of 
differential equations. In the problem formulation presented here, we shall analyse 
the continuity properties of the solution operator with respect to weak operator 
topology convergence of the operator M(d,;). We will address an example for 
ordinary differential equations (when A = 0) and one for partial differential 
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equations (when A z 0). It will turn out that the respective continuity properties 
are profoundly different from one another. 

Furthermore, we have the occasion to address the notion of ‘maximal regularity’ 
in the context of evolutionary equations. Maximal regularity has initially been 
coined for parabolic-type problems like the heat equation. It turns out that evolu- 
tionary equations have a property similar to maximal regularity if one assumes the 
block structure of M (8;) and A to satisfy certain requirements. These requirements 
lead to a subclass of evolutionary equations containing classical parabolic type 
equations. We conclude the body of the text with two extensions of Picard's 
theorem. The first of which addresses non-autonomous problems and the second 
non-linear evolutionary inclusions. 


1.6 Comments 


The focus presented here on the main notions behind evolutionary equations is 
mostly in order to properly motivate the theory and highlight the most striking 
differences in the philosophy. There are other solution concepts (and corresponding 
general settings) developed for partial differential equations; either time-dependent 
or without involving time. 

There is an abundance of examples and additional concepts for Co-semigroups 
for which we refer to the aforementioned standard treatments again. There is also a 
generalisation to problems that are second order in time, e.g., u” = Au, where u(0) 
and u'(0) are given. This gives rise to cosine families of bounded linear operators 
which is another way of generalising the fundamental solution concept, see, for 
example, [107]. 

The main focus of all of these equations is to address initial value problems, 
where the (first/second) time derivative of the unknown is explicit. 

Another way of writing many PDEs from mathematical physics into a common 
form uses the notion of Friedrichs systems, see [43, 44]. However, the main focus 
of Friedrichs systems is on static, that is, time-independent partial differential 
equations. A time-dependent variant of constant coefficient Friedrichs systems are 
so-called symmetric-hyperbolic systems, see e.g. [12]. In these cases, whether the 
authors treat constant coefficients or not, the framework of evolutionary equations 
adds a profound amount of additional complexity by including the operator M (0,). 

The treatment of time-dependent problems in space-time settings and addressing 
corresponding well-posedness properties of a sum of two unbounded operators has 
also been considered in [26] with elaborate conditions on the operators involved. 
In their studies, the flexibility introduced by the operator M (8;) in our setting is 
missing, thus the time derivative operator is not thought of having any variable 
coefficients attached to it. 
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Exercises 


Exercise 1.1 Let o € C(R, R). Assume that $ (t + s) = ¢ (t) (s) for all t, s € R, 
(0) = 1. Show that $ (t) = e% (t € R) forsomea € R. 


Exercise 1.2 Letn € N, T: R — R"*" continuously differentiable such that T (t+ 
s) = T(t)T(s) for all t,s € R, T(0) = I. Show that there exists A € IR"*" with 
the property that T(t) = e^ (t € R). 


Exercise 1.3 Show that x — u(x) = i Jr ro) dy satisfies Poisson’s 
equation, given f € CX (R?). 


Exercise 1.4 Let f € C3 (R). Define u(t, x) := f(x + t) for x,t € R. Show that 
u satisfies the differential equation 0,u = 0,u and u (0, x) = f(x) for all x € R. 


Exercise 1.5 Let X, Y be Banach spaces, (Ta )nen be a sequence in L(X, Y), the set 
of bounded linear operators. If sup (|[7,]| ; n € N} = oo, show that there is x € X 
and a strictly increasing sequence (nk)ķen in N such that | Ti X | — oo. 


Exercise 1.6 Let n € N. Denote by GL(n; K) the set of continuously invertible 
n x n matrices. Show that GL(n; K) € IK"*" is open. 


Exercise 1.7 Let n € N. Show that 6: GL(n; K) 5 A > A^! e K“ is 
continuously differentiable. Compute &'. 
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Chapter 2 ® 
Unbounded Operators PEE 


We will gather some information on operators in Banach and Hilbert spaces. 
Throughout this chapter let Xo, X1, and X» be Banach spaces and Ho, Hı, and 
Hy be Hilbert spaces over the field K € (R, C}. 


2. Operators in Banach Spaces 


We define the set of continuous linear operators 


B 
L(Xo, Xi) = 4 B: Xo > Xi; B linear, || = — sup [Fal og 
xeXo\{0} llxll 


with the usual abbreviation L(Xo) :— L(Xo, Xo). In contrast to a bounded linear 
operator, a discontinuous or unbounded linear operator only needs to be defined on 
a proper albeit possibly dense subset of Xo. In order to define unbounded linear 
operators, we will first take a more general point of view and introduce (linear) 
relations. This perspective will turn out to be the natural setting later on. 


Definition A subset A C Xo x X is called a relation in Xo and X4. We define the 
domain, range and kernel of A as follows 
dom(A) := (x € Xo; dy e Xi: (x, y) € A}, 
ran(A) := (y e Xi; dx e Xo: (x, y) € A}, 
ker(A) := {x € Xo; (x,0) € A}. 
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The image, A[M], of a set M C Xo under A is given by 
A[M] := (y e Xi; dx e M: (x, y) € A}. 


A relation A is called bounded if for all bounded M C Xo the set ALM] € X, is 
bounded. For a given relation A we define the inverse relation 


AT! = ((y,x) € X1 x Xo; (x, y) € A}. 


A relation A is called linear if A C Xo x X, is a linear subspace. A linear relation 
A is called linear operator or just operator from Xo to X, if 


A[{O}] = (y € X1; (0, y) € A} = {0}. 
In this case, we also write 
A: dom(A) € Xo > Xi 


to denote a linear operator from Xo to X1. Moreover, we shall write Ax = y instead 
of (x, y) € A in this case. A linear operator A, which is not bounded, is called 
unbounded. 


For completeness, we also define the sum, scalar multiples, and composition of 
relations. 


Definition Let A C Xo x X1, B € Xo x X; and C C X, x X» be relations, A € K. 
Then we define 


A+ B= {x,y + w) € Xo x Xii @, y) € A, (x, w) € B), 
AA = {(x, Ay) € Xo x X1; (x, y) € A}, 
CA = {(x,z) € Xo x X2; dy € X1: (x, y) € A, Q2 E€ C}. 


For a relation A C Xo x X, we will use the abbreviation —A :— —1A (so that the 
minus sign only acts on the second component). We now proceed with topological 
notions for relations. 


Definition Let A C Xo x X1 be a relation. A is called densely defined if dom(A) is 
dense in Xo. We call A closed if A is a closed subset of the direct sum of the Banach 
spaces Xo and X1. If A is a linear operator then we will call A closable, whenever 
A C Xo x X1 is a linear operator. 
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Proposition 2.1.1 Let A C Xo x Xi be a relation, C € L(X2, Xo) and B € 
L(Xo, X1). Then the following statements hold. 


(a) A is closed if and only if A-! is closed. Moreover, we have (A)~! = A-. 
(b) A is closed if and only if A+ B is closed. 
(c) If A is closed, then AC is closed. 


Proof Statement (a) follows upon realising that Xo x X1 Ə (x, y) > (yx) € 
X, x Xo is an isomorphism. 

For statement (b), it suffices to show that the closedness of A implies the same 
for A + B. Let ((x,, yn)), be a sequence in A + B convergent in Xo x X, to some 
(x, y). Since B € L(Xo, X1), it follows that ((xn, Yn — Bx5)), in A is convergent to 
(x, y — Bx) in Xo x X4. Since A is closed, (x, y — Bx) € A. Thus, (x, y) €E A+B. 

For statement (c), let ((w,, y;)), be a sequence in AC convergent in X2 x 
X, to some (w, y). Since C is continuous, (Cwn), converges to Cw. Hence, 
(Cwn, Yn) — (Cw, y) in Xo x X; and since (Cwn, yn) € A and A is closed, it 
follows that (Cw, y) € A. Equivalently, (w, y) € AC, which yields closedness of 
AC. oO 


We shall gather some other elementary facts about closed operators in the following. 
We will make use of the following notion. 


Definition Let A: dom(A) € Xo — X bea linear operator. Then the graph norm 
of A is defined by dom(A) > x e IIxll4 :— v Ixl? + || Axl. 


Lemma 2.1.2 Let A: dom(A) € Xo — Xi be a linear operator. Then the 
following statements are equivalent: 


(i) A is closed. 
(ii) dom(A) equipped with the graph norm is a Banach space. 
(ii) For all (x,), in dom(A) convergent in Xo such that (Ax,), is convergent in 
X1 we have lim; oœ Xn € dom(A) and A limy-s 99 Xn = liM Axa. 


Proof For the equivalence (i) (ii), it suffices to observe that dom(A) 35 x > 
(x, Ax) € A, where dom(A) is endowed with the graph norm, is an isomorphism. 
The equivalence (i)<>(iii) is an easy reformulation of the definition of closedness of 
AC Xo x X1. oO 


Unless explicitly stated otherwise (e.g. in the form dom(A) € Xo, where we regard 
dom(A) as a subspace of X), for closed operators A we always consider dom(A) 
as a Banach space in its own right; that is, we shall regard it as being endowed with 
the graph norm. 


Lemma 2.1.3 Let A: dom(A) € Xo — X; bea closed linear operator. Then A is 
bounded if and only if dom(A) € Xo is closed. 
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Proof First of all note that boundedness of A is equivalent to the fact that the 
graph norm and the Xo-norm on dom(A) are equivalent. Hence, the closedness and 
boundedness of A implies that dom(A) C Xo is closed. On the other hand, the 
embedding 


t: (dom(A), ||-||A) <> (dom(A), I1 xo) 


is continuous and bijective. Since the range is closed, the open mapping theorem 
implies that |^! is continuous. This yields the equivalence of the graph norm and 
the Xg-norm and, thus, the boundedness of A. oO 


For unbounded operators, obtaining a precise description of the domain may be 
difficult. However, there may be a subset of the domain which essentially (or 
approximately) describes the operator. This gives rise to the following notion of 
a core. 


Definition Let A € Xo x X1. A set D C dom(A) is called a core for A provided 
An (D x X1) 2 A. 

Proposition 2.1.4 Let A € L(Xo, X1), and D C Xo a dense linear subspace. Then 
D isa core for A. 


Corollary 2.1.5 Let A: dom(A) € Xo — X1 be a densely defined, bounded linear 
operator. Then there exists a unique B € L(Xo, X1) with B 2 A. In particular, we 
have B — A and 


| Axl 


IBI = ; 
xedom(A),xz0. II 


The proofs of Proposition 2.1.4 and Corollary 2.1.5 are asked for in Exercise 2.2. 


2.2 Operators in Hilbert Spaces 


Let us now focus on operators on Hilbert spaces. In this setting, we can additionally 
make use of scalar products (-, -), which in this course are considered to be linear in 
the second argument (and anti-linear in the first, in the case when K = C). 

For a linear operator A: dom(A) C Ho — H; the graph norm of A is induced 
by the scalar product 


(x, y) e (x, y) + (Ax, Ay), 


known as the graph scalar product of A. If A is closed then dom(A) (equipped with 
the graph norm) is a Hilbert space. 
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Of course, no presentation of operators in Hilbert spaces would be complete 
without the central notion of the adjoint operator. We wish to pose the adjoint within 
the relational framework just established. The definition is as follows. 


Definition For a relation A C Ho x Hı we define the adjoint relation A* by 


L 
A* = — (47) ) C Hi x Ho, 


where the orthogonal complement is computed in the direct sum of the Hilbert 
spaces Hı and Ho; that is, the set Hı x Ho endowed with the scalar product 


(x, y), (u, v)) md (x, u) H, +F (y, v) Ho: 
Remark 2.2.1 Let A C Ho x Hj. Then we have 


A* {(u, v) € Hı x Ho; VW, y) € A: uy) = (v, x) m} , 
In particular, if A is a linear operator, we have 
A* - {(u, v) € Hi x Ho; Vx € dom(A) : (u, Ax) g, = (v. x) Ho} ] 


Lemma 2.2.2 Let A C Ho x H; be a relation. Then A* is a linear relation. 
Moreover, we have 


w=- (6) = (Cary = Clery - (0 =" 
The proof of this lemma is left as Exercise 2.3. 


Remark 2.2.3 Let A C Ho x Hj. Since A* is the orthogonal complement of —Aq!, 
it follows immediately that A* is closed. Moreover, A* = (A)* since At = (4). 


Lemma 2.2.4 Let A C Ho x H; be a linear relation. Then 
A** = (A*)* =Z. 


Proof We compute using Lemma 2.2.2 


waco -(CC(097)) ) -e- , 


Theorem 2.2.5 Let A C Ho x Hi bea linear relation. Then 


ran(A)+ = ker(A*) and fan(A*) = ker(A)-. 
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Proof Let u € ker(A*) and let y € ran(A). Then we find x € dom(A) such that 
(x, y) € A. Moreover, note that (u, 0) € A*. Then, we compute 


(u, yY)H = (0, x) m = 0. 


This equality shows that ran( A)* 2 ker(A*). If on the other hand, u € ran( A)* 
then for all (x, y) € A we have that 


0= (u, ym , 


which implies (u, 0) € A* and hence u € ker(A*). The remaining equation follows 
from Lemma 2.2.4 together with the first equation applied to A*. o 


The following decomposition result is immediate from the latter theorem and will 
be used frequently throughout the text. 


Corollary 2.2.6 Let A C Ho x Hi bea closed linear relation. Then 
Hı —ran(A) @ker(A*) and Ho = ker(A) @ ran(A*). 


We will now turn to the case where the adjoint relation is actually a linear operator. 


Lemma 2.2.7 Let A C Ho x Hi be a linear relation. Then A* is a linear operator 
if and only if A is densely defined. If, in addition, A is a linear operator, then A is 
closable if and only if A* is densely defined. 


Proof For the first equivalence, it suffices to observe that 
A*[(0)] = dom(A)*. (2.1) 


Indeed, A being densely defined is equivalent to having dom(A)+ = {0}. Moreover, 
A* is an operator if and only if A*[(0]] = {0}. Next, we show (2.1). For this, apply 
Theorem 2.2.5 to the linear relation A~!. One obtains (ran A~!)+ = ker(A7!)*. 
Hence, (dom(A))+ = ker(A*)~! = A*[{0}], which is (2.1). For the remaining 
equivalence, we need to characterise A being an operator. Using Lemma 2.2.4 and 
the first equivalence, we deduce that A — (A*)* is a linear operator if and only if 
A* is densely defined. Oo 


Remark 2.2.8 Note that the statement “A* is an operator if A is densely defined” 
asserted in Lemma 2.2.7 is also true for any relation. For this, it suffices to observe 
that (2.1) is true for any relation A C Ho x Hj. Indeed, let A C Ho x Hj bea 
relation; define B := lin A. Then dom(B) = lin dom(A). Also, we have 


A* — =(A+)- = —(B+)7! = B*. 
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With these preparations, we can write 
dom(A)+ = (lindom(A))+ = dom(B)+ = B*[{0}] = A*[{O}], 


where we used that (2.1) holds for linear relations. 


Lemma 2.2.9 Let A C Ho x Hi be a linear relation. Then A € L(Ho, H1) if and 
only if A* € L(A, Ho). In either case, || A*|| = [A |. 


Proof Note that A € L(Ho, Hj) implies that A is closable and densely defined. 
Thus, by Lemma 2.2.7, A* is a densely defined, closed linear operator. For u € 
dom(A*) we compute using Lemma 2.2.4 


* 

[Atul = sp EEN sup EC ana 
xeHo\{0} ixl xeHo\(0} [lll 

yielding ||A*|| < [A]. On the one hand, this implies that A* is bounded, and on 

the other, since A* is densely defined we deduce A* € L(Hij, Ho) by Lemma 2.1.3. 

The other implication (and the other inequality) follows from the first one applied 

to A* instead of A using A** — A. o 


We end this section by defining some special classes of relations and operators. 


Definition Let H be a Hilbert space and A C H x H a linear relation. We call 
A (skew-)Hermitian if A C A* (A C —A*). We say that A is (skew-)symmetric if 
A is (skew-)Hermitian and densely defined (so that A* is a linear operator), and A 
is called (skew-)selfadjoint if A = A* (A = —A*). Additionally, if A is densely 
defined, then we say that A is normal if AA* = A*A. 


2.3 Computing the Adjoint 


In general it is a very difficult task to compute the adjoint of a given (unbounded) 
operator. There are, however, cases, where the adjoint of a sum or the product can 
be computed more readily. We start with the most basic case of bounded linear 
operators. 


Proposition 2.3.1 Let A,B € L(Ho, Hı), C € L(M2, Ho). Then (A + B)* = 
A* + B* and (AC)* = C*A*. 
The latter results are special cases of more general statements to follow. 


Theorem 2.3.2 Let A, B C Ho x H; be relations. Then A* + B* C (A+ B)*. If, 
in addition, B € L( Ho, Hj), then (A + B)* = A* + B*. 


Proof In order to show the claimed inclusion, let (u, r) € A* + B*. By definition 
of the sum of relations, we find v, w € Ho, r = v + w, with (u,v) € A* and 
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(u, w) € B*. We compute for all (x, s) € A + B, that is, (x, y) € A and (x, z) € B 
for some y, z € Hj with s = y +z 


(X,1) Hy = (x, v + W) Ay = (x, v)n + (x, w) m 


= (y,Uu)y, + (z, u)g, = (Y +z, u) p, = (S, 4) p - 


This shows the desired inclusion. Next, we assume in addition that B € L(Ho, Hj). 
For the equality, it remains to show that (A + B)* C A* + B*, which in conjunction 
with the above follows if dom((A + B)*) C dom(A* + B*) = dom(A*)Ndom(B*). 
By Lemma 2.2.9, we have dom(B*) = Hi. Hence, it suffices to show that dom((A+ 
B)*) € dom(A*). For this, let (u, v) € (A + B)*. Then we compute for all (x, y) € 
A using Lemma 2.2.9 again 


(x, v) Hy = (y + Bx, u) p, = (y, u) g, + (x, B"u)y, ] 
Thus, (x, v — B*u) m = (y, u) g,, Which yields (u, v — B*u) € A*; whence, u € 
dom(A*) as desired. Oo 


Corollary 2.3.3 Let A C Ho x Hi, B € L(Ho, Hı). If A is densely defined, then 
A* + B* is an operator and (A + B)* = A* + B*. 


Theorem 2.3.4 Let A C Ho x Hı and C € H x Ho. Then C* A* C (AC)*. If, 
in addition, A C Ho x Hj is closed and linear as well as C € L(Ho, Ho), then 
(AC)* = C* A*. 


Proof For the first inclusion, let (u, w) € C*A*. Thus, we find v € Hy such that 
(u, v) € A* and (v, w) € C*. Next, let (r, y) € AC. Then we find x € Ho such that 
(r, x) € C and (x, y) € A. We compute 


(y, u), = (x, V) Ho = (r, w) Hp * 


Since (r, y) € AC were chosen arbitrarily, we infer C*A* C (AC)*. As every 
adjoint is closed, we obtain C* A* C (AC)*. 

Next, we assume that A is closed and linear as well as that C is bounded and 
linear. Then, by what we have just shown, we obtain AC C (C*A*)*. Next, let 
(w, y) € (C* A*)*. Then for all (u, v) € A* and z = C*v we obtain 


(u, y)g, = (z, w) pg, = (C*v, w), = (v, Cw) p- 
Thus, we obtain (Cw, y) € A** = A = A. Thus, (w, y) € AC. Hence, 
AC = (CAT), 


which yields the assertion by adjoining this equation. o 
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Corollary 2.3.5 Let A C Ho x AM, be a linear relation and C € L(Ho, Ho). Then 
(AC) = CA. 


Proof The result follows upon realising that A* = A*** = (4). Oo 


Corollary 2.3.6 Let A C Ho x Hi bea linear relation and C € L(H», Ho). If AC 
is densely defined, then C* A* is a closable linear operator with C* A* = (4C) ; 


Remark 2.3.7 Let us comment on the equalities in the prevoius statements. 

(a) Note that if B € L(Hi, H2) and A C Ho x H; is linear, then (BA) — A*B*. 
Indeed, this follows from Theorem 2.3.4 applied to A* and B instead of A and 
C*, respectively, since then we obtain (A* B*)* = B** A** = BA. Computing 
adjoints on both sides again and using that A* B* is closed by Proposition 2.1.1, 
we get the assertion. 

(b) We note here that in Corollary 2.3.5 and Corollary 2.3.6 AC cannot be replaced 


by AC and encourage the reader to find a counterexample for A being a closable 
linear operator. We also refer to [94] for a counterexample due to J. Epperlein. 


We have already seen that A* — A’. We can even restrict A to a core and still obtain 
the same adjoint. 


Proposition 2.3.8 Let A C Ho x H; be a linear relation, D C dom(A) a linear 
subspace. Then D is a core for A if and only if (A (D x Hi))* = A*. 


Proof We set A|p := AN (D x Hi). Then 


Dcore > Alp=A € Alp. =A 4 Alp: = At e A|5- A*. n 


2.4 The Spectrum and Resolvent Set 


In this section, we focus on operators acting on a single Banach space. As such, 
throughout this section let X be a Banach space over K e {R,C} and let 
A: dom(A) € X — X bea closed linear operator. 


Definition The set 


p(A) = fa K; à- A)! Loo] 
is called the resolvent set of A. We define 
o(A) := K \ p(A) 


to be the spectrum of A. 
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We state and prove some elementary properties of the spectrum and the resolvent 
set. We shall see natural examples for A which satisfy that o (A) = K or o (A) = Ø 
later on. 

For a metric space (X, d), we will write B (x,r) = (y € X; d(x, y) < r} for the 
open ball around x of radius r and B [x,r] = (y € X ; d(x, y) < r} for the closed 
ball. 


Proposition 2.4.1 /f A, u € p(A), then the resolvent identity holds. That is 
QG-Ay!-(u-Ay!'2(u-1)(4—AY | (uy — Ay. 


Moreover, the set p(A) is open. More precisely if X €  p(A) then 


B (4,1/ |G.— A)! |) € e(A) and for u € B (A, 1/ [Q — A)! |) we have 
id kl 
(u- A7! 23 a-u (a-a) 
k=0 
as well as 


E | — 7l 
]e- ^" | ec ay 


The mapping p(A) JAR (X — A)! € L(X) is analytic. 


Proof For the first assertion, we let A, u € p (A) and compute 


A- A7! -— (u -= AV! = QAP (u — A) - A — A)) u - A)! 
=- Au -Au — A)! 
= (u —1)6.— AY! (u A). 


Next, let à € (A) and u € B (à, 1/ |Q — A)^! |). Then 
| A — wA- A)! | ed. 


Hence, 1 — (A — w)(A — A)! admits an inverse in L(X) satisfying 


(1-&.-:06 - 47) = Y (acqiiecart). (2.2) 


k=0 


We claim that u € o(A). For this, we compute 


u-A-ZA-A-Q-m20G-A(1-G-100.- A7). 
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Since (1 — (à — u)(A— A) !) is an isomorphism in L(X), we deduce that the 
right-hand side admits a continuous inverse if and only if the left-hand side does. 
As à € p(A), we thus infer u € p(A). The estimate follows from (2.2). Indeed, we 
have 


[o - 7| «Je -»7] 


D (a-wa- sy] 
k=0 


oo = -1 
«pa El-ea- nct! rre 


For the final claim of the present proposition, we observe that 
-1 
u-4=(1-0-WAa-A') a-a 


Saa, 


k=0 


which is an operator norm convergent power series expression for the resolvent at u 
about à. Thus, analyticity follows. o 


For a given measure space (Q, X, u) we shall consider multiplication operators 
in L2() next. For a measurable function V: Q — R we will use the notation 
[V € c] = V^![(-oo, c1] for some constant c € IR (and similarly for other 
relational symbols). 


Remark 2.4.2 Before we turn to more general multiplication operators, we like 
to reason our notation for them by illustrating the example case of multiplication 
operators in L2 (IR). A multiplication operator that immediately comes to mind is the 
so-called multiplication-by-the-argument operator on L2 (IR), which we shall denote 
by m. Expressed differently, let 


m: dom(m) € L5(R) > L2(R), f > (x e xf(x)), 


where dom(m) consists of all those L2(R)-functions f such that (x — xf(x)) € 
L2(R). Being a multiplication operator, m admits what is called a ‘functional 
calculus': It is possible to define functions of m, which will turn out to be operators 
themselves. Thus, if V: IR — C is measurable, we can define V (m) to denote an 
operator in L5 (IR) acting as follows 


(V (m) f)(x) = V (x) f (x) 


for suitable f. To apply V to m turns out to be the same as the operator 
of multiplication by V. This correspondence serves to justify the notation of 
multiplication operators acting on L2(j4) for some measure space (Q, X, u). We 
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will re-use the notation V(m) to denote the operator of multiplication-by-V, even 
in cases where there is no well-defined multiplication-by-argument-operator m in 
L»(u). 


Theorem 2.4.3 Let (G2, X, u) be a measure space and V : Q — K a measurable 
function. Then the operator 


V(m): dom(V (m)) € La(u)  Lo(u) 
f e (o e V(»f(o)), 


with dom(V(m)) := [f € L2(u); (o> V@)f(@)) € La(u)] satisfies the fol- 
lowing properties: 


(a) V(m) is densely defined and closed. 

(b) (V(m))* = V*(m) where V*(@) = V(@)* for all w € Q (here V(w)* denotes 
the complex conjugate of V (c)). 

(c) If V is u-almost everywhere bounded, then V (m) is continuous. Moreover, we 
have |V (m)llr (oq) € Wo: 

(d) If V £40 p-ae. then V (m) is injective and Vim)! = +m), where 


Loaro Ve*9 
V 0, V(w)=0, 


for all o € Q. 
Proof For the whole proof we let Q, := [|V| < n] and put 1, :— 1g,. 


(a) We first show that V (m) is densely defined. Let f € L2(u). Then, we have 

for all n € N that 1, f € dom(V (m)). From Q = U, Qn and Qn C Qy41 it 
follows that 1, f — f in Lo(u) as n > oo. 
Next, we confirm that V (m) is closed. Let ( fx); in dom(V (m)) convergent in 
L»(q) with (V (m) fx) be convergent in L»(4). Denote the respective limits by 
f and g. It is clear that for all n € N we have 1, fk > 1, f ask — oo. Also, 
we have 


Ing = n. 1, V (m) fy = e V (m)(1, fk) = Vad f) = 1, Vf. 


Hence, g = Vf pg-almost everywhere and since g € L2(u), we have that 
f € dom(V (m)). 

(b) It is easy to see that V*(m) C V (m)*. For the other inclusion, we let u € 
dom(V (m)*). Then, for all f € L2(w) and n € N we have 1, f € dom(V (m)) 
and, hence, 


Cf. ln V*u) = fo, f*V*udp = (VAn f), u) = (Inf, V (m)*u) 
= (f, 1, V im*u). 


2.4 The Spectrum and Resolvent Set 27 


It follows that 1,V*u = 1,V(m)*u for all n € N. Thus, Q = LJ, Qn implies 
V*u = V(m)*u and therefore u € dom(V*(m)) and V*(m)u = V(m)*u. 
(c) If |V| € x u-almost everywhere for some x > 0, then for all f € Lo(p) 
we have |V(w) f(@)| < «|f(@)| for u-almost every o € Q. Squaring 
and integrating this inequality yields boundedness of V (m) and the asserted 
inequality. 
Assume that V Æ 0 y-a.e. and V (m) f = 0. Then, f(@) = 0 for p-a.e. w € Q, 
which implies f = 0 in L2(jz). Moreover, if V (m) f = g for f, g € L2(u), then 
for u-a.e. o € Q we deduce that f(w) = y (w)g(o), which shows (m) 2 


(d 


— 


V (m)-!. If on the other hand g € dom ( +(m)), then a similar computation 
reveals that y (mg € dom(V (m)) and V (m) $m) g-—g. oO 


The spectrum of V (m) from the latter example can be computed once we consider a 
less general class of measure spaces. We provide a characterisation of these measure 
spaces first. 


Proposition 2.4.4 Let (Q, X, u) be a measure space. Then the following state- 
ments are equivalent: 


(i) (Q, X, u) is semi-finite, that is, for every A € X with u(A) = œ, there exists 
B € X with0 < u(B) < œ such that B C A. 

(ii) For all measurable V : $2 — K with V (m) € L(La2(u)), we have V € Loo (KL) 
and ||V lr (uy S IV DM Izu): 


Proof (i)>(ii): Let e > 0 and A; = [|V| > ||V&m)|lrars045) + £]. Assume that 
ACA) > 0. Since (Q, X, u) is semi-finite we find B; C A, such that O < w(B,) < 
co. Define f :— u(B;) 1, € L»(u) with | fllu) = 1. Consequently, we 
obtain 


IV le 2 IV flaw 2 IVa) + €: 


which yields a contradiction, and hence (ii). 

(1) (): Assume that (Q, X, u) is not semi-finite. Then we find A € X with 
u(A) = œ such that for each B € A measurable, we have u(B) € (0, co}. Then 
V := 14 is bounded and measurable with ||V||; y(u) = 1. However, V(m) = 0. 


Indeed, if f € L2(u) then [f #0] = UJ, cll fI? > n7]. Thus, 


[V(m)f z 0] =f 01n A — JF? Sa INA. 


neN 


Since u([| f|? > n^!]) < œas f € Lo(w), we infer u([| f|? > n7']N A) = 0 
by the property assumed for A. Thus, u([V (m) f. 4 0]) = 0 implying V (m) = 0. 
Hence, ||V(m)|Iz(25(4)) =9 < 1 = IVl sw: o 
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Remark 2.4.5. Any o-finite measure space is semi-finite. Indeed, let (Q, X, u) be 
o-finite and A € X with (A) = oo. We find a sequence (G5); of pairwise disjoint, 
measurable sets with finite measure satisfying iU. Gn = Q. Hence, u(Gn N A) € 
(Gn) < œ. If u(Gn N A) = 0 for all n, then w(A) = 0 by the o-additivity of u. 
Thus, as (A) Æ 0, we find n such that 0 < “(Gyr A) < oo and (Q, X, u) is 
semi-finite. 


A straightforward consequence of Theorem 2.4.3 (c) and Proposition 2.4.4 is the 
following. 


Proposition 2.4.6 Let (Q, X,4) be a semi-finite measure space, V:  —^ K 
measurable and bounded. Then || V (m)|l Lez = VV lr qo- 


Theorem 2.4.7 Let (Q, X, n) be a semi-finite measure space and let V: Q > K 
be measurable. Then 


o (V(m)) = ess-ranV := {A € K; Ve > 0: w([|A — V| < £]) > 0}. 


Proof Let à € ess-ran V. For all n € N we find B, € È with non-zero, but finite 
measure such that B, C [1a — V| < ij . We define f, = su lB, € Lo(p). 


Then || f; ||;,(,, = 1 and 


1 
IV (e) fn(@)| < |V(@) = Al | fn(@)| + IAL fn (@)| S E + D |. fn Go)] 


for o € Q, which shows that (5), is in dom(V (m)). A similar estimate, on the 
other hand, shows that 


IV — A) falza 7 9 (1 — 00). 


Thus, (V (m) — A)~! cannot be continuous as ll fallzago = 1 forall n € N. 
Let now à € K\ess-ran V. Then there exists € > 0 such that N := [JÀ — V| < e] 


is a j,-nullset. In particular, A — V Æ 0 p-a.e. Hence, (A — Vim)! = yam) 
is a linear operator. Since, z < 1/e -almost everywhere, we deduce that 


(à — V(m)^! € L(L»5(p)) and hence, à € o(V (m)). oO 


We conclude this chapter by sketching that multiplication operators as discussed in 
Theorem 2.4.3, Propositions 2.4.4, 2.4.6, and Theorem 2.4.7 are the prototypical 
example for normal operators. In fact it can be shown that normal operators are 
unitarily equivalent to multiplication operators on some L2(u). This fact is also 
known as the 'spectral theorem'. It is also important to note that, as we have seen 
in Theorem 2.4.3, a multiplication operator in L2 (jz) is self-adjoint if and only if V 
assumes values in the real numbers, only. 
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2.5 Comments 


The material presented in this chapter is basic textbook knowledge. We shall thus 
refer to the monographs [54, 139]. Note that spectral theory for self-adjoint operators 
is a classical topic in functional analysis. For a glimpse on further theory of linear 
relations we exemplarily refer to [7, 14, 25]. The restriction in Proposition 2.4.6 
and Theorem 2.4.7 to semi-finite measure spaces is not very severe. In fact, if 
(Q, X, u) was not semi-finite, it is possible to construct a semi-finite measure space 
(Qioc, Loc, loc) Such that L p (u) is isometrically isomorphic to L p (oc), see [129, 
Section 2]. 


Exercises 


Exercise 2.1 Let A C Xo x X be an unbounded linear operator. Show that for 
every linear operator B C Xo x X; with B 2 A and dom(B) = Xo, we have that 
B 1s not closed. 


Exercise 2.2 Prove Proposition 2.1.4 and Corollary 2.1.5. Hint: One might use that 
bounded linear relations are always operators. 


Exercise 2.3 Prove Lemma 2.2.2. 


Exercise 2.4 Let A: dom(A) € Ho — Ho be a closed and densely defined linear 
operator. Show that for all A € K we have 


à € p(A) € Me p(A*). 


Exercise 2.5 Let U C Ho x Hj satisfy UT! = U*. Show that U € L(Ho, H1) and 
that U is unitary, that is, U is onto and for all x € Ho we have ||U x||g, = lx z- 


Exercise 2.6 Let 5: C [0, 1] € L5(0, 1) > K, f — /f(0), where C [0, 1] denotes 
the set of K-valued continuous functions on [0, 1]. Show that ô is not closable. 
Compute à. 


Exercise 2.7 Let C C C be closed. Provide a Hilbert space H and a densely defined 
closed linear operator A on H such that o (A) = C. 
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Chapter 3 A 
The Time Derivative Geek for 


It is the aim of this chapter to define a derivative operator on a suitable L2-space, 
which will be used as the derivative with respect to the temporal variable in our 
applications. As we want to deal with Hilbert space-valued functions, we start 
by introducing the concept of Bochner-Lebesgue spaces, which generalises the 
classical scalar-valued L ,-spaces to the Banach space-valued case. 


3.1 Bochner-Lebesgue Spaces 


Throughout, let ($2, £X, jz) be a o-finite measure space and X a Banach space over 
the field K € (R, CJ. We are aiming to define the spaces L(y; X) for 1 < p < oo. 
This is the space of (equivalence classes of) measurable functions attaining values 
in X, which are p-integrable (if p < oo), or essentially bounded (if p = oo) with 
respect to the measure jz. We begin by defining the space of simple functions on Q 
with values in X and the notion of Bochner-measurability. 


Definition For a function f£: Q — X and x € X we set 


Ajo = f xl]. 


A function f: Q — X is called simple if f [Q] is finite and for each x € X \ (0) the 
set A y, belongs to & and has finite measure. We denote the set of simple functions 
by S(u; X). A function f: Q — X is called Bochner-measurable if there exists a 
sequence (fn)nen in S(u; X) such that 


fn(o) > fl) (> oo) 
for p-a.e.@ € Q. 
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Remark 3.1.1 Let us comment on the definition of Bochner-measurability. 


(a) 


(b) 


(c) 
(d) 


For a simple function f we have 


f ada 


xeX 


where the sum is actually finite, since 14,, = 0 forall x ¢ f[Q]. 

If X — K, then a function is Bochner-measurable if and only if it has a 
j-measurable representative. Indeed, if f is Bochner-measurable, we find a 
sequence ( f), in S(u; K) such that f, — f pointwise u-a.e. Hence, we find 
a j,-nullset N € X such that gy :— low fs > lo\wf = g pointwise on 
all of Q. Since g, is u-measurable and jz-measurable functions are stable under 
pointwise limits, g is jz-measurable itself. Since f = g except for a jz-nullset, f 
has a j,-measurable representative. If, on the other hand, f has a -measurable 
representative, let g be this representative. Approximating real and imaginary 
parts separately, it suffices to treat the case K = R. Then consider for n € N 


Sn ay EE. 


n 
kez 


where ME := g-![&, H 


< 1/n for all œw € Q. Hence, 


]]. It is easy to see that sup,eg |5n(@) — g(@)| 


n k+1 
Sn = 2x — lui € S(u; IR) 
keZ,|k| <2” 


converges pointwise everywhere to g. In consequence, f is Bochner- 
measurable. 

It is easy to check that S(u; X) is a vector space and an S(u; IK)-module; that 
is, for f € S(u; X) and g € S(u; IK) we have g - f € S(u; X). 

If f: Q — X is Bochner-measurable, then || f()||y : Q — R is Bochner- 
measurable. Indeed, since 


| /Cllx = lim Olx 


u-a.e. and a sequence (fr )nen in S(u; X), it suffices to show that || fj (-)|| x is 
simple for all n € N. The latter follows since A f,,x N A f,,y = Ø for x Æ y and 
thus 


lfOlx- >) lelg laps 


xe f, [82] 


is a real-valued simple function. 
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(e) If one deals with arbitrary measure spaces, the definition of simple functions has 
to be weakened by allowing the sets A fx to have infinite measure. However, 
since in the applications to follow we only work with weighted Lebesgue 
measures, we restrict ourselves to o -finite measure spaces. 


Definition (Bochner-Lebesgue Spaces) For p € [1, co] we define 
Lyp(u; X) := If: Q — X; f Bochner-measurable, || f (J|lx € Ly (u)} ; 
as well as 
Ly(u; X) = £r XY, 


where ~ denotes the usual equivalence relation of equality 4,-almost everywhere. 
We equip Lp(u; X) with the norm 


(fa lf GI duo)”, if p < oo, 
ess-sup,co fly. if p= oo 


PAPEL (f € Lp(u; X)). 


We first prove a density result. 
Lemma 3.1.2 The space S(u; X) is dense in Lp(u; X) for p € [1, oo). 


Proof Let f € Lp(u; X). Then there exists a sequence ( fi)neN in S(u; X) such 
that fr(@) — f(@) for all o € Q\ N for some nullset N C Q. W.Lo.g. we may 
assume that || f, (-)]| x and || f C)|| x are u-measurable on Q V N for each n € N. For 
n € N we define the set 


In = [o €Q\N; Ifallx € 20f(llx] € X, 


and set fh := fal. Then di € S(p; X) and we claim that fa (o) — f(o) for 
all o € Q\ N. Indeed, if f(w) = 0 then fa (oo) = 0 and the claim follows. If 
f (v) 4 0, then there is some no € N such that || f,(@) lly € 2 || f(@)|lx for n > no, 
and hence w € DE In. Consequently AO = fn(v) > f(@). By dominated 
convergence, it now follows that 


f 


which proves the claim. o 


Ro- fo dut) — 0. n 00), 


As a consequence of the latter lemma, we can show that Bochner-measurability is 
preserved by pointwise convergence almost everywhere. 
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Proposition 3.1.3 Let fa, f : Q — X for n € N. Moreover, assume that f, is 
Bochner-measurable for each n € N and f,(w) > f (o) as n — oo for u-almost 
every w € Q. Then f is Bochner-measurable. 


Proof Since f, — f almost everywhere, we have[ f # 0]\N € Unenl fn zz OINW 
for some nullset N C Q. Moreover, since fn is Bochner-measurable, the definition 
of simple functions yields that UJ enl fn # 0] € Unen Bn, where, for all n € N, 
B, is measurable with u(B„) < oo. The latter implies that there exists a sequence 
of measurable sets (A;);ew such that Aj C An+1, W(An) < oo for all n € N and 


[f 0| N CU As. 


neN 


For n € N we set gn = Ly nt, n] fn» Where Tn : Q — Ris measurable and equals 
ll faC)l| x u-almost everywhere (cp. Remark 3.1.1(d) and (b)). In this way we obtain 
a sequence of Bochner-measurable functions with gn — f j-almost everywhere. 
Moreover, g&n € Lı(u; X) for each n € N and thus, for each n € N we find a simple 
function A; with ||g; — hallı € 2^" by Lemma 3.1.2. Then 


[ Y^ lga (o) — Aa (@)llx diio) < 00 


neN 


and hence, Jen Il8n(@) — An(@)|lxy < oo for -almost every o € Q, which 
particularily implies gn — hn — 0 j4-almost everywhere. Hence, h, — f u-almost 
everywhere, which shows the Bochner-measurability of f. o 


We can now prove that the spaces Lp (u; X) are actually Banach spaces. 


Proposition 3.1.4 Let p € [1, oo]. Then (Lp(u; X), ||-]lp) is a Banach space and 
if X = H is a Hilbert space, then so too is Lo(j; H) with the scalar product given 
by 


Uf. ga f Fosie ma ege adu A 
Q 


Proof We just show the completeness of L p(w; X). Let (fn)nen be a sequence in 
Lp(u; X) such that Xc; Il full, < oo. We set 


8n lo) = fally EN, o € $2. 


Then (8n)neN is a sequence in Lp(a) such that Dr Il 2 
completeness of L p(w) we infer that 


oo 
g:— n 


n=1 


lp < oo. By the 
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exists and is an element in Lp (4). In particular, g(@) < oo for u-a.e. w € Q and 
thus, 


DIAO lyx = J gn(@) < 00 
n=1 


n=1 


for u-a.e. w € Q. By the completeness of X we can define 


f (0) => fa) 


n=1 


for j1-a.e. w € Q. Note that f is Bochner-measurable by Proposition 3.1.3. We need 
to prove that f € Ly (wu; X) and that $t tn > f in Lp(u; X) as k > oo. For 
this, it suffices to prove that 


oo oo 
3 fa € Lp (us; X) and 2 ds > OinLyp(u; X) ask > oo. (3.1) 
n=k n=k 


Indeed, this would imply both f — iy fn € Lp(u; X) and the desired 
convergence result. We prove (3.1) for p < oo and p = œ separately. 

First, let p = oo. Foreach n € N we have f, € Læ(u; X) and thus || fn(@)|ly < 
Il fallo for all w € Q \ Ny, and some nullset N, C Q. We set N := UZ, Nn, which 
is again a nullset. For k € N and w € Q \ N we then estimate 


350 €x € do I falls» 
n=k 


X n=k n=k 


which yields (3.1). 
Now, let p < co. For k € N we estimate 


p 5 
J ( ) du (o) 
Q X 


LAS 


3 ho) 


n=k 


oo p z 
1 (x I 25 di (o) 
Q 


n=k 


L 
p 


m p 
im, (X Il fn os) du(w) 
n=k 


Q 
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i 
p 


m P 
E f (Eiron) dj (o) 
Q n=k 


m oo 
< lim 5 fal — do Wally» 
n=k 


n=k 


where we have used monotone convergence in the third line. This estimate 
yields (3.1). oO 


We now want to define an X-valued integral for functions in Lı (u; X); the so-called 
Bochner-integral. 


Proposition 3.1.5 The mapping! 
f du: S(u; X) € Li (u; X) > X 
Q 


fre Do xo ulpa) 


xeX 


is linear and continuous, and thus has a unique continuous linear extension to 
Lı(u; X), called the Bochner-integral. Moreover, 


|» 


and for A € X, f € Li(u; X) we set 


[tow f rum. 


Proof We first show linearity. Let f, g € S(u; X) and à € K. Then, for x € X we 
have 


Elfli (f € Liu X). 
X 


Axfsgx = AFAD TH = UJ (£^ tne"! Ayh) = LJ As n Aga. 


yex yex 


! Note that the sum is indeed finite and all summands are well-defined if we set Ox - oo :— Ox. 
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and therefore (Aj f+¢,x) = ex L(A f, y N Ag, xy). Thus, we compute 


[ Of+s)du= M x-u(Arprex) = >. >> x (Ap N Ag xay) 


xeXx x€X yexX 
= 9 Y ae M Ass Aga-ay) 
yeX xeX 
+O Y = Ay) My N Ag xay) 
yeX xeX 
= aye Ay Agua) + X Yt MAgy Ag). 
yeX xeX yeX zeX 


where we interchanged the finite sums. Now, 


»» IA f, y N Ag x-y) = n(As, n U Arei) = u(Af,y) 
xeX xeX 


as well as 


Y mA gy n Ags) =H U Ars N Ae) = Aga), 
yex yex 


and therefore we conclude 


[Ofron Dy MADE Aed ran f ede. 


yex zeX 


In order to prove continuity, let f € S(u; X). We estimate 


|.» 


= b» x-H(Agx)) <S > IIx lly aCA fx) 


X /—odxeftol x efi] 
=f X teeta, du 
2 xe f[Q] 


zi lA Oll du = Ifl . 
Q 


The remaining assertions now follow from Lemma 3.1.2 by continuous extension 
(see Corollary 2.1.5). oO 


The next proposition tells us how the Bochner-integral of a function behaves if we 
compose the function with a bounded or closed linear operator first. In what follows, 
let X’ := L(X, K) denote the dual space of X. 
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Proposition 3.1.6 Let f € Li(u; X), Y a Banach space. 
(a) Let B € L(X,Y). Then B o f € Li(u; Y) and 


| Bofan=B f fan 


(b) If Xo € X is a closed subspace and f(w) € Xo for u-a.e. o € Q, then 
Js f du € Xo. 

(c) (Theorem of Hille) Let A: dom(A) € X — Y bea closed linear operator and 
assume that f (o) € dom(A) for u-a.e. o € Q and that A o f € Li(u; Y). 
Then Jo f du € dom(A) and 


Af fan= f Ao fan. 


(a) At first we observe that, if f € S(u; X), then 


Bof=Bo So dau ex o Bi lap 


xeX\{0} xe XM0] 


Proof 


Thus, Bo f € S(u; Y) since Bx- lag. € S(u; Y), the sum is finite and S(wu; Y) 
is a vector space. Let now be f € Lı(u; X). Then there is (fn)nen a sequence 
in S(u; X) such that fa — f m-a.e. Then B o f, € S(u; Y) (see above) and 
due to the continuity of B we have that B o fa — B o f u-ae., hence B o f 
is Bochner-measurable. Moreover, | B o £f()|y < IBI || £C)]| x. which yields 
that B o f € Li(u; Y). By continuity of both B and ds du, it suffices to check 
the interchanging property for any f € S(u; X) alone. However, this is clear, 
since for a simple function f 


pop=a (Sta, E» Bx- lap 


xEX xeX 


where the sum is actually finite and hence, 


[55r - [X 14,,du = "E 1a, du 


xeX xeX 
=} Bean) "(x Mayo) = =B [ f du, 
xeXx xeX 


where in the third equality we have used that Bx - 14,, is a simple function. 
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(b) Let x’ € X’ with x'|x, = 0. It follows from (a) that 


(Cf fan) = [ o tano 


and since x’ was arbitrary, it follows that Jo fdu € Xo from the Theorem of 
Hahn-Banach. 


(c) Consider the space Lı (u; X x Y). By assumption, it follows that 


wm 


Gf, Ao f) € Lilu; X x Y). 


However, (f, Ao f)(@) = (f(a), (Ao f) (@)) € A € X xY for p-a.e. o € Q, 
and since A is closed we can use (b) to derive that 


[FA Danea (3.2) 


Let 7x1, 72 be the projection from X x Y to X and Y, respectively. It then follows 
from part (a) that 


ri (fni) - [mae nan f fan 


and analogously for m2. Using these equalities we derive from (3.2) that 
Jo f du € dom(A) and that A fo f du = fo Ao f du. m 


As a consequence of the latter proposition, we derive the fundamental theorem of 
calculus for Banach space-valued functions. 


Corollary 3.1.7 (Fundamental Theorem of Calculus) Let a,b € R,a < b 
and consider the measure space ([a, b], B([a, b]), 4), where B([a, b]) denotes the 
Borel-o -algebra of [a, b] and X is the Lebesgue measure. Let f : [a,b] > X be 
continuously differentiable.? Then 


fO=F7o= f Fak 
[a,b] 


Proof Note first of all that continuous functions are Bochner-measurable (which 
can be easily seen using Theorem 3.1.10 below). Thus, the integral on the right- 
hand side is well-defined. Let o € X'. Then g o f: [a,b] — K is continuously 
differentiable, and (o o fY (t) = (o o f) (t). Using Proposition 3.1.6 (a) together 


2 By this we mean that f is continuous on [a, b], continuously differentiable on (a, b) and f’ has 
a continuous extension to [a, b]. 
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with the fundamental theorem of calculus for the scalar-valued case we get 


(/ b] f 2 H Í " (eo f") dà = e CF) — p (f (a) = e CO) — f@). 


Since this holds for all o € X’, the assertion follows from the Theorem of Hahn- 
Banach. a 


Next we state a density result, which will be useful throughout the course. 


Lemma 3.1.8 Let 1 < p < oo, D C Ly(u) be total in Lp(u) and X a Banach 
space. Then the set (p()x ; x € X, e € D} is total in Lp(u; X). 


Proof By Lemma 3.1.2, we know that S(u; X) is dense in Lp(u; X). Thus, it 
suffices to approximate 14x for some A € X with w(A) < œ and x € X. For 
this, however, take a sequence (6), in the linear hull of D with ¢, > 14 in Lp(y) 
as n — oo. Then 


[Lax — $uxllr qux) = IX lly llla — Anl qu > 9 (2 > o9). 


Thus, the claim follows. a 
The following application of Lemma 3.1.8 also deals with a dense subset of X. 


Lemma 3.1.9 Let 1 < p < oo, D C Lp(u) be total in Lp(u), X a Banach space, 
Do € X total in X. Then (gC)x ; x € Do, 9 € D} is total in Lp(u; X). 


Proof The proof follows upon realising that the set (p(-)x ; x € Do, v € D} is total 
in the set (p(-)x ; x € X, o € D}. From here we just apply Lemma 3.1.8. o 


We conclude this section by stating and proving the celebrated Theorem of Pettis, 
which characterises Bochner-measurability in terms of weak measurability. 


Theorem 3.1.10 (Theorem of Pettis) Let f: Q — X. Then f is Bochner- 
measurable if and only if 


(a) f is weakly Bochner-measurable; that is, x' o f: Q — K is Bochner- 
measurable for each x' € X', and 

(b) f is almost separably-valued; that is, lin f [Q2 V No] is separable for some No € 
x with (No) = 0. 


Proof If f is Bochner-measurable, then clearly it is weakly Bochner-measurable. 
Further, as f is the almost everywhere limit of simple functions, it is almost 
separably-valued, since each simple function attains values in a finite-dimensional 
subspace of X. 
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Assume now conversely that f satisfies (a) and (b). We define Y := 
lin f[Q V No], which is a separable Banach space by (b). Thus, there exists a 
sequence (xj )nen in X’ such that 


ll = sup |x| Q € Y). 
neN 


Since for each n € N the function gn :— |x; o f| is Bochner-measurable by (a) and 
Remark 3.1.1(d), we find a j4-nullset N, and a measurable function 2,: Q > IR 
such that g, = gn on Q \ M, by Remark 3.1.1(b). Then sup, cn gn (-) is measurable 
and 


I| f(@)|| = sup g&n (w) (o € Q\ N), 
neN 


where N := UJ, evo Nn, which shows that || f (-)|| is Bochner-measurable. Let e > 0, 
(Yn)neN a dense sequence in Y. Applying the previous argument to the function 
fkC) = f() — ye for k € N we infer that || f. (-)]] is Bochner-measurable and 
hence, there is a j4-nullset N; and a measurable funtion R: Q — R such that 
| fell = fi on Q \ N;. Consequently, the sets 


Ex = [fx Sel = {@€Q; flo) <e} kEN) 


are measurable. Moreover, by the density of (y, ; n € N}in Y, we get that Q\ N' C 
Uren Ex with N' = U2, NU No. Setting Fy := Ey and Fry. = Ej 41 NU Fk 
for n € N, we obtain a sequence of pairwise disjoint measurable sets (F,),ew with 
Q\ N C Unen Fn- We set 


oo 
g=} dn 
k=1 


and obtain || f(@) — g(w)|| < € for each w € Q \ N'. Hence, if g is Bochner- 
measurable, then f is Bochner-measurable as well. Indeed, we find a sequence 
of such functions converging to f j-almost everywhere and so Proposition 3.1.3 
applies. For showing the Bochner-measurability of g, let (Qx)<n be a sequence of 
pairwise disjoint measurable sets such that L,ey Qx = Q and u (9x) < oo for each 
k € N. Forn € N we set 


n 
$n = 5 y»xldroo;. 
k,j=1 


Then (gn)„en is a sequence of simple functions with g, —> g pointwise as n —> oo 
and thus, g is Bochner-measurable. H 
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3.2 The Time Derivative as a Normal Operator 


Now let H be a Hilbert space over K € {R, C}. For v e R and p e [1, œ) we 
define the measure 


nos (A) = f ean 
A 


for A in the Borel-o-algebra, B(R), of R. As our underlying Hilbert space for the 
time derivative we set 


Ly ,(R; H) = L»(u2,v; H). 
In the same way we define 
Lp (R; A) = Lp(up,v; H) 


for p € [1, œ). If H = K we abbreviate Lp (IR) := Lp (R; K). Thus, f € 
L p,» (IR; H) if and only if f is Bochner measurable and 


[ront anis = [ roit = dt oe. 


Our aim is to define the time derivative on L2, (IR; H). For this, we define a 
suitable anti-derivative as an operator, which for v Æ 0 turns out to be one-to- 
one and bounded. Then we introduce the time derivative as the inverse of this anti- 
derivative. The reason for doing it that way is to easily get a formula for the adjoint 
for the time derivative using the boundedness of the anti-derivative. 

We start our considerations with the definition of convolution operators in 
L2, (R; H ). 


Lemma 3.2.1 Letk € L1,, (R). We define the convolution operator 
kx: L2 (R; H) > L2(R; H) 

by 
(kx f) ©) = [ «re — s)ds, 


which exists for a.e. t € R. Then, kx is linear and bounded with ||k«|| < kll zi 
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Proof Let f € L2,,(R; H). We first prove that s œ> k(s) f(t — s) € L1(R; H) 
for a.e. t € R. The Bochner-measurability is clear since k and f are both Bochner- 
measurable. Moreover, 


2 
j! ( Í lkG)f( — le as) edt 
R R 


2 
=f (Í [k(s)|2 e- 95 |k(s)]3 e 9 IF 9l ehas) dt 
R R 


< f (f teas) (fene Ife- o1 e ds) ar 
R VR R 
zx T iex f Ift — s)? e ?"«-» dte "5 ds 
R R 


= 2 2 
= II, ay FI, can 


which on the one hand proves that 


f ira — s)lg ds < oo 


for a.e. t € IR and on the other hand shows the norm estimate, once we have shown 
the Bochner-measurability of k» f. For proving the latter, we apply Theorem 3.1.10. 
Since f is Bochner-measurable, we find a nullset N such that Ho :— lin f[R V N] 
is separable. Hence, for almost every t € IR we have 


(kx PO = [ore -2a- | k(t — s) f (s) ds € Ho 
R RAN 


by Proposition 3.1.6(b). Thus, k f is almost separably-valued. Moreover, for x' € 
H' we have by Proposition 3.1.6(a) 


xo (kx f) 5 kx (x o f) 


almost everywhere and thus, the weak Bochner-measurability follows from the fact 
that the convolution of two measurable scalar-valued functions is measurable. Since 
the linearity of k is clear the proof is done. o 


Definition For v 4 0 we define the operator 


v: L2, (R; H) > La (R; H) 
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by 
L- 1[0,oo)**, if v > 0, 
"T [-Meaope ifv < 0. 
Note that, by Lemma 3.2.1, I, is bounded with || J, || < nr 


Remark 3.2.2 For v > 0, f € Lo, (IR; H) we have 
oo ja 
I, f (t) = 10,0) * f (t) = f f(t —s)ds = / f(s)ds (ae.t e R). 
0 —0o 
Analogously, for v < 0, f € L2,,(R; H) we have 
oo 
hf) = -f f(s)ds (a.e.t eR). 
t 


Proposition 3.2.3 Let v 4 0. Then I, is one-to-one and Cl (R; H), the space of 
continuously differentiable, compactly supported functions on R with values in H, 
is in the range of Iy. 


Proof We just prove the assertion for the case when v > 0. Let f € L2,(R; H) 
satisfy J, f = 0. In particular, we obtain for all t € R \ N that 0 = 7, f(t) = 
Je f (s) ds for some Lebesgue nullset, N C R. Then fora, b € R\ N witha <b 
and x € H we have that 


(f e O18 x) - I (rt. e" (o : x), e?" ar 
R 


(from, 


= (Uf) (b) — (v f) (a), x) y 


Loy (R; H) 


Thus f = 0. Indeed, since R \ N is dense in R, [e a,b] ;a,beRwN N} is total 
in L2,,(R). Hence, [e^ 15,5 ‘x; a,bER\N,xeE H} is total in L5». , (R; H) 
by Lemma 3.1.8. This proves the injectivity of 7,. Moreover, if o € C 1 (R; H) then 
by Corollary 3.1.7 we have 


f 
g(t) = l g'(s)ds = (ho) (t) (a.e.t € R). o 


—oo 


Definition For v 4 0 we define the time derivative, ðt v, on L2 (R; H) by 


Or, y = pr 


3.2 The Time Derivative as a Normal Operator 45 


Note that by Lemma 3.2.1 and Proposition 3.2.3, 0; , is a closed linear operator for 
which C! (R; H) € dom(6; ,). Since 


Ci; H) > ling x: yg €Cl(R), xe H| 


we infer that 9; , is densely defined by Lemma 3.1.8 and Exercise 3.2. Moreover, 
since pg’ = ọ foro € ci (R; H) we get that 


Ive = q^ 
that is, ðr,» extends the classical derivative of continuously differentiable functions. 


We shall discuss the actual domain of 9; , in the next chapter. 


Proposition 3.2.4 Let v z 0. Then Dy = lin{y-x; p € CXR), x e H] isa 
core for à, y. Here, CX (R) denotes the space of smooth functions on R with compact 
support. 


Proof We first prove that 


le; ee ce qa (3.3) 


is dense in L»,, (IR). As CX (R) is dense in L»,, (IR) (see Exercise 3.2), it suffices to 
approximate functions in C2? (R). For this, let f € CO°(R). We now define 


Qn(t) = [^s £9) — fG-mds itv > 0, (t € R,n € N) 
i fof) -fstn)ds ifv «0 
Then o, € CX (R) for each n € N and 
goag O Ten tv, Gig new, 
f(t)  f(t-n) ifv «0 


Consequently, 


fa lf — me?" dt ifv > 0, 


P. 2 = 
le; fli ve b Ifa 4 n)|2e72! dt ifv<0 


— fli, qo € 7" ^ — 0 (n — oo), 


which shows the density of (3.3) in L2,,(R). By Lemma 3.1.8 we have that 


lo -x; pe CXR), x e Hj 
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is total in L2,(R; H) and so 9; ,[Dg] is dense in L2,,(R; H). Now let f € 
dom(9;,,) and & > 0. By what we have shown above there exists some 9 € Dy 
such that 

l3 v — Ov F lero ci S € 


Since 8. = I, is bounded with | 37, 


< ow the latter implies that 


€ 
le — flr, qm S hr 


and hence, Dy is indeed a core for 9; ,. H 


Corollary 3.2.5 For v € R the mapping 
exp(—vm) : Lo,,(R; H) > L2(R; H) 
frere fa 
is unitary, and for v, i. 4 0 one has 
exp(—vm)(4,,» — v) exp(—vm) ! = exp(—um) (ðr, u — u) exp(- um). 


Proof The proof is left as Exercise 3.5. For this we recall that the equality to 
be proven is an equality of relations and particularly includes the equality of the 
(natural) domains of the operators involved. Furthermore, note that it suffices to 
show equality on C2? (IR; H) and then to use an appropriate density result. o 


By Corollary 3.2.5 we can now define 9; o. Let v Æ 0. Then 
3,0 = exp(—vm)(9;,, — v) exp(—vm) !. 


Note that in view of Corollary 3.2.5, the assertion of Proposition 3.2.4 now also 
holds for v = 0. 
Finally, we want to compute the adjoint of 0;,y. 


Corollary 3.2.6 Let v € R. The adjoint of 0, is given by 


8. = —Orv +2v. 


In particular, ð; „ is a normal operator with Re ð; = 1 (8. + Fa) = v, and 0;.0 
is skew-selfadjoint. 
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Proof Let v Æ 0 first. Integrating by parts, one obtains 
d (3; v(t), v(t) e 2" dt — [wo. v(t) e ?"t dt 
= 1 lot), =W (0) + 2vy (0) e ?" dt 
R 


for o, Y € CX (R; H). Since C??(R; H) is a core for 8;,, by Proposition 3.2.4, the 
latter shows 


Of, c E + 2v. 


Since we know that 0;,, is onto, it suffices to prove that —0f v + 2v is one-to-one, 
since this would imply equality in the latter operator inclusion. For doing so, we 
apply Theorem 2.2.5 to compute 


ker(—87, + 2v) = ran(— ð; v + 2)". 


Moreover, we have that —0;,, + 2v is unitarily equivalent to —d;, by Corol- 
lary 3.2.5 and since 0;,-) is onto, so is —0;,, + 2v and thus ker(—0* +2v) = 
Ly (R; H) = {0}, which yields the assertion. 

The case v = 0 follows directly from the definition of 0; 9. Oo 


3.3 Comments 


Standard references for Bochner integration and related results are [6, 31]. 

Considering the derivative operator in an exponentially weighted space goes back 
(atleast) to Morgenstern [67], where ordinary differential equations were considered 
in a classical setting. In fact, we shall return to this observation in the next chapter 
when we devote our study to some implications of the already developed concepts 
on ordinary and delay differential equations. 

A first occurrence of the derivative operator in exponentially weighted L»-spaces 
can be found in [83], where a corresponding spectral theorem has been focussed 
on. We will prove in a later chapter that the spectral representation of the time 
derivative as a multiplication operator can be realised by a shifted variant of the 
Fourier transformation—the so-called Fourier-Laplace transformation. 

In an applied context, the time derivative operator discussed here has been 
introduced in [82]. 
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Exercises 


Exercise 3.1 A sequence (@,)n in Coo (R4) is called a 5-sequence if 
(a) o, > Oforn e N, 
d 
(b) spto, C [-4 ij forn EN, 
(c) fga Pn = lforn EN. 
Let g € C%(R?) with spto C [—1, 1], o > 0 and nm o = 1. Prove that (qj), 
given by g,(x) = nd Q(nx) for x € R, n € N defines a ó-sequence. Moreover, 
give an example for such a function g. 


Exercise 3.2 It is well-known that (1; ; 7 d-dimensional bounded interval] is total 
in La (R3). 


(a) Let o € CX (R^), f € L2(R2). Define as usual 
pem (x> [iro n9). 
R4 


Prove that f xọ € C9 (R4) with a” (f xg) = f x 0%@ foralla € NZ, where 
09 o = ar! bs 054 o. Moreover, prove that spt f x o C spt f + sptg. 
(b) Let (g,), be a ó-sequence and f € L2(R%). Show that f o, — f in L2(R%) 
asn — oo. 
Hint: Prove that 1; * o, — 1; in L (Rf) for all d-dimensional bounded 
intervals and use that || f * o,l|, < || fll; (see also Lemma 3.2.1). 
(c) Prove that C2? (RD) is dense in L2 (R4). 
Exercise 3.3 Let a < b, Xo, X1, X2 be Banach spaces, f: (a,b) — Xo and 
g: (a, b) — X1 both continuously differentiable, £: Xo x X41 — X» bilinear and 
continuous. Prove that h: (a, b) — X» given by 


h(t) —— €f (t), g()) (je (a, b)) 
is continuously differentiable with 
h(t) = £Cf'(t), g()) + €(f(0, 8 O) (t € (a, b). 


If f, f', g, g' have continuous extensions to [a, b], prove the integration by parts 
formula: 


b b 
f (0, 80) = (0) g0) — Fa) g) - | LFE), g' (0) dt. 


a 


Exercise 3.4 For v Z 0, show that ||/,|| = Tr 
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Exercise 3.5 Prove Corollary 3.2.5. 


Exercise 3.6 Let v € R and H be a complex Hilbert space. Prove that o (9;,,) € 
{it + v; t € R}, where 3;,o is defined in Corollary 3.2.6. 

Hint: For f € dom(8;,),z € C compute Re((z — ðv) f. fI dics 
Corollary 3.2.6. For proving the surjectivity of z — 0;,, for a suitable z, use the 
formula 


by using 


ran(z — ði, v) = ker(z* — a*,)*. 


Remark: Later we will see that, actually, o (8;,,) = (it + v; t € R}. 


Exercise 3.7 Consider the differential equation 
(à, - 1) u = Acn. 


Since 02, — 1 = (ðv — 1) (8;,» + 1), it follows by Exercise 3.6 that there is a 
unique u € L»,, (IR) solving this equation if v ¢ (—1, 1}. Compute these solutions. 
Hint: For u € dom(0;,,) use the fact that u is necessarily continuous (which we 
shall establish in the next chapter). 
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Chapter 4 ® 
Ordinary Differential Equations ess 


In this chapter, we discuss a first application of the time derivative operator 
constructed in the previous chapter. More precisely, we analyse well-posedness of 
ordinary differential equations and will at the same time provide a Hilbert space 
proof of the classical Picard-Lindelóf theorem.! We shall furthermore see that the 
abstract theory developed here also allows for more general differential equations 
to be considered. In particular, we will have a look at so-called delay differential 
equations with finite or infinite delay; neutral differential equations are considered 
in the exercises section. 
We start with some information on the time derivative and its domain. 


4.1 The Domain of 9;,, and the Sobolev Embedding Theorem 


Let H be a Hilbert space. Readers familiar with the notion of Sobolev spaces 
might have already realised that the domain of 8;,, can be described as L» , (IR; H)- 
functions with distributional derivative lying in L5, , (IR; H). We shall also use 


H} (R; H) = dom(8,,) € L?,,(R; H), 


if we want to emphasise the target Hilbert space of the dom(0;,, )-functions. In order 
to stress the distributional character of the derivative introduced, we include the 
following result. Later on, we have the opportunity to have a more detailed look at 
Sobolev spaces in more general contexts. 


! There are different notions for this theorem. It is also called existence and uniqueness theorem 
for initial value problems for ordinary differential equations as well as Cauchy-Lipschitz theorem. 
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Proposition 4.1.1 Letv € Rand f, g € Lo. ,(R; H). Then the following conditions 
are equivalent: 


(i) f € dom(ð, v) and a.) f = g. 


(ii) For all € C£? (R) we have 
-[or= | os. 
R R 


where these integrals are Bochner integrals of the H-valued functions t +> 
$' (t) f (t) and t +> $(t)g(t), respectively. 


Proof Assume that f € dom(9;,,). By Proposition 3.2.4 and Corollary 3.2.6, we 
have that Dy = lin lo x; pE CX(R), x€ H} C dom(07,) (which also holds 
for v — 0) and 

(8. f. x), , m US (w 2v) x), 


for all x € H and y € CX (R). Hence, we obtain for all y € CY (R) 


[ (y + 2vp) fe ?" = [ Weng feo” 


putting $ :— e?" yy and using that multiplication by e^?" is a bijection on C (IR), 
we deduce the claimed formula with g = ðr,» f. 
On the other hand, the equation involving g applied to 6 = e^?" y for y € 


Cc? (R) implies that 
[tc y^ d 2vy) f wo [wee we 


Testing this equation with x € H yields 
(8 W xo), mU (=W 2v) x), m (f (HW x 2v x), 
Since Dy is dense in dom(9;,,) by Proposition 3.2.4, we infer that 
(gh), = Uf. (—dvh + 2vh));, 
for all ^ € dom(9; ,). Now, Corollary 3.2.6, yields 
(8; hta, = (f anh), , (h € dom). 


Thus, f € dom(875) = dom(ð; v) and ðv f = g. oO 


4.1 The Domain of 0;,, and the Sobolev Embedding Theorem 53 


The next result is a version of the Sobolev embedding theorem. It particularly 
confirms that functions in the domain of 0; are continuous. This result was 
announced in Exercise 3.7. Here, we make use of the explicit form of the domain of 
0;,y as being the range space of the integral operator /,. We define 


C,(R; H) := |s: R — H; f continuous, ||flly, so = sup le" fe], « d 
teR 


and regard it as being endowed with the obvious norm. 


Theorem 4.1.2 (Sobolev Embedding Theorem) Let v € R. Then every f € 
dom(9;,,) has a continuous representative, and the mapping 


dom(ð; v») > f > f € CR; A) 


is continuous. 


Proof We restrict ourselves to the case when v > 0; the remaining cases can be 
proved by invoking Corollary 3.2.5. Let f € dom(d,,). By definition, we find 
g € Lo (R; H) such that f = 9, lg = Ig. Then for all t € R we compute 


t t t t 
J Ig dz = / lele de < f lg)? e-? dr / et dr 
—00 —-D0Q —OQ = 
< laf le, Ven 
— t,v Loy 2v . 


Thus, g is integrable on (—oo, t] for all £ € R and dominated convergence implies 


that 
f= (: = i g(s) ds) 


is continuous. Moreover, for t € R we obtain 


d 1 vt 
IFON f ect ec < [afla V e 
—00 a v 


which yields the claimed continuity. o 


Corollary 4.1.3 For all f € dom(d;,,), we have that [e ™ f(t) ||, > 0 as t > 
OOo. 


The proof is left as Exercise 4.2. 
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4.2 The Picard-Lindelóf Theorem 


The prototype of the Picard-Lindelóf theorem will be formulated for so-called 
uniformly Lipschitz continuous functions. We first need a preparation. 


Definition Let X be a Banach space. Then we define 
Sc(R; X) := {f : IR — X; f simple, spt f compact} 


to be the set of simple functions from R to X with compact support. 


Lemma 4.2.1 Let X be a Banach space and v,n € R. Then S,(R; X) is dense 
in Lz, (R; X) N L2, (R; X); that is, for all f € L5 ,(R; X) N L2,,(R; X) there 
exists (fn), in S.(R; X) such that f, — f in both L» „ (R; X) and L» ,(R; X). In 
particular, S. (R; X) is dense in L2 ,(R; X). 


Proof Let f € Lo,(R; X) N L2,,(R; X). Then for all n € N we have that 
li-n, f € Lo v(R; X) N L2,,0R; X) and Lenn f — f in L2„(R; X) and 
in L2,,(R; X) as n — oo. Forn e N let (fn,k)k be in S(ua,y; X) such that 
Jak > U-njny f in L2,,(R; X) as k — oo. We put fj = Ven ny fnk € Sc(R; X). 
Then fak > Li-n,n] f in L2, (R; X) and in L2,,(R; X) as k — oo. oO 


In order to define the notion of uniformly Lipschitz continuous functions, we first 
need the Lipschitz semi-norm. 


Definition Let Xo, X; be normed spaces, and F: Xo — X1 Lipschitz continuous. 
Then 


f I| F(x) — FO) 
Flip = sup ————— — 
x,y€Xo lx a yl 
x#y 


is the Lipschitz semi-norm of F. 


Definition Let Ho, Hı be Hilbert spaces, u € R. Then a function F : S,(R; Ho) > 
arm L2. ,(R; Hi) is called uniformly Lipschitz continuous if for all v > u we have 
that F considered in L2», , (IR; Ho) x L2,» (IR; H1) is Lipschitz continuous, and for the 
unique Lipschitz continuous extensions F”, v > u, we have that 


sup P" li, < oo. 

>u 
Remark 4.2.2 Another way to introduce uniformly Lipschitz continuous mappings 
is the following. Let Ho, Hı be Hilbert spaces, u € R. Let (F”)y>p be a family of 


Lipschitz continuous mappings F": L» ,(R; Ho) — L2,,(R; Hj) such that 


sup | Fus <% 
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and the mappings are consistent in the sense that for all v,n > u and f € 
L2, (R; Ho) N L2,,(R; Ho) we have 


F'(f)- FC). 


Then, for v > u and f € S,(R; Ho) we have F"(f) € N 
F"|s.(g; Ho) is uniformly Lipschitz continuous. 


ida L2,,(R; H1) and 


Theorem 4.2.3 (Picard—Lindeléf—Hilbert Space Version) Let H be a Hilbert 
space, 4 € R and F: S.(R;H) > DEM Lao. (R; H) uniformly Lipschitz 
continuous with L := sup, |F” llLip Then for all v > max{L, u} the equation 


ðt vlv = F” (uy) 
admits a unique solution uy € dom(0;,,). Furthermore, for all v > max{L, u} the 


following properties hold: 


(a) If F” (uy) is continuous in a neighbourhood of a € R, then uy is continuously 
differentiable in a neighbourhood of a. 

(b) For all a € IR, fl(-osajuy is the unique fixed point v € L2 (R; H) of 
eso y F”, that is, v uniquely solves 


v = Tega, F” (v). 


(c) For all n Z v we have that uy = uy. 
(d) For all f € L2, (R; H) the equation 


9, v = F'(v) + f 


admits a unique solution v,, y € dom(0;,,), and if f, g € L»,, (IR; H) satisfy 
f = gon (—oo, a] for some a € R, then vy, y = vy,g on (—o0, a]. 


Proof of Theorem 4.2.3—First Part Define ®: L5 ,(R; H) > La2,,(R; H) by 
(u) = 9, 1 F” (u). 


Since do) < 1 and v > L it follows that ® is a contraction and thus admits a 


unique fixed point, which by definition solves the equation in question. Moreover, 
we have that uy = (uy) = 3; F” (uy) € dom(ð; v). 

Differentiability of u, as in (a) follows from Exercise 4.1 and the continuity of 
F” (uy). 

For the unique existence asserted in (d), note that the unique existence of vy, f 
follows from the above considerations after realising that Y (v) = 3l F "(v) + 
9; | " f defines a contraction in L5,, (IR; H). For the remaining statements in (d) and 
the statements in (b) and (c), we need some prerequisites. oO 
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Definition Let Ho, Hı be Hilbert spaces, v € R and F: L2,(R; Ho) — 
L2, (R; Hi). Then, F is called causal if for all a € R and all f, g € L2, (R; Ho) 
with f = g on (—oo, a], we have that F(f) = F(g) on (—0o0, a]. 


Remark 4.2.4 Letv € R,a € R.If f € L(L2, (R; H)) with spt f € (—0o, a] then 
f € (yg, £2,n(R; H) and 


ATEM eva lflr, mum (n< v»). 


Likewise, if spt f C [a, oo), we get f € (^) L2, 5 (R; H) with 


p2v 


e(’—p)a 


AZ E Ilf los on; n (o > v). 


Lemma 4.2.5 Let Ho, Hı be Hilbert spaces, p € R, F: S.(R; Ho) > 
| dest L2. (R; H1) uniformly Lipschitz continuous. Then the following statements 
hold: 


(a) F” is causal for all v > u. 
(b) The mapping dip" is causal if v > max{u, 0) and v Æ 0. 
(c) For all v 2 n 2 u, we have that F” = F” on L» ,(R; Ho) A L2,,(R; Ho). 


Proof (a) We divide the proof into three steps. 


(i) Letv > n. In order to show causality of F”, we first note that it suffices to have 
F"(f) = F"(g) on (—oo, a] forall f, g € Sc(IR; Ho) with f = g on (—00,a]. 
Indeed, let f, g € L»,,(R; H) with f = g on (—ov,a] for some a € R. 
By Lemma 4.2.1 we find (fn), and (2,5), in Se(R; Ho) such that f, — f 
and 8, — g in Lo,,(R; Ho). Next, loo] fa > l(-eosaMf = l-eoajg as 
n — oo in Lo, (R; Ho). Thus, putting g&n :— loca] fn + La,c0) 8n for all 
n € N we obtain that gn — g in La. ,(IR; Ho). Since F"(f5) = F"(g,) on 
(—0o0, a] for all n € N and F”: L2,,(R; Ho) > L2,,(R; Hi) is continuous, 
taking the limit n — oo yields F"(f) = F"(g) on (—oo, a]. 

(i) Leta € R, c > O0 and f € S;(R; Ho) such that f = 0 on (—œ,a], g € 
(lys, L2, QR; H1) such that [gllr, (gg S cl flr, R: m) for all v 2 à. 
Then 


[^as Mg, e? dr < fg COM, e di 
« c? f? |f a), e?" «7? dt > 0 


as v — oo. Since e2”@— —> oo as v — oo forallt < a, the monotone 
convergence theorem implies g = 0 on (—ov, a]. 

(iti) Let f,g € Se(R; Ho) such that f = g on (—o0,a] for some a € R. 
Then f — g = 0 on (—oo,a]. Since F is uniformly Lipschitz continu- 
ous, with L = sup,s, |" lli; we obtain [F"(£) — F”) lt giu) € 
L |f — £llr, (ny for all v > u. By (ii) we conclude F"(f) = F”(g) on 
(—oo, a] for all v > u, which by (i) yields the assertion. 
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The statement in (b) directly follows from (a). Note that 9; ; Ip " is uniformly 
Lipschitz continuous only for v > 0. 

Let us prove (c). Since F"(f) = F(f) = F"(f) for f € Se(R; Ho), the set 
SC (R; Ho) is dense in L5, (IR; Ho) N L2,4,(R; Ho) by Lemma 4.2.1, and F” 
and F" are Lipschitz-continuous, we obtain the assertion. o 


Proof of Theorem 4.2.3—Second Part The remaining part in (d): Let fig € 
Lo ,(R; H) with f = g on (—oo,a]. Since v > L > 0, we compute using 
Lemma 4.2.5(b) and causality of 9; be that 


1 —co.al¥v.f = U(—o0,a9;,5 F” (vv, f) + Loo. dy f 
= 1-00.08), F” (Lotto f) + 100,419; 9 LCooad f 
= 1-00.01; F” (Lotto p)  LCooa19;) 1-oo418- 
The same computation also yields that 
1 (-c0,a1¥v,g = l7] v F” (1(—o0.a1¥v,g) + 1754197) 1 (00,018: 


It is easy to see that u > Deg aio, F” (u) + Le—o0,a]37, Ieee defines a 
contraction in L5 , (IR; H). Hence, the contraction mapping principle implies that 
L(-oo,a]tv, f = Lov, a}¥v,g- 

The statement in (b) follows from the fact that u — LER 7. F” (u) defines a 
contraction and Lemma 4.2.5(b). 

For the proof of (c), we observe that for all n € N, we have I(—oo,njun € 
L5.,(R; H) L2,,(R; H). Hence, by (b) and Lemma 4.2.5(c), it follows that 


Loony = 1(—00,) 95,4 F” (Loo) = Loon] 95,5 F” (Lcoo,n]s) - 
As T(-oo,4juy satisfies the same fixed point equation, we deduce 1(.55,,]4, = 


1(-oo,n]4v» for all n € N, which yields the assertion. o 


As a first application of Theorem 4.2.3 we state and prove the classical version 
of the Theorem of Picard-Lindelóf. 


Theorem 4.2.6 (Picard-Lindelóf—Classical Version) Let H be a Hilbert space, 
Q C R x H be open, f: Q > H continuous, (to, xo) € Q. Assume there exists 
L > 0 such that for all (t, x), (t, y) € Q we have 


IFE x) — fa.» S Lx — yl. 
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Then, there exists 6 > O such that the initial value problem 


[ve = f(t,u(t)) (t € (to, to +9)), di 


u(fo) = xo. 
admits a unique continuously differentiable solution, u: [to, to + ô] — H, which 
satisfies (t, u(t)) € Q for all t € [to, to + ô]. 


Proof First of all we observe that we may assume, without loss of generality, that 
xo = 0. Indeed, to solve the initial value problem 


v'(t) = f(t, v(t) -- xo) (t € (to, to + 4)), 
v(fo) = 0, 


for a continuously differentiable v: [to, to +ô] — H is equivalent to solving the 
problem in Theorem 4.2.6 for u by setting u = v + Lir,r+8]x0. Appropriately 
shifting the time coordinate, we may also assume that fo = 0. 

Thus, let (0, 0) € Q. Then [0, 5’] x B [0, €] € Q for some 6’, € > 0. Denote by 
P: H — H the projection onto B [0, e]; that is, for x € H, Px € B[0,e] is the 
unique element satisfying 


x— Px = inf |x— ; 
lx- Poll = inf dic — yl 


By Exercise 4.4, P is Lipschitz continuous with Lipschitz semi-norm bounded by 
1. We then define 


F: S(RS; H) > () L2,y(R; H) 
v>0 


gh (t e lps OSE, PEA) 

and will prove that F is well-defined and uniformly Lipschitz continuous. Since the 
mapping f > {io,s) (t) f (t, 0) is supported on [0, 8'], we obtain for v > O that 
F(0) € L2,,(R; H). Moreover, for v > 0 and g, h € Sc(R; H) we estimate 

|. F(g) — FONE, casa 

2-2 E 2 -2 
= [ irexo - Feo e^ «=f f(t, PEO) — f(t, POI e ^" dr 
0 


a y 
«D Í | P(g() — PAOI? e?" dt < L? Í lg) — RON? e?" dt 
d 0 


< L^ lig — hl, mu 


which shows that F is well-defined and uniformly Lipschitz continuous. 
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By Theorem 4.2.3, there exists v € dom(9;,,) with v > L such that 
0; yv = F” (v). 


We read off from v — di F"(v) that v = 0 on (—oo, 0], and that v is continuous 
by Theorem 4.1.2. Moreover, we obtain that 


t min(t,ó') 
v(t) = ji 10,55 (7) f(t, P(v(z)) dt = Í f(t, P(v(1))) dr, 


from which we read off that v is continuously differentiable on (0, ó' ) since f and 
P are also continuous. The same equality implies for 0 < t < 6 = min(57, 9'J, 
where M :— sup¢,x)¢{0,5"]x Bio, 2] llf C. x) ||, that 


t 
I| v1 «f II f(t, PTDI dt < Mb < e. 


Thus, (t, v(t)) € [0. 8'] x B [0,7] € Q forall 0 < t < ô and so Pv(t) = v(t) for 
0 < t < ô. Thus, u :— v|ro,5] satisfies (4.1). 

Finally, concerning uniqueness, let 7: [0,5] — H be a continuously differen- 
tiable solution of (4.1). Let v be the extension of z by 0 to the whole of IR. Then we 
get that 


Lews = Hoo. f 10,5) (7) f(T, v(1)) dt 


dioc J Ton f (c, PG()) de 
—oo 
= 100,58; F” (00,819). 


Since 1 (—o0,s]u is the unique solution of the equation w = 1(—-00,8]9; » F” (w), we 
obtain that 1 (—0,3]0 = 1(56,5]v, which yields u = w. o 


Remark 4.2.7 The reason for the proof of the classical Picard—Lindelof theorem 
being seemingly complicated is two-fold. First of all, the Hilbert space solution 
theory is for L2-functions rather than continuous (or continuously differentiable) 
functions. The second, maybe more important point is that the Hilbert space 
Picard-Lindelóf asserts a solution theory, which provides global existence in 
the time variable. The main body of the proof of the classical Picard—Lindelof 
theorem presented here is therefore devoted to ‘localisation’ of the abstract theorem. 
Furthermore, note that the method of proof for obtaining uniqueness and the 
admittance of the initial value rests on causality. This effect will resurface when 
we discuss partial differential equations. 
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4.3 Delay Differential Equations 


In this section, our study will not be as in depth as done for the local Picard—Lindelof 
theorem. Of course, the solution theory would not be a very good one if it was only 
applicable to, arguably, the easiest case of ordinary differential equations. We shall 
see next that the developed theory applies to more elaborate examples. 

In what follows, let H be a Hilbert space over K. We start out with a delay 
differential equation with so-called “discrete delay’. For this, we introduce, for h € 
R, the time-shift operator 


Tn: So(R; H) > (| L2, (R; H), 
vem 


fe foh) 


Lemma 4.3.1 Let uw € R. The mapping tj: Sc(IR; H) > [d L2 (R; H) is 
uniformly Lipschitz continuous if and only if h < 0. More precisely, for v € R we 
have 


h 
tales Ra) = e". 


Proof Let f € Se(R; H). Then for v € R we compute 


lle = f IFE +h)? e?" dt = f. IFON 2E dt 


2 2vh 

= flr, 

Since sup, , e?" < oo if and only if h < 0 we obtain the equivalence. Moreover, 
the above equality also yields the norm of t} on L2, (R; H). a 


We will reuse t} for the Lipschitz continuous extensions to L2,» (IR; H). The well- 
posedness theorem for delay equations with discrete delay is contained in the next 
theorem. We note here that we only formulate the respective result for right-hand 
sides that are globally Lipschitz continuous. With a localisation technique, as has 
already been carried out for the classical Picard-Lindelóf theorem, it is also possible 
to obtain local results. 


Theorem 4.3.2 Let H be a Hilbert space, u € R, N EN, hj, ..., hy € (—œ, 0], 
and 


G: SR; HP) > (| L2, H) 
vee 


4.3 Delay Differential Equations 61 


uniformly Lipschitz. Then there exists ann € R such that for all v > n the equation 
ði yu = G” (tnu, m Thu) 


admits a solution u € dom(8j,,) which is unique in sy L2,)(R; H). Moreover, 
for all a € R the function ug :— 1(~o0,qU satisfies 


ug = 1 (00,4) 9; y G” (ss itas es hte) : 
Proof The assertion follows from Theorem 4.2.3 applied to F := Go (th TEE » 
in conjunction with Lemma 4.3.1. oO 


Next, we formulate an initial value problem for a subclass of the latter type of 
equations. 


Theorem 4.3.3 Leth > 0, £f: Roo x H x H — H continuous, and f (-,0,0) € 
La a(R; H) for some u > 0. Assume that there exists L > 0 with 


lf, x. y) — fE, uv) < LIE, y) uvl (Gx, y), (u,v) € Rzo x H x H). 
Let uo € C ([—h, 0]; H). Then the initial value problem 


u'(t) = fü,u(t),u(t—h)) (t > 0), 


(4.2) 
u(t) = uo(t) (t € [-^,0]) 


admits a unique continuous solution u: [—h, oo) — H, continuously differentiable 
on (0, co). 


Proof Fort < 0 let f(t,-,-) :— 0. We define F: S.(R; H) > (N 
by 


v2 L2 (R; H) 
F($)) 
= f (t. 6@) + 140,55) ()uo(0), $t — h) + 140,55) (t — R)uo(0) + 150,5 Cuol — h)) 


for all t € R. It is easy to see that F is uniformly Lipschitz continuous. Thus, by 
Theorem 4.2.3, we find 7 > u such that for all v > 7 the equation 


9; yv = F"(v) 


admits a solution v € ‘een dom(90;,,) which is unique in Use L5. (IR; H). Note 
that spt F"(v) C [0, oo). Hence, v = 0 on (—oo, 0]. By Theorem 4.1.2, we obtain 
that v(0) = 0. We claim that u :— v + 109,55) C) uo(0) + 1[.5,0)49 is a solution 
of (4.2). First of all note that u is continuous on [—/, oo). Next, for 0 < t < h we 
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have that t — h < 0 and thus v(t — h) = 0 and so we see that 


F” (v)(t) 
= f(t, v(t) + 10,55) (f)uo(0), v(t — h) + T to,o5) (t — A)uoO) + 150,5 (t)uo(t — h)) 
= f(t, u(t), uo(t — h)). 


Similarly, for t > h we obtain 
FWA = f(t, u(t), u(t — h)) 


and thus, by continuity of f, uo and u, it follows that v is continuously differentiable 
on (0, oo) and 


u (t) = v'(t) = 4, v(t) = ft, u(t), u(t — h)). 


It remains to show uniqueness. For this, let w: [—h, oo) — H be a solution of (4.2). 
Then 


t 
w(t) = uo(0) +f f(s, w(s),w(s — h))ds (t 2 0) 
0 


and w(t) = uo(t) if t € [—h, 0]. Extend w by 0 on (—oo, —A) and set V = 
w — 10,55) C)uo(0) — 1i-7,0)u0. We infer 


v(t) = f f(s, w(s), w(s — h)) ds 
0 


t 
=f F(s, Vs) + 10,55 (5)uo(0), 
DCs — h) + lpo,ooy (5$ — A)uo(O) + 140,5) (s)uo(s — h)) ds 


for all t € R. Fora € R we set V, :— l-o] € (yep L2, (R; H) and obtain, 
using the above formula for V, 


te Ae ae E OL. 
By uniqueness of the solution of 
EN —]l pv 
Loo a]U = U-co,a);,y F” (L-co,a1v) 


it follows that ù, = 1(—oo,a]v for all a € R and, thus, u = w. oO 
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The equation to come involves the whole history of the unknown; that is, the 
unknown evaluated at (—oo, 0]. For a mapping u: R > H and t € R we define the 
‘history’ of u up to time t as ur: Reg > H, ui(0) := u(t + 0) for all 0 € IRzo. 
Moreover, we define the mapping 


uc): R3 te ur, 
which maps each t € R to the history of u up to time t. 


Lemma 4.3.4 Let u > 0. Then 


@: S.(R; H) > (^| Lo»(R; L2(R<o: H)) 
v2 


u c? Uc.) 
is uniformly Lipschitz continuous. More precisely, for all v > 0 we have 


1 
e"| = —. 
lel = m 


Proof Let u € S. (R; H). Then Ou(t) = u; € L2 (R<0; H) for all t € R and we 
compute 


Gul? = t -- 0)I? d0 e?" dt 


«LI lut]? e ?"*79 do dt 
R J R<0 


1 
= >f hut)? e?" dr. o 
2v R 


Theorem 4.3.5 Let H be a Hilbert space, u € R and let ®: Se (R; L2(R<0; H)) > 
ane L2,)(R; H) be uniformly Lipschitz. Then, there exists n > 0 such that for all 
v Z n the equation 


ðr yu = e" (uc) 


admits a solution u € [Tues dom(6;,,) unique in er L2. (R; A). 


Proof 'This is another application of Theorem 4.2.3. o 
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4.4 Comments 


In a way, the proof of Theorem 4.2.6 is standard PDE-theory in a nutshell; a solution 
theory for L-spaces is used to deduce existence and uniqueness of solutions and 
a posteriori regularity theory provides more information on the properties of the 
solution. 

Note that—of course—other proofs are available for the Picard-Lindelóf theo- 
rem. We chose, however, to present this proof here in order to provide a perspective 
on classical results. Furthermore, we mention that in order to obtain unique 
existence for the solution, it suffices to assume that f satisfies a uniform Lipschitz 
condition with respect to the second variable and that f is measurable. Continuity 
of f is needed in order to obtain C! solutions. 

A more detailed exposition and more examples of the theory applied to delay 
differential equations can be found in [52] and—in a Banach space setting—[85]. 

There is also a way of dealing with delay differential equations by expanding the 
state space the problem is formulated in. In this case, it is possible to make use of 
the rich theory of Co-semigroups. We refer to [10] for this. 

Causality is one of the main concepts for evolutionary equations. We have 
provided this notion for mappings defined on L» ,-type spaces only. The situation 
becomes different if one considers merely densely defined mappings. Then it is a 
priori unclear, whether for a Lipschitz continuous mapping the continuous extension 
is also causal. For this we refer to Exercise 4.7 below and to [51, 131], and [138, 
Chapter 2] as well as to references mentioned there. 


Exercises 


Exercise 4.1 


(a) Let X bea Banach space, u: [a, b] —^ X continuous. Show that v: (a, b) > X 
given by 


t 
TE u(t) dt 


is continuously differentiable with v’(t) = u(t) for all t € (a, b). 
(b) Let H be a Hilbert space, and v € R. Let u € dom(9; ,) with 9; „u continuous. 
Show that u is continuously differentiable and u’ = 9; vu. 


Exercise 4.2 Prove Corollary 4.1.3. 
Exercise 4.3 Let H be a Hilbert space. Show that 


dom(9;,,) — CI? (R; H) := lz € C (R; H);e "fis 3-Hólder continuous] ; 


Exercises 65 


where a function g: IR — H is said to be 3-Hólder continuous if 


lg) — g(s)ll — 


steR [t — s|! 
tzs 


Exercise 4.4 Let H be a Hilbert space, C C H non-empty, closed and convex. 
Show that the projection, P, of H onto C defines a Lipschitz continuous mapping 
with Lipschitz semi-norm bounded by 1, where for x € H, Px € C is the unique 
element satisfying 


Ix — Pxllg = inf lx — yllg. 
yec 


Exercise 4.5 Leth: R x R<o x R” — R” be continuous satisfying 
Ih, s, x) — A(t, s, y) < L Ix — yll 


with A(., -, 0) = 0. Let R > 0 and uo € C(R<0; R”) have compact support. Show 
that the initial value problem 


w(t) = f RAE, s ug)G) ds. (t 0), 
u(t) = uo(t) (t & 0) 
admits a unique continuous solution u: R — R”, which is continuously differen- 


tiable on Ryo. 
Hint: Modify © from Lemma 4.3.4. 


Exercise 4.6 Let H be a Hilbert space. Show that for a uniformly Lipschitz 


continuous ®: Se (R; L2(R<0; Hy) => DEM L2, (IR; H) the equation 


dt vu Ld" (uo. (8,0),,) 


admits a unique solution u € dom(9, ,) for v large enough. 


Exercise 4.7 Let D C L»(IR) be dense and suppose that F: D € L2(R) > L2(R) 
admits a Lipschitz continuous extension F. 


(a) Show that F° is causal if and only if for all $ € Se(R; R) and all a € R there 
exists L > 0 such that 


lta -(F(f) — F(g)), NM € L|1ossa G — 0], 
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for all f, g € D; that is, the mapping 


(0 


is Lipschitz continuous. 

(b) Fora e R let dom(F) N dom(F 1 (—¢0,a}) be dense in L2(R) and if f, g € D = 
dom(F) and f = g on (—00,a] then also F(f) = F(g) on (—0oo,a]. Show 
that F° is causal. 

(c) Assume for all f, g € D and a € R that f = g on (—oo,a] implies that 
F(f) = F(g) on (—oo, a]. Show that this is not sufficient for F° to be causal. 
Hint: Find a dense subspace D — dom(F) so that the first condition in (b) is 
not satisfied. 


esa: C725) 9 f> FUP) € (L20, (tooa: C 7 2. dhal) 
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Chapter 5 ® 
The Fourier—Laplace Transformation Chente; 
and Material Law Operators 


In this chapter we introduce the Fourier-Laplace transformation and use it to 
define operator-valued functions of 0;,,; the so-called material law operators. These 
operators will play a crucial role when we deal with partial differential equations. 
In the equations of classical mathematical physics, like the heat equation, wave 
equation or Maxwell's equation, the involved material parameters, such as heat 
conductivity or permeability of the underlying medium, are incorporated within 
these operators. Hence, these operators are called “material law operators". We start 
our chapter by defining the Fourier transformation and proving Plancherel’s theorem 
in the Hilbert space-valued case, which states that the Fourier transformation defines 
a unitary operator on L2(R; H). 
Throughout, let H be a complex Hilbert space. 


5.1 The Fourier Transformation 


We start by defining the Fourier transformation on L;(R; H). 
Definition For f € Lı (R; H) we define the Fourier transform fof f by 


fis) := zz MIO dí (seR). 


We also introduce 
Cy(R; H) := (f: R — H ; f continuous, bounded] 


endowed with the sup-norm, || ||. 
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Lemma 5.1.1 (Riemann-Lebesgue) Let f € L;(R; H). Then fe C» (R; H) and 
limi. oo | f(t) | = 0. Moreover, 


P 1 
IFoo < mM 


Proof First, note that f is continuous by dominated convergence and bounded with 


mM «Mh. 


This shows that the mapping 
L(R; H) > OR; H), ff (5.1) 


defines a bounded linear operator. Moreover, for o € C T (R; H) we compute 


PS EN —ist EN ES! e ist / 
ae a= fe g(t) dt = a PO 


for s Æ 0 and thus, 


lim sup lg(s)|| < - eam 


|s|- oo |s ITE ld h- 


which shows that limjs|— oo ||g(s)]| = 0. By the facts that c (IR; H) is dense 
in L,(R; H) (see Lemma 3.1.8), {f € (R; H); limi oo IFO = 0] is a 
closed subspace of Cy(R; H) and the operator in (5.1) is bounded, the assertion 
follows. Hn 


Itis our main goal to extend the definition of the Fourier transformation to functions 
in L2(R; H). For doing so, we make use of the Schwartz space of rapidly decreasing 
functions. 


Definition We define 
S(R; H) := ü € C?(R; H); Vn, k € No: (t e fO) € Cy (IR; H)} 


to be the Schwartz space of rapidly decreasing functions on R with values in H. 
As usual we abbreviate S(IR) := S(R; K). 


Remark 5.1.2. S(R; H) is a Fréchet space with respect to the seminorms 


S(R; H) 5 f > sup DEAD | (n,k € No). 
tem 


5.1 The Fourier Transformation 


Moreover, S(R; H) C (Ipe 
definition, and for f € S(R; H) and 1 < p < oo we have that 


f iror a= [ — |0 tro] a 
R R (1+ [r?? 


< sup |a +prof” | aut 


Proposition 5.1.3 For f € S(R; H) we have fe S(R; H) and the mapping 


SR: H) > SR; H), fef 


is bijective. Moreover, for f, g € Lı (R; H) we have that 
Í (ft). g(t) dr = 1 (f(t), gC71)) dt. 
R R 
Additionally, if f. f € Lı (R; H) then 


f0-2fc00 (eR. 


Proof Let f € S(IR; H). By Exercise 5.1 we have 


n 


f'(s) = = [cine ro dt = -i(t o tf (t))(s) (s € R) 
and 
i 


V2 


T 
R 


sf(s) = (=is)e™ f(r) dt = —if'(s) (s ER). 


< OQ. 
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| Lo QS; H). Indeed, S(R; H) € Loo(R; H) by 


(5.2) 


(5.3) 


(5.4) 


(5.5) 


Using these formulas, one can show that f € S(R; A). Since the bijectivity 
of the Fourier transformation on S(IR; H) would follow from (5.3), it suffices to 
prove the formulas (5.2) and (5.3). Let f, g € Lı(R; H). Then we compute using 


Proposition 3.1.6 and Fubini's theorem 


f (F020) a= | | fe reas.) dt 


z [ i al UfG). g() ds dt 
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= | (ro =f ee ar) ds 
= [ (FOE) ds 
R 


which yields E 2). For proving formula (5.3), we consider the function y defined 


by y(t) =e 7 fort € R. Clearly, y € S(R). We claim that Y = y. Indeed, we 
observe that y pus the initial value problem y' + ty = 0 subject to y(0) = 

if we can show that 7 solves the same initial value problem, then their E 
would follow from the uniqueness of the solution. First, we observe that 7(0) = 


" 
5 fr e 2 dt = 1. Second, we compute using the formulas (5.4) and (5.5) that 


F(s) = —i(t ty (1) (s) —iy'(s) = —5yG) (s €R). 
Altogether, we have shown that 7 solves the same initial value problem as y and 


hence, y = y. Let now f € Lı(R; H) with fe Lı(R; H), a > Oand x e H. 
Then we compute using (5.2) 


Í Foy (are ar x) = Í (FO, y anx") dt = Í (Fo, (vax) co) dt 
R R R 


ET (ro, — | y (ar)xe S" eitr ar) dt 
R VIT JR 

1 — 1 
sahtesi p F) 


=f (f(s — at), y (x) u-(f f(s —at)y () ax) 
R R 


for each s € R. Since this holds for all x € H we get 
f Foran" dt = [ f(s —at)y (t) dt. (s € R). 
Letting a — O in the latter equality, we obtain 
[ fo" dt = im f f(s—at)y (t) dt (se R), (5.6) 


where we have used dominated convergence for the term on the left-hand side. In 
order to compute the limit on the right-hand side, we first observe that 


J | / f(s —at)y (1) dt 
R R 


a< f fifo cai ds y(t) dt = fll Wl. 
RJR 
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and hence, for each a > 0 the operator 


Sa: Li (R; H) — Lı (R; H), 


fr (s+ 1 f(s —at)y (t) ar) 
R 


is bounded by ||y||,. Moreover, since Say — Y()liyli asa — 0 fory e 
Cc (IR; H), we infer that 


Saf > fOllvlh (a 0) 


foreach f € L1(R; H). Hence, passing to a suitable sequence (ay), in R59 tending 
to 0, we get 


Jim (Saf) (9) > fG)llyly @e.s €R). 


Using this identity for the right-hand side of (5.6), we get 
[ Foe" dt = f(s)lvli (ae.s € R), 


and since ||y ||, = v27, we derive (5.3). H 


With these preparations at hand, we are now able to prove the main theorem of this 
section. 


Theorem 5.1.4 (Plancherel) The mapping 
F: SR; H) C LR; H) > LR; H), f e f 


extends to a unitary operator on L2(R; H), again denoted by F, the Fourier 
transformation. Moreover, F* = F`! is given by f œ> f(—-). 


Proof Using (5.2) and (5.3) we obtain that 


(7.3), = [ (FOFO) at = f (fo. $0) dt = [ (FO, g(t) dt = (f. g)a 
for all f, g € S(R; H) and thus, in particular, 


Ilf llo = IF fla. (5.7) 


Moreover, dom( F) = ran(¥) = S(R; H) is dense in L2(R; H) and hence, the first 
assertion follows by Exercise 5.2. As F is unitary, we have F* = F—', thus, by (5.2) 
applied to f, g € S(R; H), we read off (using Proposition 2.3.8) that F7! = (f > 
Tis) which yields all the claims of the theorem at hand. o 
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Remark 5.1.5 We emphasise that for f € L2(R; H) the Fourier transform F f is 
not given by the integral expression for L,-functions, simply because the integral 
does not need to exist. However, by dominated convergence 


Ff = lim “HO Fn) gr, 


1 R 
— e 
R>o A/27t f. 


where the limit is taken in L2(R; H). 


5.2 The Fourier-Laplace Transformation 
and Its Relation to the Time Derivative 


We now use the Fourier transformation to define an analogous transformation 

on our exponentially weighted L-type spaces; the so-called Fourier-Laplace 

transformation. We recall from Corollary 3.2.5 that for v € R the mapping 
exp(—vm): La, (R; H) > Lo(R; H), f e (te e " f0) 

is unitary. In a similar fashion, we obtain that 


exp(—vm): Li, (R; H) > L1(R; A), f (t e" f0) 


defines an isometry. 


Definition Let v € R. We define the Fourier-Laplace transformation as 
Ly: Lo (R; H) > L2(R; H), f e FF exp(—vm) f. 


We can also consider the Fourier-Laplace transformation as a mapping from 
Li v(R; H) to Co(R; H); that is, 


Ly: Ly y (RS; H) > (R; H), f e JF exp(—vm) f. 
Remark 5.2.1 Note that Ly, = Fexp(—vm) is unitary as an operator from 


L2. (R; H) to L2(R; H) since it is the composition of two unitary operators. For 
o € C2? (R; H), we have the expression 


(£,9)(0 = = Í. eU 9s) ds (te R), 


which shows that £, can be interpreted as a shifted variant of the Fourier 
transformation, where the real part in the exponent equals v instead of zero. 
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Our next goal is to show that the Fourier-Laplace transformation provides a 
spectral representation of our time derivative, 0; ,. 


Definition Let V: R — K be measurable. We define the multiplication-by-V 
operator as 
V(m): dom(V (m)) € L2(R; H) > L2(R; H), f > (t> V (0) f) 
with 
dom(V (m)) := [ f € L2(R; H); (t > Vif) € L208; H)]. 
In particular, if V is the identity on IR we will just write m instead of id(m) and call 


it the multiplication-by-the-argument operator. 


Remark 5.2.2. Note that the multiplication-by-V operator is a vector-valued ana- 
logue of the multiplication operator seen in Theorems 2.4.3 and 2.4.7. The 
statements in these theorems generalise (easily) to the vector-valued situation at 
hand. Thus, as in Theorem 2.4.3, one shows that m is selfadjoint. Moreover, when 
H +Æ {0}, in a similar fashion to the arguments carried out in Theorem 2.4.7 one 
shows that 


c (m) — R. 


In order to avoid trivial cases, we shall assume throughout that H Z (0). 


Theorem 5.2.3 Let v € R. Then 
ay = L5 Gm + v)£,. 
In particular, 
o (ðv) = {fit +v; t e IR). 


Proof We first prove the assertion for v 4 0 and show that 


hal 


1 
1E )o- 
im +v 


The assertion will then follow by Theorem 2.4.3(d). Note that Se L(L2(R; H)) 


1m+v 
by Proposition 2.4.6, and hence, both operators 7, and Lý Ly are bounded 


and defined on the whole of L2,,(R; H). Thus, it suffices to prove the equality on a 
dense subset of L» , (IR; H), like Cc(R; H). We will just do the computation for the 
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case when v > 0. So, let o € Cc (IR; H) and compute 


1 " S 1 oo : 
Lyl t= — | aa | r)drds = =Í f eT) ds (r) dr 
(Lhe) t) J Jr Ni vo hrd, g(r) 


1 1 . 1 
= —(it+v)r d. = t 
mh up) uen py VAN 


for t € R. For v < 0 the computation is analogous. In the case when v = 0 we 
observe that 


ðr o = exp(—vm)(9;,, — v) exp( vm)! = exp(-vm)Z5 (im + v — v)£, exp(-vm)^! 


= Li im)£o. o 


5.3 Material Law Operators 


Using the multiplication operator representation of 9;,, via the Fourier-Laplace 
transformation, we can assign a functional calculus to this operator. We will do this 
in the following and define operator-valued functions of 90; ,,. The class of functions 
used for this calculus are the so-called material laws. We begin by defining this 
function class. 


Definition A mapping M: dom(M) € C — L(A) is called a material law if 


(a) dom(M) is open and M is holomorphic (i.e., complex differentiable; see also 
Exercise 5.3), 
(b) there exists some v € R such that Cres, C dom(M) and 


IMlloo,Cresy = sup IM(Q)|| < oo. 
ZECRe>v 


Moreover, we set 


Sb (M) := inf [v € R; Cge., € dom(M) and ||Mllos cs. < oo] 


to be the abscissa of boundedness of M. 
Example 5.3.1 Let us state various examples of material laws. 


(a) Polynomials in z l:Letn € No, Mo, ..., M, € L(A). Then 


M(z):= MM. cec) 
k=0 
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defines a material law with 


—oo ifM,=...=M,=0, 


sb (M) = . 
0 otherwise. 


(b) Series in z~!: Let (My)keN in L(A) such that bn || Mz || r—* < oo for some 
r > 0. Then 


M(z) := »- z*My (z€C\ {0}) 
k=0 


defines a material law with sp (M) & r. 


(c) Exponentials: Let h € R, Mo € L(H) where Mo Æ 0 and set 


— 


M(z) = Moe” (zeC). 


Then M is a material law if and only if h < 0. In this case, sp (M) = —oo. 


(d) Laplace transforms: Let v € R and k € L1,, (R) with sptk € Rso. Then 


wm 


M(z) = Vr (Lk) (z) :— Í e "k(r)dt (z € Cresy) 
0 


defines a material law with sp (M) < v. 


(e) Fractional powers: Let Mo € L(H), Mo # 0, a € R and set 


wm 


M(z):= Moz * (z € C\ R<0), 
where we set 
id —a iad 
(re ) peni" (r > 0,0 € (—,7)). 
Then M is a material law if and only if « > 0 and 


—oo ifa=0, 
san=] 


0 otherwise. 


For material laws M we now define the corresponding material law operators in 
terms of the functional calculus induced by the spectral representation of 0; y. 
Proposition 5.3.2 Let M: dom(M) € C — L(A) be a material law. Then, for 
v > Sp (M), the operator 


M (im + v): L2(R; H) > Lo(R; H), f e (t e Mt +v) fO) 
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is bounded. Moreover, we define the material law operator 
M (ðr v) = LyM Gm + v)Ly € L(L2, (R; H)) 
and obtain 


| M Orv) | < I.M loo, Cres . 


Proof The proof is clear. o 


Remark 5.3.3 The set of material laws is an algebra and the mapping of assigning a 
material law to its corresponding material law operator is an algebra homomorphism 
in the following sense. For j € {1,2} let Mj: dom(M;) € C — L(H) be 
material laws, A € C. Then M; + M» (with domain dom(M1) Ndom(M2)), XM, and 
Mı - M» (with domain dom(M;) N dom(M»)) are material laws as well. Moreover, 
Sb (Mı + M2) , Sb (Mı - M3) < max{sp (M1), Sp (M2)}. Furthermore, if Mo(z) is 
a scalar for all z € dom(M5), then for v > max{sp (M1), sp (M2)) we have 
(Mi M2) (81,v) = M1 (81,v)M2(8,v) = M2 (ð; v) Mi rv) = (42 M1) ð; v). 


Example 5.3.4. We now revisit the material laws presented in Example 5.3.1 and 
compute their corresponding operators, M (0;,,). 


(a) Letn € No, Mo, ..., Mn € L(A) and 
M(z):— X kM (z € CX {O}). 
k=0 


Then, for v > 0, one obviously has 
n 
M (ðv) = 3 dy Mk, 
k=0 


due to Theorem 5.2.3. 
(b) Let (Mx)xen in L(A) such that Yo || Mil r7* < co for some r > 0 and 


M) =X zM; GeCNI(0). 
k=0 


Then, for v > r, one has 
oo 
M(8,,,) = 3 Ok Mg 
k=0 


again on account of Theorem 5.2.3. 
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(c) Leth < 0, Mo € L(A) and 
M(z) := Moe” (zeO). 
Then, for v € R, we have 
M (dtv) = Moti, 
where 
Tj: L2 (R; H) > L2, (R; H), f (t e f(t +h)). 


Indeed, for o € Cc(R; H) we compute 


1 : 
(5 Moy) () = = f e 695 Moo(s + h) ds 
Jt 
1 ` 
= Moe | 8M G(s) ds = Mir +D Co) O 


for all t € R, where we have used Proposition 3.1.6 in the second line. Hence, 
Mote = Ly M (im + v)Lyg = M (ðv) 


and since C,(IR; H) is dense in L2 (IR; H) the assertion follows. 
(d) Let v € R and k € L1,, (R) with sptk C Reo and 


M (z) := v 27 (Lk) (z) (z € Cre>v). 
Then, by Exercise 5.4, 
M (ðt u) = kx 


for each u > v. 


(e) Let Mo € L(A), a > 0 and 


— 


M) = Moz? (ze C\ Reo). 


Then for v > 0 we have 


P] 
(M(à,,) f) () = Mo l. ra —sy*f(sds (ae.teR) (5.8) 
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for each f € L5,,(R; H); see Exercise 5.5. This formula gives rise to the 
definition 


f 1 
(8? ) (t) := i Ta! —s)*lf(sds (tem), 


which is known as the (Riemann-Liouville) fractional integral of order a. 


Throughout the previous examples, the operator M (0;,,) did not depend on the 
actual value of v. Indeed, this is true for all material laws. In order to see this, we 
need the following lemma. 


Lemma 5.3.5 Let u,v € R with u < v, and set U = {z € C; Rez € (u, v)}. 
Let g: U — H be continuous and holomorphic on U such that g(i-+v), g(--- 4) € 
L»(R; H) and there exists a sequence (Rn)nen in Ryo such that Ry — oo and 


[i lg EiR, + p)|| doe — 0 (n> œ). (5.9) 
H 
Then 


Lig: +u) = Lgi +v). 


Proof Lett € R. By Cauchy’s integral theorem, we have that 


J g(zje" dz = 0, 
YR; 


n 


where yr, is the rectangular closed path with corners +iRp + u, iR, + v 
(see Fig. 5.1). Thus, we have that 


A Rn 


-Ra + 


Fig. 5.1 Curve yp, 
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Rn . Ry l 
if g(is + vetst) ds — if güs + wefto! ds 
> (5.10) 


v v 
= -f g(—iRn + pje R+) do «f gR, 4 p)eG Fito dp. 
H m 


Note that with the help of the formula for the inverse Fourier transformation (see 
Theorem 5.1.4) and L} = (F exp(—vm))* = exp(—vm)-!7* the left-hand side 
of (5.10) is nothing but 


v2 ((E Mg, RG +) © — (Cs lon, Rg +4) (0) . 


and hence, there is a subsequence of (Rn)n (which we do not relabel) such that the 
left-hand side of (5.10) tends to 


V2xi ((£58G - -v)) €) — (£56 +w) () 


for almost every t € R as n — oo. As such, all we need to show is that the right- 
hand side of (5.10) tends to 0 as n — oo, which obviously follows by (5.9). El 
Theorem 5.3.6 Let M: dom(M) € C — L(A) be a material law. Then, for 
U, V > Sp CM) and f € Lo,,(R; H) 1 L2, (R; H), we have 

M (dtv) f = M Oru) f. 


Moreover, M (ð; v) is causal for all v > sp (M). 
Proof Let u < v. We prove the assertion for f = Lja,b] : x witha < b and x € H 
first. For p € R we compute 


xe üttos ds = = b ! (a — guum Pos 


1 b 
i A/27z it + p 


for all t € IR \ {0}. Moreover, we define 


(£p f) ®© = 


1 1 
802) = MG (eM =e) Ge Cresu V 10) 


and prove that g satisfies the assumptions of Lemma 5.3.5. First, we note that g is 
bounded on {z € C; u € Rez < v] V {0}. Indeed, we only need to prove that it is 
bounded near 0 provided that u < 0. To that end, we observe 


—z(b—a) 


=g =e 
= >b-a (z—90) 


1 Va =ġ 
" e —g a6 
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Thus, g is bounded near 0. In particular, z = 0 is a removable singularity and, hence, 
g can be extended holomorphically to Cre>,,. Moreover, for p > u we have that 


1 
f isi on? ar = f leit + p) as f lleGt + p)I2 dt. 
R zi r1 


The first term on the right-hand side is finite since g is bounded, while the second 
term can be estimated by 


dt < co. 


, (e ^^ + eh)? 1 
lgt + o)l? dr < IMI eE] 41 
TN $8 co, CRe. u 2m It|>1 t2 + p? 
This proves that g(i - +o) € L2(R; H) for each p > p and hence, particularly for 
p = u and p = v. Finally, for o > u we have that 


let + p)ll < (ee +e) 0 di oo, 


1 1 
— |M foal 
dan ee eae 


which together with the boundedness of g yields (5.9) by dominated convergence. 
This shows that g satisfies the assumptions of Lemma 5.3.5 and thus 


M(a,v) f =LigG-+v) = Lig: +u) = M Oru) f. 
By linearity, this equality extends to Se(R; H) and so, 


F: S(R; H) > (^) Lo, H), f > M(3,)f 
veh 


is well-defined. Moreover, F is uniformly Lipschitz continuous (observe that 
sup, >, I| F"| < IM loo Cg... and hence, the assertions follow from Lemma 4.2.5. 
I 


5.4 Comments 


The Fourier and the Fourier-Laplace transformation introduced in this chapter are 
used to define an operator-valued functional calculus for the time derivative, 9; v. 
This functional calculus can be defined since the Fourier-Laplace transformation 
provides the unitary transformation yielding the spectral representation of the time 
derivative as multiplication operator. This fact was already noticed in [83], which 
eventually led to evolutionary equations in [82]. 

We emphasise that we have used the fundamental property that both F and £, are 
unitary. It is noteworthy that the Fourier transformation is an isometric isomorphism 
on L2(R; X) if and only if X is a Hilbert space, see [58]. In the Banach space-valued 
case one has to further restrict the class of functions used to define a functional 
calculus. For the topic of functional calculus we refer to the 21st Internet Seminar 
[46] by Markus Haase and to his monograph, [47]. 
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Material laws and the corresponding material law operators were also considered 
in [82, Section 3], including a physical motivation. Note that the definition in [82] 
is slightly different compared to the one presented here. 


Exercises 


Exercise 5.1 Let (Q, X, u) be a o-finite measure space, X a Banach space and 
I C R an open interval. Let g: / x Q — X such that g(t,-) € L(y; X) for each 
t € I, and define 


h:lIX,tre Í g(t, w) du (o). 
Q 


(a) Assume that g(-, w) is continuous for w-almost every w € Q and let f € Li (2) 
such that 


lst, el < f(o) (te, oe). 


Prove that h is continuous. 
(b) Assume that g(-, œw) is differentiable for u-almost every œw € Q and let f € 
L, (2) such that 


loget, oll € fo) (tel,u—aa. o € Q). 


Prove that A is differentiable with 
h'(t) = Í 8; g (t, w) du (o). 
Q 


Exercise 5.2 Let Ho, Hı be two Hilbert spaces and U: dom(U) C Ho > Hi 
linear such that 


e dom(U) is dense in Ho and ran(U) is dense in Hj. 
e Vx e dom(U) : |Uxllg, = lx llm: 
Show that U can be uniquely extended to a unitary operator between Ho and Hj. 


Exercise 5.3 Let Q C C be open, X a complex Banach space and f: Q — X. 
Prove that the following statements are equivalent: 


(i) f is holomorphic. 
(ii) For all x’ € X’ the mapping x’ o f: Q — C is holomorphic. 
(iii) f is locally bounded and x’ o f: Q — C is holomorphic for all x’ € D, where 
D C X' is a norming set! for X. 


! D C X' is called a norming set for X if ||x|| = SUP e p {0} TT 


ie (x)| for each x € X. Note that 
X' is norming for X by the Hahn-Banach theorem. 
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(iv) f is analytic, i.e. foreach zo € €2thereisr > Oand (aj), in X with B (zo, r) € 
Q and 


oo 


f@) = oan zo)" (€B(or). 


n=0 


Assume now that X = L(X1, X2) for two complex Banach spaces X1, X2, let Dı C 
X, be dense and D2 C X, norming for X2. Prove that the statements (i) to (iv) are 
equivalent to 


(v) f is locally bounded and Q > z > x/( f(z2)(x1)) € C is holomorphic for all 
xı € Dı and x4 € Do. 


Hint: For the difficult implications one might also consult [6, Appendix A]. In the 


same source one can find that in part (iii) it is enough for D to be separating. 


Exercise 5.4 Let v € R and k € L,,, (R). Prove that 
Ly (kx f) = V2m (Ck) - (C, f) 


for f € Lo. (IR; A). 


Exercise 5.5 Let a > 0 and define gy(t) :— 10,00) (t)1*-! for t € R. Show that 
8a € Li, (IR) for each v > 0 and that 


1 
(Ly ga) (t) = ——T (a) (it + v) ?. 
Tiere TI 

Use this formula and Exercise 5.4 to derive (5.8). 

Hint: To compute the Fourier-Laplace transform of gy, derive that Lyga solves a 
first order ordinary differential equation and use separation of variables to solve this 
equation. 


Exercise 5.6 Let u,v € R with w < v and f € L2„ (R; H) L2,,(R; H). 


Moreover, set U := {z € C; u < Rez < v}. Show that f € N L2, (R; AYN 
Lı, p (R; H) and that 


p<p<v 


U 3 z  (Cnez f) (mz) 


is holomorphic. 


Exercise 5.7 Let Ho, Hı be Hilbert spaces and T: Lo,,(R; Ho) > L2 „(R; Hi) 
linear and bounded. We call T autonomous if Tt, = v4, T foreach h € R (tp denotes 
the translation operator defined in Example 5.3.4). Prove that for autonomous T, the 
following statements are equivalent: 


(i) T is causal. 
(ii) Forall f € L2, (IR; Ho) with spt f € [0, co) one has spt Tf C [0, oo). 


Moreover, prove that for a material law M, the operator M (0;,,) is autonomous for 
each v > sp (M). 
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Chapter 6 A 
Solution Theory for Evolutionary gsti 
Equations 


In this chapter, we shall discuss and present the first major result of the manuscript: 
Picard’s theorem on the solution theory for evolutionary equations which is the main 
result of [82]. In order to stress the applicability of this theorem, we shall deal with 
applications first and provide a proof of the actual result afterwards. With an initial 
interest in applications in mind, we start off with the introduction of some operators 
related to vector calculus. 


6.1 First Order Sobolev Spaces 


Throughout this section let Q C R be an open set. 
Definition We define 
grade: CF (Q) € Lo(Q) > L2(2)4 
$c (8/9) cq... , 
dive: CX(Q)4 € L2(Q)4 > L2(Q) 


(01) jetta} P 2. 3j$j. 
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and if d = 3, 


curle: CMO C La) > E309) 


0263 — 0362 
(i) jet1,2,3) P | 0361 — 0163 
0192 — 021 
Furthermore, we put 
div := —grad*, grad := — div;, curl = curl? 
and 
divo := —grad*, grad) := —div*, curl := curl’. 


Proposition 6.1.1 The relations div, divo, grad, gradg, curl and curlo are all 
densely defined, closed linear operators. 


Proof The operators grad,, dive and curl, are densely defined by Exercise 6.3. Thus, 
div, grad and curl are closed linear operators by Lemma 2.2.7. Moreover, it follows 
from integration by parts that grad, C grad, dive C div and curl; C curl. Thus, 
div, grad and curl are also densely defined. This, in turn, implies that grad,, div; and 
curl, are closable by Lemma 2.2.7 with respective closures grado, divo and curlo by 


Lemma 2.2.4. o 
We shall describe the domains of these operators in more detail in the next theorem. 


Theorem 6.1.2 If f € La(Q) and g = (gj) jeti,....d} € L2(Q)4 then the following 
statements hold: 


(a) f € dom(grad) and g = grad f if and only if 


Vo e C*(Q), j € (1,.... d): -f fojo= [ gj. 
Q Q 


(b) f € dom(grady) and g = grad, f if and only if there exists (fx)x in C^ (Q2) 
such that fy > f in L2(€2) and grad fk — g in L2(2)4 ask — oo. 
(c) g € dom(div) and f — div g if and only if 


vé e CPN): [emi] fo. 
Q Q 


(d) g € dom(divo) and f = divo g if and only if there exists (gx)x in Cz? (Q)4 such 
that gy > g in La (Q)? and div gy — f in L2(Q) ask > oo. 
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Ifd = 3 and f,g¢€ L»(Q)? then the following statements hold: 
(e) f € dom(curl) and g = curl f if and only if 


voeco(ay: f remo f eo 
Q Q 


(f) f € dom(curlo) and g = curlo f if and only if there exists (fx)x in Cou 
such that fg — f in L2(Q) and curl fy > g in L3(Q)? ask — oo. 


All the statements in Theorem 6.1.2 are elementary consequences of the integration 
by parts formula, the definitions of the adjoint and Lemma 2.2.4. We ask the reader 
to prove these statements in Exercise 6.4. 

We introduce the following notation: 


H'(Q) ‘= dom(grad), 

Hy (Q) = dom(grad,), 
H (div, Q) := dom(div), 
A (curl, Q) = dom(curl). 


Following the rationale of appending zero as an index for Hy (2), we shall also use 


Ho(div, Q) := dom(divo), 
Ho(curl, Q) := dom(curlo). 


We caution the reader that other authors also use Ho(div, Q) and Ho(curl, Q) to 
denote the kernel of div and curl. 

All the spaces just defined are so-called Sobolev spaces. We note that for d = 3 

we clearly have H !(Q)? C H(div, Q) N H (curl, Q). On the other hand, note that 
H (div, Q) is neither a sub- nor a superset of H (curl, Q). 
Remark 6.1.3 We emphasise that Hi(Q) E cen, O € HQ) is a proper 
inclusion for many open Q. The ‘0’ in the index is a reminder of ‘0’-boundary 
conditions. In fact, the only difference between these two spaces lies in the 
behaviour of their elements at the boundary of Q. The space Hi signifies all H!- 
functions vanishing at 0Q in a generalised sense. The corresponding statements are 
true for the inclusions Ho(div, Q) C H (div, Q) and Ho(curl, Q) C A (curl, Q). 
The space Ho(div, Q) describes H (div, €2)-vector fields with vanishing normal 
component and to lie in Ho(curl, Q) provides a handy generalisation of vanishing 
tangential component. We will anticipate these abstractions when we apply the 
solution theory of evolutionary equations for particular cases. In a later chapter 
we will come back to this issue when we discuss inhomogeneous boundary value 
problems. 


For later use, we record the following relationships between the vector-analytical 
operators introduced above. 
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Proposition 6.1.4 Let d = 3. We have the following inclusions: 


ran(curlo) C ker(divo), 
ran(gradg) C ker(curlo), 
ran(curl) C ker(div), 
ran(grad) C ker(curl). 
Proof It is elementary to show that for given y € Co (y and @ € Cz? (Q) we 
have divo curlo Y% = 0 as well as curlo grady @ = 0. Thus, we obtain ran(curl;) C 
ker(divo) and ran(grad,) C ker(curlo). Since ker(divo) and ker(curlo) are closed, 
and CQ (2p and CX (Q) are cores for curlo and grad, respectively, we obtain the 


first two inclusions. The last two inclusions follow from the first two by taking into 
account the orthogonal decompositions 


L2(2)° = ran(grad) ® ker(divo) = ker(curl) @ ran(curlo) 
and 
Lo(Q)? = ran(grado) ® ker(div) = ker(curlo) © ran(curl) 


which follow from Corollary 2.2.6. oO 


6.2 Well-Posedness of Evolutionary Equations 
and Applications 


The solution theory of evolutionary equations is contained in the next result, Picard's 
theorem. This result is central for all the derivations to come. In fact, with the 
notation of Theorem 6.2.1, we shall prove that for all (well-behaved) F there is 
a unique solution of 


(di vM (8r, v) + A) U=F. 


The solution U depends continuously and causally on the choice of F. 

In order to formulate the result, for a Hilbert space H, v € R and a given closed 
operator A: dom(A) C H — H we define its extended operator in L5,, (R; H), 
again denoted by A, by 


L2, (R; dom(A)) € L2, (R; H) > L2,,(R; H) 
fe (te Af®). 


We have collected some properties of extended operators in Exercises 6.1 and 6.2. 
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Theorem 6.2.1 (Picard) Let vo € Rand H be a Hilbert space. Let M: dom(M) C 
C > L(A) be a material law with sp (M) < vo and let A: dom(A) € H — H be 
skew-selfadjoint. Assume that 


Re($.zM(z)Ó)g 2 clol ($ € H,z € Cnezu) 


for some c > 0. Then for all v > vo the operator ð+ „M (drv) + A is closable and 


Sv = (8 ML) A) | € Ls, QR; H)). 


Furthermore, S, is causal and satisfies |Svyly(i,,, € 1/c, and for all F € 
dom(9;,,) we have 


S,F € dom(8;,,) N dom(A). 


Furthermore, for n, v > vo and F € L2 (R; H)' L2, (R; H) we have that S, F = 
S,F. 


The property that SF = S,F forall F € L2, (R; H) AM L2,,(R; H) whereg, v > 
vo, for some vo € R, will be referred to as S, being eventually independent of v in 
what follows. 


Remark 6.2.2 If F € dom(0;,,), then U := S,F € dom(9;,,) N dom(A) by 
Theorem 6.2.1. Since M (9;,,) leaves the space dom(9;,,) invariant, this gives that 
M(8;,,)U € dom(0;,,) and thus, U solves the evolutionary equation literally; that 
is, 

(8r, M (8j, v) + A)U =F, 
while for F € L2,,(R; H), in general, we just have 


(3; vM (8i) + A)U =F. 


Definition Let H be a Hilbert space and T € L(H). If T is selfadjoint, we write 
T 2 cforsomec e Rif 


Vx € A: (x, Tx)g 2 cxli. 


Moreover, we define the real part of T by Re T := iT + T*). 
Note that if H is a Hilbert space and T € L(H) then Re T is selfadjoint. Moreover, 


(x,(ReT)x)g =Re(x,Tx)y (xe A). 
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Hence, in Theorem 6.2.1 the assumption on the material law can be rephrased as 
RezM(z2 2c (z € Credw)- 


The following operators will be prototypical examples needed for the applications 
of the previous theorem. 


Proposition 6.2.3 Let Ho, Hı be Hilbert spaces. 


(a) Let B: dom(B) € Ho > Aj, C: dom(C) € Hı — Ho be densely defined 
linear operators. Then 


k 3 : dom(B) x dom(C) € Ho x Hı —^ Ho x Hi 


($, V) => (Cy, Bo) 


is densely defined, and we have 


0c\ (0 B 
BOP NG o0)’ 
(b) Leta € L(Ho), and c > 0. Assume Rea > c. Thena! € L(Ho) with la^! | < 


1 and Rea”! 2 c |al|?. 


Proof 'The proof of the first statement can be done in two steps. First, notice that 


0 B* 0c 
the inclusion = follows immediately. If, on the other hand, 
C* 0 BO 
* * 
4 € dom wie with ce $ = $ we get for all x € dom(B) 
y BO BO Vy [a 


that 


wewa = (55) 9-5), 9-59) 2)... 
LOLO 


Hence, y € dom(B*) and B*y = &. Similarly, we obtain $ € dom(C*) and 
C*p=6. 

For the second statement, we compute for all $ € Ho using the Cauchy-Schwarz 
inequality 


Pll iy lala, > |(6. a¢)m | > Re (6, ad) n, > c (6.0), = c Gln - 
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Thus, a is one-to-one. Since Rea = Rea* it follows that a* is one-to-one, as well. 
Thus, we get that a has dense range by Theorem 2.2.5. The inequality 


lalim > c ll n, 


implies that aT! is bounded with la^! | < L Hence, as a lis closed, dom(a~!) = 
ran(a) is closed by Lemma 2.1.3 and hence, dom(a~!) = Ho; thatis,a~! € L(Ab). 
To conclude, let y € Ho and put $ = a^! y. Then ||Wl|y, = |aa-! v | m S 
lall a'y | m and so 


Re(y.a V], = Re (ab. b) = Re ($, a) m > c (P, Pig = c(a vea) 
> PRA Iva, - o 
laj? ^ ^^ 
The Heat Equation 


The first example we will consider is the heat equation in an open subset Q C I7. 
Under a heat source, Q: Rx Q — R, the heat distribution, 0: R x Q — R, satisfies 
the so-called heat flux balance 


0,0 + divg = Q. 
Here, q: R x Q — R4 is the heat flux which is connected to 0 via Fourier's law 


q = —a grad 9, 


where a: Q > IR*4 is the heat conductivity, which is measurable, bounded and 


uniformly strictly positive in the sense that 
Rea(x) 2c 


for all x € Q and some c > O in the sense of positive definiteness. Moreover, we 
assume that €2 is thermally isolated, which is modelled by requiring that the normal 
component of q vanishes at 0Q; that is, q € dom(divo) (see Remark 6.1.3). Written 
as a block matrix and incorporating the boundary condition, we obtain 


(e (oo) + (021) * G7) G) = (6). 
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Theorem 6.2.4 For all v > 0, the operator 


10 0 0 0 divo 
9 
m ¢ o) T ic RA T M 0 ) 


is densely defined and closable in L2,y (R; L2(Q) x Ly(Q)). The respective 
closure is continuously invertible with causal inverse being eventually independent 
of v. 


Proof The assertion follows from Theorem 6.2.1 applied to 


| (10 _1 {0 0 _{ 9 divo 
«o (55) +2 (Co) and as a 


Note that M is a material law with sp (M) = 0 by Example 5.3.1. Moreover, for 
(x, y) € Lo(Q) x L7(Q)4 and z € Cre>y» with v > 0 we estimate 
Re ((x, y), 2M(2)(%, Y) rcx zac > Rez lx lz o + c llall Iyl cya 
> mint», c lal ^1 Gc Xll (o. riy 


where we have used Proposition 6.2.3(b) in the first inequality. Moreover, A is skew- 
selfadjoint by Proposition 6.2.3(a). oO 


Remark 6.2.5 Assume that Q € dom(9; v). It then follows from Theorem 6.2.1 that 


1 
0 u 10 0 0 O divo Q 
() uu ({ J T l 4) = k 0 ) t3, 


0 di 
€ dom (à;,,) N dom ie 0) (6.1) 


Then, as in Remark 6.2.2, it follows that 0 and q satisfy the heat flux balance and 
Fourier's law in the sense that 0 € dom(9; p) N dom(grad) and q € dom(divo) and 


0,0 + divoq = Q, 
q = —agrad0. 
This regularity result is true even for Q € L2,,,(R; L2(€2)); see [88] and Chap. 15, 


Theorem 15.2.3. 


The Scalar Wave Equation 

The classical scalar wave equation in a medium Q C RI (think, for instance, of 
a vibrating string (d = 1) or membrane (d = 2)) consists of the equation of the 
balance of momentum where the acceleration of the (vertical) displacement, u : R x 
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Q — R, is balanced by external forces, f : IR x Q — R, and the divergence of the 
stress, o : R x Q—> R4, in such a way that 


3u — diva = f. 


The stress is related to u via the following so-called stress-strain relation (here 
Hooke's law) 


o — T gradu, 


where the so-called elasticity tensor, 7: Q —> Imax 


satisfies 


, is bounded, measurable, and 


T(x) =T(x)* 2c 


for some c > 0 uniformly in x € Q. The quantity gradu is referred to as the 
strain. We think of u as being fixed at dQ (“clamped boundary condition"). This is 
modelled by u € dom(grady). 

Using v :— 0;u as an unknown, we can rewrite the balance of momentum and 
Hooke's law as 2 x 2-block-operator matrix equation 


3 L3. O div vA (f 
a de grad) 0 c) N07. 
The solution theory of evolutionary equations for the wave equation now reads as 
follows: 


Theorem 6.2.6 Let Q C R4 be open, and T as indicated above. Then, for all 


v>0, 
3 109) ( O div 
"Ad grado 0 


is densely defined and closable in L2,y (R; L7(Q) x L2()4). The respective 
closure is continuously invertible with causal inverse being eventually independent 
of v. 

O div 


Proof We apply Theorem 6.2.1 to A = — ( 
grad) 0 


) which is skew-selfadjoint 


1 

oT! 
Sp (M) = —oo. The positive definiteness constraint needed in Theorem 6.2.1 is 
satisfied by Proposition 6.2.3(b) on account of the selfadjointness of T, which 


by Proposition 6.2.3(a), and M(z) = ( ) which defines a material law with 
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implies the same for qp Indeed, for vp > 0 and z € Cgez we estimate 


Re ((x, y), zM (z) Gc, y) raxmad = Re (x, zx) + Re (y, gy di 
2 


> vo llxllZ gy + Yom Ill? 
e L2(Q) IT I2 La (Q) 
: 2 2 
> vo min{1, c/\IT || } Ix, Mr ox Lc» 


for each (x, y) € L2(&2) x L3(Q)2, where we used the selfadjointness of T-!inthe 
second line. oO 


Remark 6.2.7 Let f € L5 ,(IR; L2(Q)), v > 0, and define 


-1 
uw) (y (1 0 ( 0 div Dj 
5] A NOT grad) 0 0 J> 


By Theorem 6.2.1, we obtain (£) € dom(9;,,) N dom (( 0 E . Hence, we 
o grado 0 


have 
ðr yu — divo = 0j, 


9,,T !& = grado u 


or 


e —1 
ðr vu — divo = ð; y 


9 = 74, grado u. 


Thus, formally, after another time-differentiation and the setting of o = 0;,,0 we 
obtain a solution of the wave equation, (u, o). Notice, however, that differentiating 
divo cannot be done without any additional knowledge of the regularity of o. In 
fact, in order to arrive at the balance of momentum equation, one would need to 
have diva € dom(9; ,). However, one only has č € dom(9;,,) N dom(div). It is an 


elementary argument, see [110, Lemma 4.6], that we in fact have div ru = an div, 
which suggests that, in general, diva ¢ dom(0;,,), see Exercise 6.6. 


Maxwell’s Equations 

The final example in this chapter forms the archetypical evolutionary equation— 
Maxwell’s equations in a medium Q C IR?. In order to identify the particular choices 
of M(0;,,) and A in the present situation (and to finally conclude the 2 x 2-block 
matrix formulation historically due to the work of [59, 64, 102]), we start out with 
Faraday's law of induction, which relates the unknown electric field, E: IR x Q — 
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R?, to the magnetic induction, B: R x Q — R2, via 
0 B + curl E = 0. 


We assume that the medium is contained in a perfect conductor, which is reflected 
in the so-called electric boundary condition which asks for the vanishing of the 
tangential component of E at the boundary. This is modelled by E € dom(curlg). 
The next constituent of Maxwell’s equations is Ampére’s law 


0; D + jc — curl H = jo, 


which relates the unknown electric displacement, D: R x Q > R°, (free) current 
(density), je: Rx Q > R3, and magnetic field, H: R x Q — R3, to the 
(given) external currents, jo: R x Q — IR?. Maxwell’s equations are completed 
by constitutive relations specific to each material at hand. Indeed, the (bounded, 
measurable) dielectricity, e: Q > IR?*3, and the (bounded, measurable) magnetic 
permeability, u: Q — IR?', are symmetric matrix-valued functions which couple 
the electric displacement to the electric field and the magnetic field to the magnetic 
induction via 


D = £E, and B = uH. 


Finally, Ohm’s law relates the current to the electric field via the (bounded, 
measurable) electric conductivity, o : Q —> R?*3, as 


jc =0E. 


All in all, in terms of (E, H), Maxwell's equations read 


ON RA E) s 0 —cur EX _ (jo 

ACT 00 curl) 0 H) \o/}’ 
For the time being, we shall assume that there exist c > 0 and vo > O such that for 
all v 2 vo we have 


ve(x) - Ree(x) 26 u(x)2c (xe&Q) 


in the sense of positive definiteness. Note that the latter condition allows particularly 
for € = 0 on certain regions, if Reo compensates for this. To approximate small € 
by 0 is referred to as the eddy current approximation in these regions. With the above 
preparations at hand, we may now formulate the well-posedness result concerning 
Maxwell’s equations. 
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Theorem 6.2.8 Let Q C R? be open and v > vo. Then 


9 & 0 "s o 0 à 0 —curl 
m Ou 00 culo 0 


is densely defined and closable in Lz (R; L2(2)3 x L2(Q)°). The respective 
closure is continuously invertible with causal inverse being eventually independent 


of v. 


Proof The assertion follows from Theorem 6.2.1 applied to the material law 


mom (2) (c3) 


and the skew-selfadjoint operator 


P 0 —curl l 5 
curlo O0 


Remark 6.2.9 In the physics literature (see e.g. [40, Chapter 18]), Maxwell's 
equations are usually complemented by Gauss' law, 


divo B — 0, 


as well as the introduction of the charge density, o = div € E, and the current, j = 
Jo — jc, by the continuity equation 


0,0 = div j. 


We shall argue in the following that these equations are automatically satisfied if 
(E, H) is a solution to Maxwell’s equation. Indeed, assuming jo € dom(d;,,,), then, 
as a consequence of Theorem 6.2.1, for 


-1 
EY | e0 ome) 0 —curl Jo 
(i) =(% (on) lo) (orm 7) C) 


we observe E € dom (ə; s) N dom A . Reformulating the latter 
H d curl O0 


equation yields 


B = uH = —3,} curlo £, 


EE = 0, (—0 E + jo + curl H) = 9/1 j 4-8; curl H. 
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Since curlg E € ran(curlo), we have by Proposition 3.1.6(b) that dl curl E € 
ran(curlo). Thus, by Proposition 6.1.4, we obtain 


divo B — divo (an curly E) = 0. 
Similarly, we deduce that 
p=diveE = diva, 1j. 
If, in addition, we have that j € dom(div), we recover the continuity equation. In 


general, the continuity equation is satisfied in the integrated sense just derived. 


We shall keep the list of examples to that for now. In the course of this book, 
we will see more (involved) examples. Furthermore, we will study the boundary 
conditions more deeply and shall relate the conditions introduced abstractly here to 
more classical formulations involving trace spaces. 


6.3 Proof of Picard’s Theorem 


In this section we shall prove the well-posedness theorem. For this, we recall an 
elementary result from functional analysis. It is remindful of the Lax—Milgram 
lemma. 


Proposition 6.3.1 Let H be a Hilbert space and B: dom(B) C H — H densely 
defined and closed. Assume there exists c > 0 such that 

Re ($, BO) 17 > cll, ($ € dom(B)), 

Re(y, BV), > cllwil (V € dom(B*)). 


Then B~' € L(H) and | B^! | < 1/c. 


Proof Since B is not necessarily bounded here, the present argument requires a 
refinement of the one in Proposition 6.2.3. In fact, the first assumed inequality 
implies closedness of the range of B as well as continuous invertibility with 
B-: ran(B) — H. The fact that ran(B) is dense in H follows from the second 
inequality. o 


Remark 6.3.2 In the proof of Theorem 6.2.1, we will apply Proposition 6.3.1 in a 
situation, where dom(B*) C dom(B). In this case, the condition 


Re(ó.Bó)g > c|óll?; ($ € dom(B)) 
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readily implies 
Re(y, BY), > civil Gr € dom(B*)). 


Next, we turn to the proof of Picard’s theorem. For this, we recall that we do not 
notationally distinguish between the operator A defined on H and its extension to 
H -valued functions. We leave it to the context, which realisation of A is considered, 
which will always be obvious; see also Exercises 6.1 and 6.2. 


Proof of Theorem 6.2.1 Let v > vo and z € Cgez,. Define B(z) = zM(z) + A. 
Since M (z) € L(H) it follows from Theorem 2.3.2 that B(z)* = (zM(z))* — A and 
dom(B(z)) = dom(B(z)*) = dom(A). Moreover, for all € dom(A) we have 


Re ($, B(z)9) y = Re ($, (CM (z) + Ad) = Re ($, zM (0) g > c lol >» 


due to the skew-selfadjointness of A. Thus, by Proposition 6.3.1 (see also 
Remark 6.3.2) applied to B(z) instead of B, we deduce that 


S: Cnez v >z B! 


is bounded and assumes values in L(H) with norm bounded by 1/c. By Exer- 
cise 6.5, we have that S is holomorphic. Thus, S is a material law and | S(8;, y) | < 
1/c by Proposition 5.3.2. Moreover, Theorem 5.3.6 implies that $(0;,,) is indepen- 
dent of v and causal. 

Next, if f € dom(0;,,), it follows that (im + v) Ly f € Lo(R; H). Hence, for all 
t € R we obtain 


AS(it + v)£, f (t) = A( Gt + v) Mt + v) + A) ‘Lyf 
= Lif) — Gt + v) M(t + v)S(t +L f (0). 
Thus, by the boundedness of M and S, we deduce S(i- --v) Z, f € La (IR; dom(A)). 
This implies S(89;,,) f € L2, (IR; dom(A)) by Exercise 6.2. Similarly, but more 
easily, it follows that (1- +v) S(i - --v)C,f € Lo(R; H) also, which shows 
S(r v) f € dom(9;,,). 
We now define the operator B (im + v) by 
dom(B (im + v)) := {f € L2(R; H); f(t) € dom(A) for a.e.t € R, 
(  BGt + v)f()) € Lo(R; H)) 


and 


B(üm + v) f := (t > Bit +v) f) (f € dom(B(üm + v))). 
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Then one easily sees that Bam + v) = S(im 4- y)! and since S (im + v) is closed, 
it follows that B(im + v) is closed as well. Moreover 


(im + v)M (im + v) + A € Büm + v) 


and hence, the operator (im + v) M (im + v) + A is closable, which also yields the 
closability of 3;,, M (0;,,) + A by unitary equivalence. To complete the proof, we 
have to show that 


(im + v) M (im + v) + A = B(im + v), 


as this equality implies S(0;,,) = (ðr, M (drv) + A)! by unitary equivalence. For 
showing the asserted equality, let f € dom(B(im + v)). For n € N we define 
Ja = V-njnj f. Then f, € domGim+v)Ndom(A) € dom ((im+ v) M (im4- v)d- A) 
for each n € N and by dominated convergence, we have that fan — f asn — oo as 
well as 


(Gm + v)M (im + v) + A) fa = Bm + v) f, 
= li-n, BGM + v) f > Bam+v)f 


n — oo. This shows that f € dom (m + v)M (im + v) + A) and hence, the 


assertion follows. a 


Remark 6.3.3 Note that Theorem 6.2.1 can partly be generalised in the following 
way (with the same proof). Let M: Cres1y — L(H) be holomorphic and A a 
closed, densely defined operator in H such that z M (z) + A is boundedly invertible 
for all z € CRre>w and that SUP: e CR... | (zM (z) + Ay! lzan < oo. Then S, € 
L(L2, (R; H)) is causal and eventually independent of v. 


Remark 6.3.4 As the proof of Theorem 6.2.1 shows, for v > vo we have that 
S: Cresv 3 z e (zM(z) + A)! e L(A) is a material law and Sy = S(0;,,). 
Thus, the solution operator is a material law operator, and by Remark 5.3.3 applied 
to S and z — ilg we obtain 


Svdrv € 0r v Sy. 


6.4 Comments 


The proof of Theorem 6.2.1 here is rather close to the strategy originally employed 
in [82], at least where existence and uniqueness are concerned. The causality part 
is a consequence of some observations detailed in [52, 131]. The original process 
of proving causality used the Theorem of Paley and Wiener, which we shall discuss 
later on. 
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The eddy current approximation has enjoyed great interest in the mathematical 
and physical community, in particular for the case when € = 0 everywhere. The 
reason being that then Maxwell’s equations are merely of parabolic type. We shall 
refer to [79] and the references therein for an extensive discussion. 

Both Proposition 6.3.1 and the Lax-Milgram lemma have been put into a general 
perspective in [89]. 


Exercises 


Exercise 6.1 Let (Q, X, u) bea o-finite measure space and let Ho, Hı be Hilbert 
spaces. Let A: dom(A) € Ho — H; be densely defined and closed. Show that the 
operator 


Au: Lalu; dom(A)) € Lo(u; Ho) > La(u; H1) 
f e (or Af(o)) 


is densely defined and closed. Moreover, show that (A ie) = (A*) T 


Exercise 6.2 In the situation of Exercise 6.1, if (21, X1, u1) is another o-finite 
measure space and F: La(u) — Lo(p1) is unitary, show that for j € (0, 1} there 
exists a unique unitary operator Fh; : La(u; Hj) > L2(u1; Hj) such that 


Fu, (ox) = (Fo)x ($ € L2(u), x € Hj). 
Furthermore, prove that 
Fn Au Fin = Åm- 
Exercise 6.3 Show that for Q C IR open, the set Cc? (Q) C L2(Q) is dense. 


Exercise 6.4 Prove Theorem 6.1.2. 


Exercise 6.5 Let H be a Hilbert space, A: dom(A) C H — H skew-selfadjoint, 
and c > 0. Moreover, let M: dom(M) € C — L(H) be holomorphic with 


ReM(z22c (z €dom(M)). 


Show that dom(M) > zh (M (z) + Ay! is holomorphic. 


Exercise 6.6 Let C: dom(C) € Ho — H; be a densely defined and closed linear 
operator acting in Hilbert spaces Ho and Hj. For v > 0 show that 


a ic = C81. 
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Hint: Apply Exercise 6.2 and show (im + v)-!C = C(im + y)! with a suitable 
approximation argument. 


Exercise 6.7 Let Q C RR? be open. 


(a) 
(b) 


Compute Hy (Q)+ where the orthogonal complement is computed in H ! (Q). 
Assume that 


Bu le € H! (Q); grad € dom(div), $ = div grado} c c*(9). 


and show that C® (2) N H'(Q) € H!(Q) is dense. 


Remark The regularity assumption in (b) always holds and is known as Weyl’s 
Lemma, see e.g. [45, Corollary 8.11], where the more general situation of an 
elliptic operator with smooth coefficients is treated. See also [32, p.127], where 


the 


regularity is shown for harmonic distributions. 
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Chapter 7 ® 
Examples of Evolutionary Equations PEE 


This chapter is devoted to a small tour through a variety of evolutionary equa- 
tions. More precisely, we shall look into the equations of poro-elastic media, 
(time-)fractional elasticity, thermodynamic media with delay as well as visco-elastic 
media. The discussion of these examples will be similar to that of the examples in 
the previous chapter in the sense that we shall present the equations first, reformulate 
them suitably and then apply the solution theory to them. The study of visco-elastic 
media within the framework of partial integro-differential equations will be carried 
out in the exercises section. 


7.1 Poro-Elastic Deformations 


In this section we will discuss the equations of poro-elasticity, which form a coupled 
system of equations. More precisely, the equations of (linearised) elasticity are 
coupled with the diffusion equation. Before properly writing these equations we 
introduce the following notation and differential operators. 


Definition Let K7*4 :— [A eK@*4, A= AT] C K4*4 be the (closed) subspace 


sym 
of symmetric d x d matrices. Let Q C IR" be open. Then define 


Lys = Li KS) 


sym sym 


Analogously, we set Cz? (Qe = CPG; IU. 


Note that the symmetry of a d x d matrix here means that the matrix elements 
are symmetric with respect to the main diagonal. For IK = C, this does not 
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correspond to the symmetry of the associated linear operator (which would rather 
be selfadjointness). 


Definition Let 2 C R be open. Then we define 
Grade: CX (Q)! © L9(Q)4 > L;(Q)dx4 


sym 


TE 


and 
Dive: CES c LADD — L7(2)4 
d 
(Pjk) | ken... ux (x non) 
k=1 je{l,....d} 
Similarly to the definitions in the previous chapter, we put Grad := — Div%, Div := 


— Grad; and Grad, := — Div*, Divo := — Grad", where (analogously to the scalar- 
valued case) we observe that Grad, C — Div; motivating the notation Grad and 
Grado. 


Remark 7.1.1 Note that in the literature Gradu is also denoted by e(u) and is 
called the strain tensor. Due to the (obvious) similarity to the scalar case, we 
refrain from using € in this context and prefer Grad instead. Again, the index 0 
in the operators refers to generalised Dirichlet (for Grado) or Neumann (for Divo) 
boundary conditions. 


We are now properly equipped to formulate the equations of poro-elasticity; see 
also [69] and below for further details. In an elastic body Q C R, the displacement 
field, u: R x Q — R4, and the pressure field, p: IR x Q — R, of a fluid diffusing 
through Q satisfy the following two energy balance equations 


0; 0d;u — grad 9; À div u — Div C Gradu + grad o* p = f, 
0; (cop + a div u) — div k grad p = g. 


The right-hand sides f: R x Q — R? and g: R x Q — R describe some 
given external forcing. We assume homogeneous Neumann boundary conditions 
for the diffusing fluid as well as homogeneous Dirichlet (i.e. clamped) boundary 
conditions for the elastic body. The operator p € L(L2(Q)4) describes the density 
of the medium & (usually realised as a multiplication operator by a bounded, 
measurable, scalar function). The bounded linear operators C € L(L( QI) 
and k € L(L2(2)*) are the elasticity tensor and the hydraulic conductivity of 
the medium, whereas co, A € L(L2(Q2)) are the porosity of the medium and the 
compressibility of the fluid, respectively. The operator a € L(L2(Q)) is the so- 
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called Biot-Willis constant. Note that in many applications p, co, A and o are just 
positive real numbers, and C and k are strictly positive definite tensors or matrices. 

The reformulation of the equations for poro-elasticity involves several ‘tricks’. 
One of these is to introduce the matrix trace as the operator 


trace: La(Q)7*4 —> L5(Q) 


sym 


(9 jk) j.ke(1,..,4) > > ® jj. 


Note that the adjoint is given by trace* f = diag(f,..., f) € L»(Q)1*4, It is then 


sym * 
elementary to obtain trace Grad C div as well as grad = Divtrace*. Hence, we 


formally get 
0,00;u — Div ( (à trace" A trace +C) Grad u — trace* a* p) =f, 
0; (cop + o trace Grad u) — div k grad p = g. 


Next, we introduce a new set of unknowns 


v= Oru, 

T := C Grad u, 

w ‘= A trace Grad v — a* p, 

q = —k grad p. 
Here, v is the velocity, T is the stress tensor and q is the heat flux. The quantity 
c is an additional variable, which helps to rewrite the system into the form of 
evolutionary equations. 


In order to finalise the reformulation we shall assume some additional properties 
on the coefficients involved. Throughout the rest of this section, we assume that 


p=p 2C, 

peu 
Rei >c, 
Rek 2 c, and 

C=C* 2c 


for some c > 0, where all inequalities are thought of in the sense of positive 
definiteness (compare Chap. 6). As a consequence, we obtain 


trace Grad v = A^ le + A^ lo* p. 
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Rewriting the defining equations for T, œ, and q together with the two equations 
we started out with, we obtain the system 


9, pv — Div (T + trace* w) = f, 

0; cop + aA lo 4- aA la*p +divq = g, 
Alo +271a* p — trace Grad v = 0, 
9,C !T —Gradv = 0, 

k^lq + grad p = 0. 


Note that at this stage of modelling we assumed that we can freely interchange the 
order of differentiation, so that Grad ðru = 0; Grad u. Introducing 


p00 0 0 0 0 0 00 
0co0 0 0 0aA-la* aa! 0 0 
Mo:=|000 0 0|. M:=]0 ata* x70 0 J, (7.1) 
000c-!0 0 0 0 00 
00000 0 0 0 Ok! 
100 0 0 0 0 0-Div 0 
010 0 0 0 0 0 O0 divo 
V := | 00 I trace0ļ|, A= 0 0 0 0 0 |, (7.2) 
000 1 0 — Grado 00 0 0 
000 0 1 0 gradd O 0 
we obtain 
v f 
p g 
(0;Mo + Mi + VAV*) | ow] =] 0 
T 0 
q 0 


This perspective enables us to prove well-posedness for the equations of poro- 
elasticity by applying Theorem 6.2.1. 


Theorem 7.1.2 Put H := La (Q)! x L2(Q) x La(Q) x Ly(aydxd x L2(Q)4 and 
let Mo, Mi, V € L(A) and A be given as in (7.1) and (7.2). Then there exists 
vo > 0 such that for all v > vo the operator ðs „Mo + Mi + V AV* is continuously 
invertible on Lə , (IR; H). The inverse S, of this operator is causal and eventually 
independent of v. Moreover, sup,>,, ||Sv|| < oo and F € dom(9;,,) implies Sy F € 


dom(ð; ,) N dom(V AV*). 
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We will provide two prerequisites for the proof. We ask for the details of the proof 
of Theorem 7.1.2 in Exercise 7.1. 


Proposition 7.1.3 Let Ho, Hı be Hilbert spaces, B: dom(B) € Hg — Ho skew- 
selfadjoint, V € L(Ho, H1) bijective. Then (V BV*)* = —V BV*. 


The proof of Proposition 7.1.3 is left as (part of) Exercise 7.1. 


Proposition 7.1.4 Let H be a Hilbert space, No, Ny € L(A) with No = No: 
Assume there exist co, cq > 0 such that (x, Nox) > co ||x I? for all x € ran(No) and 
Re (y, Niy) 2 cı Iyl? for all y € ker(No). Then for all 0 < cj < cı there exists 
vo > 0 such that for all v > vo we have that 


vNo + Re Nı > e 
Proof Note that by the selfadjointness of No we can decompose H = ran(No) ® 


ker(No), see Corollary 2.2.6. Letz € H, and x € ran(No), y € ker(No) such that 
z = x + y. Fore, v > 0 we estimate 


v (x + y, NoGx + y)) + Re x + y, Ni(x + y) 
= v (x, Nox) + Re (y, My) + Re (x, Nix) + Re (x, Niy) + Re (y, Nix) 


> vco lll? + ei yl? — Ns el? — 2 ENIM E My M 


1 
> veo IIx ll? + ei Iyl? — IMI ell? — s Nill? Well? — e by? 
1 
= c ^ Nill? — im) lx? + (cr — e) ly M? , 


where we have used the Peter-Paul inequality (i.e., Young's inequality for products 
of non-negative numbers). For 0 < c < cı we find € > O such that cj — € > ci: 
Then we choose vo > + (c + E INi l2 + INi I) . With this choice of vg we deduce 


co 
for all v > vo that 
v (z, Noz) + Re (z, Miz) > ej (Ile? + Il?) = ei Ill, 


which yields the assertion. o 


7.2 Fractional Elasticity 


Let Q C IR be open. In order to better fit to the experimental data of visco-elastic 
solids (i.e., to incorporate solids that ‘memorise’ previous force applied to them) the 
equations of linearised elasticity need to be extended in some way. The balance law 
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for the momentum, however, is still satisfied; that is, for the displacement u: R x 
Q — R? we still have that 


drp dru — Div T = Í, 


where p € L(L2(Q)“) models the density and f: R x Q — Rf is a given external 
forcing term. The stress tensor, T: IR x Q > I iei does not follow the classical 
Hooke's law, which, if it did, would look like 


T = C Grad u 


for C € L(L(Q) 2X). Instead it is amended by another material dependent 


coefficient D € L(L(Q) IXA) and a fractional time derivative; that is, 


T = C Gradu + Da? Gradu, 


for some a € [0, 1], where 07 := 0,0;" Zl see Example 5.3.1(e). We shall simplify 
the present consideration slightly and refer to Exercise 7.2 instead for a more 
involved example. Throughout this section, we shall assume that 


C=0, D = D* Sc, andp=p* 2c 


for some c > 0. Thus, putting v :— ðu and assuming the clamped boundary 
conditions again, we study well-posedness of 


0;pv — Div T = f, (7.3) 
T = Də” Grado u. (7.4) 
In order to do that, we first rewrite the second equation. We will make use of the 


following proposition which will serve us to show bounded invertibility of 9? (in 
the space L»,,), and which will also be employed to obtain well-posedness. 


Proposition 7.2.1 Let v > 0, z € Cre>v, o € [0, 1]. Then 
Rez” > (Rez)* > v“. 


Proof Let us prove the first inequality. Note that without loss of generality, we may 


assume that Rez = 1. Let g := argz € (-3, 5). Since Ino cos is concave on 
(- 2 5) (as (In o cos)’ = — tan is decreasing) and (Ino cos) (0) = 0, we obtain 


Incos(ag) = Incos(ag+(1—a@)0) > a Incos(g)+(1—a@) In cos(0) = In ( cos(y)”), 
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and therefore cos(agy) > cos(g)*. Since Rez = 1 implies |z| = we obtain 


1 
cos(g) ’ 


Rect = ES 1 = Rea)", 
coso 


The second inequality follows from monotonicity of x œ> x“. o 
Applying Proposition 7.2.1 and noting that D is boundedly invertible we can 
reformulate (7.4) as 


9,2? D IT — Grado u = 0, 


so that (7.4) and (7.3) read 


(eo (50) (a 0) G) - 2 


A solution theory for the latter equation, thus, reads as follows, where again v ‘= 
0; yu. 


Theorem 7.2.2 Put H := L2(2)4 x Lo(Q)dxd Then for all v > 0 the operator 


sym * 


a de. 9 | ( 9 Div 
"0m p-t Grado 0 


is densely defined and closable in L5 (IR; H). The inverse of the closure is 
continuous, causal and eventually independent of v. 


0 Div 


Grado 0 
by Proposition 6.2.3(a), it suffices to confirm the positive definiteness condition for 


Proof 'The proof rests on Theorem 6.2.1. Since ( ) is skew-selfadjoint 


the material law. For this let z € Cre>, and compute for x € L2 DRA, using 
Proposition 7.2.1 and Proposition 6.2.3(b), 
Re i gp = Re (x, p Sy? 5 p c qiie TE lxi? . 


This yields the assertion. o 
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7.3 The Heat Equation with Delay 


Let Q C R4 be open. In this section we concentrate on a generalisation of the heat 
equation discussed in the previous chapter. Although we keep the heat flux balance 
in the sense that 


9,0 + divq = Q, 


with q: R x Q — IR^ being the heat flux and 0: R x Q — R being the heat, we 
shall now modify Fourier's law to the extent that 


q = —a grad 0 — bt_p grad 0 


for some a,b € L(Lao(Q)^) with Rea > c for some c > 0, and h > 0. We shall 
again assume homogeneous Neumann boundary conditions for q. Written in the 
now standard block operator matrix form, this modified heat equation reads 


(% (60) + (eb) * ao )) GG) = (5) 


In order to actually justify the existence of the operator (a + bt_;,)~! as a bounded 
linear operator, we provide the following lemma. 


Lemma 7.3.1 Leth > 0. 


(a) There exists vg > O such that for all v > vo the operator a + bv is 
continuously invertible on L» ,(R; L(Q)^). 

(b) For all 0 < c' < c/ ljal? there is vi > vo such that for all z € Cre>v, we have 
Re(a+ bes)! 2c. 

Proof Note that a is invertible with la^! | < 1 and Rea! > WE by 


Proposition 6.2.3(b). 
(a) By Example 5.3.4(c), for all v > 0 we obtain 


— (it4-v)h 


—h 
Ib nl p qs) < LANACA sup |e = llla € : 
te 


Thus, we find vo > O such that for all v > vo we obtain lb na^! lza ) < 


Libr. sd rns.) < 1. Thus, 


a+ bth = (1 + br-na™!) a 


is continuously invertible by a Neumann series argument. 
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(b) Let 0 < c' < c/|lal|*, and set d(z) := —be~*"a~!. Moreover, we choose 
vı > vo such that ld CM ros c4) < min(4, £} for all z € Cre>v,, where 


O<ex< ic (i — c! J. For z € Cgez,, we compute 


Re (a + be) = Rea! (1 — d(z2))7! = Re (^ p» «cy 


k=0 


= Re (^ + Yaoi) 


k=l 
C = [^ 1 ~ 
=] k k 
> — - | a dG*|2 —;-- Il 
lal? — ex lal? c 
c 1 dæ Bo dca 


ml -T ee ee 
lal^  ci-l2COl ^ ljal c 


With this lemma we are in the position to provide the well-posedness for the 
modified heat equation. 


Theorem 7.3.2 Let H = L2(Q) x Lo(Q). There exists vy > 0 such that for all 
v > vo the operator 


9 10 4 0 0 P 0 divo 
^" 100 0 (a + btn)! grad 0 


is densely defined and closable with continuously invertible closure on L».y(IR; H). 
The inverse of the closure is causal and eventually independent of v. 


Proof 'The proof rests on Theorem 6.2.1 and Lemma 7.3.1. oO 


7.4 Dual Phase Lag Heat Conduction 


The last example is concerned with a different modification of Fourier's law. The 
heat flux balance 


0,0 +divg = Q (7.5) 


is accompanied by the modified Fourier’s law 


1 
(1 + sg: + gd) = —(1 + 599;) grad 6, (7.6) 


where s, € IR, se > O are given numbers, which are called ‘phases’. 
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Remark 7.4.1 The modified Fourier’s law in (7.6) is an attempt to resolve the 
problem of infinite propagation speed which stems from a truncated Taylor series 
expansion of a model given by 


Tsg4 = —Ts grad 0. 


Note that it can be shown that such a model would even be ill-posed, see [34]. 


Let us turn back to the system (7.5) and (7.6). Notice, since sg > 0, and due to 
a strictly positive real part of the derivative in our functional analytic setting, we 
deduce that (1 + 569; ,) is continuously invertible for v > 0. Thus, we obtain 


4 l T 
9 v (9; + Sq + 5549.) + 5691.) q = — grad 0. 


The block operator matrix formulation of the dual phase lag heat conduction model 
is thus 


,.[(! 0 +(,° divo ?- Q 
^" AO (ay + sa + 4828: v) + s08: v)! grad 0 UE NO 


Theorem 7.4.2 Let H = L2(Q) x L2(Q)4. Assume Sq € R\ {0}, so > 0. Then 
there exists vo > 0 such that for all v > vo the operator 


3 1 0 x ( 0 pu 
^" AO (Oy + sg + 55281,) 1 + soð: o)! grad 0 
is densely defined and closable with continuously invertible closure on L» (RR; H). 


The inverse of the closure is causal and eventually independent of v. 


The proof of Theorem 7.4.2 is again based on Theorem 6.2.1. Thus, we shall only 
record the decisive observation in the next result. For this, we define 


z! + sg + 1s2z 


"E 4 el 
M(z) := ETT eC (zeC\{0, mi 


Lemma 7.4.3 Let s; € R \ {0}, so > 0. Then there exist vo € R and c > 0 such 
that for all z € Cgez y we have 


RezM(z) 2 c. 
Proof We put o := oe Letz € C {0, -il We compute 


1 
Ms l-sqzc sz 1 "m NR ud 
SS 1+ sez B 2997 si 2° 1 + sez 
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and therefore 


1 1 (1-0 (1-30)) a sRez) 
RezM(z) = giao Rez +o ( — 50) qp ————————————. 


|1 + soz? 
By assumption 
2 
5 
0< £ =s c, 
so ? 
and since 
(1-0 (1- 40)) (+ s Rez) 
— > s» 
|1 + sez| 
as Rez — oo, we obtain 
1 
RezM(z) 2 2940 Rez —ó 
for some ô > 0 and all z € C with Rez large enough. o 


7.5 Comments 


The equations of poro-elasticity have been proposed in [69] and were mathemati- 
cally studied in [63, 103]. 

Equations of fractional elasticity are discussed in [20, 73, 87, 134]. The well- 
posedness conditions stated here and in Exercise 7.2 can be generalised as it is 
outlined in [87] to the case where both C and D are non-negative, selfadjoint 
operators so that C and D satisfy the conditions imposed on N; and Nọ in 
Proposition 7.1.4. We refrained from presenting this argument here, as it seemed too 
technical for the time being. Note however that the proof is neither fundamentally 
different nor considerably less elementary. 

The heat equation with delay has also been studied in [55] with an entirely 
different strategy; the dual phase lag models have been dealt with in [68, 127]. 

Other ideas to rectify infinite propagation speed of the heat equation can be found 
in [3], where nonlinear models for heat conduction are being discussed. 

The visco-elastic equations discussed in Exercise 7.6 are studied with convolu- 
tion operators more general than below in [119]; see also [19, 27, 95, 116]. 
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Exercises 


Exercise 7.1 (Solutions to the Equations of Poro-Elasticity) 


(a) Prove Proposition 7.1.3. 

(b) Prove Theorem 7.1.2. 

(c) Let 2 C R4 be open, v > 0, f € H} (R; L2(Q)*) and g € A} (R; L2(Q)). 
With the help of Theorem 7.1.2 show that for large enough v > O there exist 
a unique u € dom (32) N dom (grad X div 9, v) N dom (Div C Grado) and p € 
dom(8; ,) N dom(grad a*) N dom(divo k grad) such that 


ðr vP ðr, vu — grad A div ð; „u — Div C Grado u + grada* p = f 
0; yCop + o div ð; u — divo k grad p = g. 


Exercise 7.2 Let Q C IR? be open, C, D € LLADRAD), D = D* > c for some 
c > OQOandaeé E 1]. Show that there exists v9 > O such that for all v > vo the 


system 


vou — Div T = f, 
T — (C^ Dàp.) Grado u, 


dxd) 


where v = ð; „u, admits a unique solution (v, T) € L2, (IR; L(2)4 x L2(2) sym 


for all f € HJ (R; L2(Q)%). 


The following exercises are devoted to showing the well-posedness of certain 
equations in visco-elasticity, where the ‘viscous part’ is modelled by convolution 
with certain integral kernels. The proof of the positive definiteness property requires 
some preliminary results. We assume the reader to be equipped with the basics from 
the theory of functions of one complex variable. 

For U C C open write Us {@, y) em: xqiye U}, and for u: U > C 
holomorphic, define fRe u: ÜR by fRe u(x, y) := Re u(x +iy) for (x, y) € U. 
We put 


Hge(U) = (fneu; u: U — C holomorphic} . 


Exercise 7.3 Let U C C be open. 


(a) Let f € Are(U ). Show that f satisfies the mean value property; that is, for all 
(x, y) € U andr > O with B ((x, y), r) € U we have 


2x 


1 
f@, y= f(x+rcos@,y+rsing) dé. 
2x Jo 
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(b) Let U = Cmmso and f € AHre(U) N C(R x Ryo). Moreover, assume that 
f(x, 0) = 0 for each x € R and f(x, y) — 0 as |(x, y)| — oo. Show that 
f =OonR x R>o. 


Exercise 7.4 In this exercise we show a version of Poisson’s formula. Let U := 
Cim>o and f € Hre(U)N C(R x Ro). 
(a) Assume that f(-,0) € Lp(R) for some 1 < p < oo. Show that Cim>0 3 z > 
Im z/+i(Re z—x' . : 
l fr EEL FO, 0) dx’ is holomorphic. 
1 y 
(b) Assume that f(-,0) € Loo(R). Show that z Ina aos LO", 0)dx' > 
f (xo, 0) as x — xo and y > 0+. 
(c) (Poisson's formula) Assume that f(-,0) € Lp(R) for some 1 € p < oo and 
f(x, y) > Oas |(x, y)| ^ œ in R x Ryo. Show that 


1 y / , 
fœ, y= d c——ÁIeos ((x, y) € R x Ryo). 


Hint: Apply Exercise 7.3(b). 
Exercise 7.5 Let vo € R and k € L1,1)(R; IR) with sptk C R20. 


(a) Show that for all (x, v) € R x Ray, we have 


1 = 
Im(Lk) (ix + v) = — [ SUETON Im(Lk) (ix’ + vo) dx’. 


Hint: Approximate k by functions in C7? (R20; R) and use Poisson's formula 
(see Exercise 7.4). 
(b) Assume there exists d > 0 such that for all x € R 
x Im(ZCK) (ix + vo) S d. 
Show that for all v > vo and x € IR we have 


x Im(CK)(ix + v) < 4d. 


Hint: Use the formula in (a) and split the integral into positive and negative part 

of R; use symmetry of (£k) under conjugation due to the realness of k. 
Exercise 7.6 Let Q C Rf be open, vo € R and k € L1, (R; R) with sptk C R9. 
Assume there exists d > 0 such that 


xIm(Lk)(ix +9) «d (xe R). 
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Show that there exists vı > vo such that for all v > vı the operator 


ww 0 Q( 9. Div 
^" 10-097! Grado 0 


is well-defined, densely defined and closable in L2, (IR; H) with H = L5(Q)4 x 
Lo (Q)dxd Further, show that its closure is continuously invertible, and that the 


sym * 


corresponding inverse is causal and eventually independent of v. 


Exercise 7.7 Let vo € R and k € L1, (R; IR) with sptk C R20. 


(a) 


(b) 


Assume that k is absolutely continuous with k’ € L1, 4, (R; R). Show that there 
exist vy > vo and d > 0 with 


xIm(Ck)üx +v) d (x ER). 


Assume that k(t) > 0 for all t € R and that k(t) < k(s), whenever s < t. Show 
that there exists vj > vo with 


xIm(LA)Gx +v) <0 (ER). 


Hint: For part (b) use the explicit formula for Im(ZK) as an integral and the 
periodicity of sin. 

Remark: The condition in (a) is a standard assumption for convolution kernels 
in the framework of visco-elastic equations; the condition in (b) is from [95]. 
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Chapter 8 A 
Causality and a Theorem of Paley us 
and Wiener 


In this chapter we turn our focus back to causal operators. In Chap. 5 we found 
out that material laws provide a class of causal and autonomous bounded operators. 
In this chapter we will present another proof of this fact, which rests on a result 
which characterises functions in L2(R; H) with support contained in the non- 
negative reals; the celebrated Theorem of Paley and Wiener. With the help of this 
theorem, which is interesting in its own right, the proof of causality for material 
laws becomes very easy. At a first glance it seems that holomorphy of a material 
law is a rather strong assumption. In the second part of this chapter, however, we 
shall see that in designing autonomous and causal solution operators, there is no 
way of circumventing holomorphy. 

In the following, let H be a Hilbert space, and we consider L5 , (IRz0; H) as the 
subspace of functions in L» , (IR; H) vanishing on (—oo, 0). 


8.1 A Theorem of Paley and Wiener 


We start with the following lemma, for which we need the notion of locally 
integrable functions. We define 


Lijoc (IR; H) = (f; VK € R compact: 1x f € L1(R; H)) 
={f; Yo € CYR): yf e Li(R; H)). 


Lemma 8.1.1 Let f € Li loc (R; H). Then we have f € La(R>o; H) if and only if 
f € (oso L2, (R; H) with sup, o llf ll, m; gy < oo. In the latter case we have 
that 


.g, = lim .Hy = SU Hy 
II Fas aso: i Ern If Mrs o; un) ie IFL RH) 
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Proof Let f € L2(Rs0; H) and v > 0. Then we estimate 


[ If (Ia e?" dt = [ If Olly e?" dr < Í IFON dr = IS M sun 
R R29 R29 


which proves that f € L5 , (IR; H) with llf ls in; S Mf lz. Rop) for each v > 
0. Moreover, || f lr, gg) > llf lr, R>) as v — 0 by monotone convergence 
and since clearly || f| r, (gg) € IF lle, ce: Hy for 0 < u & v we obtain 


.m = lim . m) = su One 
Ilf llis quo; i e Ilf llo, qe; nn Sup FATA: 


Assume now that f € (),.9 Lo,,(R; H) with C := sup,.o llflr, mm) < oo. 
This inequality yields 


sup f I.£ (I2 e?" dt < c?. 
(—00,0) 


v€(0,00) 


Hence, the monotone convergence theorem yields that g(t) := lim,..ss || f (0l? 
e ?"' for t € (—oo, 0) defines a function g € L1(—0o0,0). Thus, [g = oo] is a 
set of measure zero and thus [f = 0] N (—o, 0) = (—oo, 0) V [g = oc] has full 
measure in (—oo, 0) implying that spt f C Ryo. 

Finally, from 


sup f IFO er" dt < c?. 
(0,00) 


ve(0,o0) 


we infer again by the monotone convergence theorem that t œ> lim,-,9 || f (1? 
gu IFO defines a function in L,(0,00), showing the remaining 
assertion. oO 


For the proof of the Paley—Wiener theorem we need a suitable space of holomorphic 
functions on the right half-plane, the so-called Hardy space H2(Cre>v; H), which 
we introduce in the following. 


Definition For v € R we define the Hardy space 


H2(CRresv; H) := 1g: Cresy > H ; g holomorphic, sup f llet + o) dt « oo 
pv 
R 
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and equip it with the norm ||-||57, (cq... g) defined by 


1 
yl 


hacen “= SUP I llt + o)l dt 
p>v 
R 


We motivate the Theorem of Paley—Wiener first. For this, let f € L2, (R>0; H) 
and define its Laplace transform as 


Cressy Ə z |> Lf (z) = f@e dt. (8.1) 


oo 
ml 
2x 4 
Note that £ f(z) = Lre z f (Im z) for all z € Cres, due to the support constraint on 
f. Moreover, it is not difficult to see that the integral on the right-hand side of (8.1) 


exists as (t ex Sap 03) € Lı(R>0; H) N L2(Rz0; H) for all o > v. Hence, 
Lf: Cres» — H is holomorphic (cf. Exercise 5.6). Moreover, by Lemma 8.1.1 


sup IC f G - +All: = SUP |£of |j, p = SUP IF Mos nn 
pv p>v p>v 


= spl" 


le flem 5 Massen 


which proves that 


L: L» ,(IRz9; H) S H2(Cresv} H) 
fre (z > (Lrez f) (Im z)) 
is well-defined and isometric. It turns out that £ is actually surjective, see Corol- 


lary 8.1.3 below. The surjectivity statement is contained in the following Theorem 
of Paley—Wiener, [78]. We mainly follow the proof given in [101, 19.2 Theorem]. 


Theorem 8.1.2 (Paley-Wiener) Let g € H2(Cre>0; H). Then there exists an f € 
L»(IRz0; H) such that 
Lyf =gGi:-+v) (v>0). 


Proof For v > 0 we set gy := g(i- +v) € Lo(R; H) and fy :— F* gy € Lo(R; A). 
Moreover, we set f :— eO fi. We first prove that f € Meso L2, (R; H) with 
sup. o llf lr, (ep) < oo. For doing so, let a > 0, p > 0 and x € R. Applying 
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Fig. 8.1 Curve y ^ 


Cauchy’s integral theorem to the function z œ> e** g(z) and the curve y, as indicated 
in Fig. 8.1, we obtain 


a 1 
0= i f et gc +1)dt— IE 4- k)dk 
=a p 
a ' (8.2) 
=i / ei *9* oür + p) dt + f eito o(—ia +K) dk. 
Ža p 
Moreover, since 
1 E 1 1 
f p +«)dk]) da <f a ? a f ll g (cia 4 I, d« | da 
R lp H R Ip p 


/N 


1 1 
Tunt dk Jf etia os da dk 
p p R 


1 
2 
< f e^" dk 
p 


we infer that (a p i etato) o(+ia + c) dk) € L(R; H) and thus, we find a 
sequence (an)nen in Ryo such that a, — oo and 


2 
I1 — pl Isle, cs. sir) < 99 


1 
J eliant 9 (Lian + K) dk — 0 
p 


as n — oo. Hence, using (8.2) with a replaced by a; and letting n tend to infinity, 
we derive that 


an an 
f eit -Dx er + 1) dt — f etto o(it + p)dt > 0 (n — oo). 


—an —n 
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Noting that for each u > 0 we have 


an 
f ei ** er + u) dt = 2xe" F* (li-a, an)8u)(x) (x €R) 


—n 


and that L{—a,,a,]8u — 8u in L2(R; H) as n — oo, we may choose a subsequence 
(again denoted by (an)n) such that 


an an 
0= lim. f sire na - Í et *0* o(it + p) dt 
—an —an 


= im (xe F* Qua, a Q2) x Vae? F* (Aca, 185) 6) 
=V 2x (e* fi œ) — e* f, Q)) 


for almost every x € R. Hence, f = eU fı = exp(pm) f, for each p > 0 and thus, 
- 2 
[ ions. ae at f LoCo dt < oo 
R R 


which shows f € ( >o L2, (R; H) with 


p>0 


sup Il flit qu; g) = SUP | fo liom = sup ||gp | om = [I8 lH (Cue oi f) * 
p»0 p»0 p>0 


Thus, f € L2(R50; H) with IFL qao; 1n) = |[gll2t5 (Cg. o; g) by Lemma 8.1.1. 
Moreover, 


Ly f = Fexp(—vm) f = F exp(—vm) exp(vm) f, = F fo = gy = g(i- +v) 


for each v > 0, which shows the representation formula for g. o 


Summarising the results of Theorem 8.1.2 and the arguments carried out just before 
Theorem 8.1.2, we obtain the following statement. 


Corollary 8.1.3 Letv € R. Then the mapping 


L: L2, (Rzo; H) > H2(Cre>v; H) 
f= (ze (Lre: f) (Imz)) 


is an isometric isomorphism. In particular, H2(CRe>v; H) is a Hilbert space. 
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Proof We have argued already that £ is well-defined and isometric. Thus, we show 
that £ is onto, next. For this, let g € H2(Cresy; H) and define 2(z) := g(z + v) for 
z € Cres. Then 2 € H2(Creso; H) and thus, Theorem 8.1.2 yields the existence 
of f € Li(Rzo; H) with 


gi +p) =F: +e —v) — Lpf = £o e" P) (p v. 


Hence, setting f :— efe L2, (R>0; H), we obtain Lf = g. o 


We can now provide an alternative proof of Theorem 5.3.6 by proving causality with 
the help of the Theorem of Paley—Wiener. 


Proposition 8.1.4 Let M: dom(M) € C > L(A) bea material law. Then for v > 
Sb (M) we have M (div) € L(La,, (R; H)) and M (d; v) is causal and autonomous 
(see Exercise 5.7). 


Proof Let v > sp (M). Then M: Cgez, — L(H) is bounded and holomorphic 
on Cresy. Hence, by unitary equivalence, M (rv) € L(L2, (R; H)). Moreover, 
M (ðt v) is autonomous by Exercise 5.7. Thus, for causality it suffices to check that 
spt M(0;,1) f € Rzo whenever f € L2,(Rzo; H). So let f € L5, (IRz2o; H). 
Then Lf € H2(Cresy; H) by Corollary 8.1.3 and since M is bounded and 
holomorphic on Cres), we infer also that 


(z > MG) (Lf) (2) € Ho (Cnes v; H). 
Again by Corollary 8.1.3 there exists g € L2, (IRzo; H) such that 

Lg) = M()(Cf)(z) (ze Cre>v). 
Thus, in particular 

Lpg=Miim+ p)Lpf (ov). 
Since f,g € L»,(Rzo; H) we infer that Log — Lyg and Lof > Lif 
in L2(R; H) as p — v by dominated convergence. Moreover, M (im + o) > 
M (im + v) strongly on L2(R; H) as p — v (cf. Exercise 8.2). Hence, we derive 
Lyg = M (im + v)£, f, 


and thus, g = M(0;,,) f which shows causality. o 
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8.2 A Representation Result 


In this section we argue that our solution theory needs holomorphy as a cen- 
tral property for the material law. There are two key properties for rendering 
T € L(L2,)(R; H)) a material law operator. The first one is causality (i.e., 
1(-oo,4] m) T1(—55,4](m) = 1(—00,a|(m)T for all a € IR) and, secondly, T needs to 
be autonomous (i.e., tT = T tp for all h € R where t f = f (- + h)). The main 
theorem of this section reads as follows: 


Theorem 8.2.1 Let vj € R and let T € L(L2,,(R; H)) be causal and 
autonomous. Then T|r, NL» has a unique extension T, € L(L» (R; H)) for 
each v > vo and there exists a unique M: CRe>w — L(H) holomorphic and 
bounded such that T, = M (0, .,) for each v > vg. 


We consider the following (shifted) variant of Theorem 8.2.1 first. 


Theorem 8.2.2 Let T € L(L2(R; H)) be causal and autonomous. Then there 
exists M: Crespo — L(A), a material law (i.e., holomorphic and bounded), such 
that 


(CT f) (z) 2 MG) Gf) () Cf € D2(Rzo; H), z € Cres). 
Proof For s > 0 and x € H we define f,,, = 1(0,,)x and compute 


Dof(5 N ] l-e 
1 e ^x dt = Ja oi: (z € Cres). (8.3) 
0 


We define M: Crespo — L(A) via 


E fx,s (z) = 


V2 Z 


M(z)x = 1 


ET fx), 
— e-t 

which is well-defined since spt T fx,ı C [0, oo) (use causality of T); M(z) € L(A), 
since T is bounded. Also, M(-)x is evidently holomorphic for every x € H asa 
product of two holomorphic mappings and thus by Exercise 5.3, M is holomorphic 
itself. Next, we show that for all z € Creso and f € L2(Ry0; H), we have 


(LTS) (z) = M(z) (Lf) (2). (8.4) 
By definition of M, the equality is true for f replaced by fy, x € H. Next, 


Observe that lin opos a20,neN,xe H) is dense in L2(R>o0; H). 
Hence, for (8.4), it suffices to show 


(LT 1 a,a+1/n)*) (z) = M(z) (Clip neti) (z) (8.5) 
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foralla 2 0,n € N,x € H,andz € Creso. Next, using that T is autonomous in the 
situation of (8.5), we see (T1(a,a4ti/n)X) = (T-a1(01/5x) = t-a (T1(9,1/5)x) 
and, by a straightforward computation, (Cr 4 f)(z = e *^£Cf(z) for all f € 
L;(Rzo; H). Thus, 


(LT 1(5,541/2)x) (@) = e ** (LT1¢0,1/n)x) (2), 


which yields that it suffices to show (8.5) for a = 0 only, that is, for f = fr 1/n- 
Furthermore, we compute for n € N and z € Cresg 


n—1 n—1 


LT fsa) = X ET Len etm) = Y e " (LT 1E,1/2)x)@) 
k=0 k=0 
1 


= e^ 
= 1— m ET fs 1/n)@). 


Thus, using (8.3) for s = 1/n, we deduce from the definition of M, 


1—eV^ Az peg 
LT fx yn (x) = "xs d E eae ET fe. @) = OY ee 


= M(z)L fx 1n 2). 


Hence, (8.4) holds for all f € L2(Rz0; H). It remains to show boundedness of 
M. For this, let z € Cge o and x € H. Set f = lp,o9e 7 x as well as c = 
2 Rez4/2z. Then 

Lf) = 


1 ed zt—z*t X 
—— e 7 *'ydr = =. 
A 2x J c 
By virtue of (8.4), we get CT f(z) = M (z)£ f (z) and thus M(z)x = cLT f (z). This 
leads to 


c x C 
Mix —— e" Tf dt < ——|1 a*t] T 
IMO <a | perro] d< Fe [105679], IT liam 
c <0 |? 
<= LI lox I Lr coo; zo) lxla = MT Mrs; zo) lcg 
where we used that | fll, (s.p = |1t,55e 7 | Lo Illas. Thus, [M G2] < 


IIT ||, which yields boundedness of M and the assertion of the theorem. oO 
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We can now prove our main result of this section. 


Proof of Theorem 8.2.1 We just prove the existence of a function M. The proof of 
its uniqueness is left as Exercise 8.3. 
We first prove the assertion for vg = 0. So, let T € L(L2(R; H)) be causal 
and autonomous. According to Theorem 8.2.2 we find M: Creso — L(A) 
holomorphic and bounded such that 


GT f)(z) =M) F) R) (f € L2(Rzo: H), z € Cre>0). 


Let now o € C£? (R; H) and set a := infspto. Then tag € L2(R>0; H), and for 
v > 0 we compute 


Ly To = Lyt_aT tay = e Unt p Trag = e Ot M (im + y) Ly tay 
= M (im + v)Lyg. (8.6) 
The latter implies 
IT ellr, qn = lETel Ra = lMGm + Lel LR n 
X IM loo, Cresco lll s s cn; nn 


and hence, T |ce«(R; H) has a unique continuous extension T, € L(L2,„ (R; H)). 
Using (8.6) we obtain 


T, = L; M (im + v)Ly = M (ðv) 


by approximation. 
Let now vo € R. Then the operator 


T e "Tem c p(rA(R; H)) 


is causal and autonomous as well. Thus, Tico: H) has continuous extensions 
T, € L(Lo,,(R; H)) for each p > 0 and there is M: Creso — L(A) 
holomorphic and bounded such that T, = M(0;,,) for each p > 0. Using 
Tlc) = e""'T|ce(g;uye '""", we derive that T|cee(g;;) has the unique 
continuous extension 7, — erom, Qe "om € L(L2,,(R; H)) for each v > vo 
and 


vom —vom T — vom Wael — vom 
Ly Ty = Lre Type" = £y yy we 9?" = Mim v — vo) Lv- ? 


= M(im + v — vo) £y. 
Hence, 


T, = M (ðs v) 
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for the holomorphic and bounded function M given by M(z) := M (z — vo) for 
z € Cresi: Oo 


8.3 Comments 


The stated Theorem of Paley and Wiener is of course not the only theorem 
characterising properties of the support of L»-functions in terms of their Fourier or 
Laplace transform. For instance, a similar result holds for functions having compact 
support, see e.g. [101, 19.3 Theorem] and Exercise 8.7. These theorems provide a 
nice connection between L»-functions and spaces of holomorphic functions in form 
of Hardy spaces. In this chapter we just introduced the Hardy space H2 and it is not 
surprising that there are also the Hardy spaces Hp for 1 < p < oo. We refer to [35] 
for this topic. 

The representation result presented in the second part of this chapter was origi- 
nally proved by Fourés and Segal in 1955, [41]. In this article the authors prove an 
analogous representation result for causal operators on L2 (IR; H), where causality 
is defined with respect to a closed and convex cone on R^. The quite elementary 
proof of Theorem 8.2.2 for d — 1 presented here was kindly communicated to us 
by Hendrik Vogt. 


Exercises 


Exercise 8.1 Let A C R»o be a set with an accumulation point in IR.o. Prove that 
{(x > e) ; X € A} is a total set in L1 (R0). 
Hint: Use that the set is total if and only if 


Vf € Loo(R29) : | V5€ A: J e^" f(x)dx =0=> f=0 
Exercise 8.2 Let M: dom(M) € C —> L(A) be a material law. Moreover, let 


v > Sp (M). Show that limo. v... M (im + o) = M (im + v) where the limit is meant 
in the strong operator topology on L2(R; H). 


Exercise 8.3 Prove the uniqueness statement in Theorem 8.2.1. 


Exercise 8.4 Give an example of a continuous and bounded function M : CRe>0 > 
L(H) such that the corresponding operator M (9;,,) is not causal for any v > 0. 


Exercise 8.5 Prove the following distributional variant of the Paley-Wiener theo- 
rem: Let vo > 0, k € N, f£: Cgez v, — C, and set h(z) :— +f (2) for z € Cres. 
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We assume that h € H2(Cresi; C). For v > vo we define the distribution 
u: CX (R) > C by 


u(y) = (Eth +), (7,)*y) (y € CYR; ©). 


L5, (&: C) 


Prove that sptu C Rso, where 
sptu := R \ LJ{u C R open; Yy € CC (U; ©): u(y) = o}. 


What is u if f = ley, ? 


Exercise 8.6 Let g € L2 (R), a > 0 such that spt g C [—a, a]. Show that f := Fg 
extends to a holomorphic function f: C — C with f (it) = f(t) for each t € R 
such that 


3C 2 0Yze C: |f@| « cea, 


Exercise 8.7 Let f : C — C be holomorphic such that 


(a) IC 20, a > 0Yz eC : |f (z)| < Cet Rez, 
(b) f-) € L2(R). 


Prove that g :— F* f (i-) satisfies spt g C [—a, a]. 
Hint: Apply Theorem 8.1.2 to the function h : Creso — C given by 


-za i) 
Z 


h(z) =e ri 


(z € Cnes0) 


to derive that spt g C Rz. 4. 
Remark: The assertion even holds true if one replaces condition (a) by 


3C > 0, a > 0YzE C: |f| « Cet! 
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Chapter 9 A) 
Initial Value Problems and Extrapolation se 
Spaces 


Up until now we have dealt with evolutionary equations of the form 
(8i, M (rv) + A U=F 


for some given F € L2,,(R; H) for some Hilbert space H, a skew-selfadjoint 
operator A in H and a material law M defined on a suitable half-plane satisfy- 
ing an appropriate positive definiteness condition with v € IR chosen suitably 
large. Under these conditions, we established that the solution operator, S, :— 
(9, M (dtv) + A p" € L(L2 (R; H)), is eventually independent of v and causal; 
that is, if F = 0 on (—co, a] for some a € R, then so too is U. 

To solve for U € L5,(R; H) for some non-negative v penalises U having 
support on R<o. This might be interpreted as an implicit initial condition at —oo. 
In this chapter, we shall study how to obtain a solution for initial value problems 
with an initial condition at 0, based on the solution theory developed in the previous 
chapters. 


9.1 What are Initial Values? 


This section is devoted to the motivation of the framework to follow in the 
subsequent section. Let us consider the following, arguably easiest but not entirely 
trivial, initial value problem: find a ‘causal’ u: R — R such that for ug € R we 
have 


u'(t) 20 (t>0), 
u(0) = uo. 


(9.1) 
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First of all note that there is no condition for u on (—oo, 0). Since, there is no source 
term or right-hand side supported on (— 00, 0), causality would imply that u = 0 on 
(—oo, 0). Moreover, u = c for some constant c € R on (0, co). Thus, in order to 
match with the initial condition, 


u(t) = u01 [0,00) (£) (t € IR). 


Notice also that u is not continuous. Hence, by the Sobolev embedding theorem 
(Theorem 4.1.2), u € UJ, ~o dom(ð; v). 


Proposition 9.1.1 Let H be a Hilbert space, ug € H. Define 
doug: CC (R; H) > K 
ft (uo, fO))x- 


Then, for all v € R50, d9uo extends to a continuous linear functional on dom(0; ,). 
Re-using the notation for this extension, for all f € dom(0;,,) we have 


(dou) (f) c si (10,00) 40; (ài, = 2v) f)L, qm . (9.2) 


Proof The equality (9.2) is obvious for f € CX (IR; H) as it is a direct consequence 
of the fundamental theorem of calculus (look at the right-hand side first). The 
continuity of ó9uo follows from the Cauchy-Schwarz inequality applied to the right- 
hand side of (9.2). Note that Ljo,.0)uo € L2, (R; H). oO 


Recall from Corollary 3.2.6 that 
an = =v + 2v. 


t,v 


Hence, if we formally apply this formula to (9.2), we obtain 
(8:,v1p0,00)H0, f) = (110,55). ab uf ks cans = (ouo) Cf). 


Therefore, in order to use the introduced time derivative operator for the above initial 
value problem, we need to extend the time derivative to a broader class of functions 
than just dom(9;,,). To utilise the adjoint operator in this way will be central to the 
construction to follow. It will turn out that indeed 


dt,v1.[0,00)40 = Souo. 
Moreover, we shall show below that 
Of, pu = doug 


considered on the full time-line R is one possible replacement of the initial value 
problem (9.1). 
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9.) Extrapolating Operators 


Since we are dealing with functionals, let us recall the definition of the dual space. 
Throughout this section let H, Ho, Hı be Hilbert spaces. 


Definition The space 
H' = {o: H — K; q linear and bounded] 
is called the dual space of H. We equip H' with the linear structure 
(4 O 9 o V)(Q) -— A*e(x) t ya) (eK, o, v € H';x e H). 


Remark 9.2.1 Note that H' is a Hilbert space itself, since by the Riesz representa- 
tion theorem for each o € H’ we find a unique element Ryg € H such that 


Vx € H : g(x) = (Rug, x). 


Due to the linear structure on H’, the so induced mapping Ry: H' — H (which is 
one-to-one and onto) becomes linear and 


H' x H' a (p, vy) & (Rug, Ruv) 


defines an inner product on H', which induces the usual norm on functionals. 


From now on we will identify elements x € H with their representatives in H^; that 
is, we identify x with RI. 

Let C: dom(C) € Ho — H; be linear, densely defined and closed. We recall 
that in this case dom(C) endowed with the graph inner product 


(u, v) > (u, v) m + (Cu, Cv) g, 


becomes a Hilbert space. Clearly, dom(C) <> Ap is continuous with dense range. 
Moreover, we see that dom(C) 3 x + Cx € H; is continuous. We define 


C?: Hı > dom(C) =: H- (C), 
(C°p)(x) = (6,Cx)g, ($ € Hi, x € dom(C)). 


Note that C? is related to the dual operator C' of C considered as a bounded operator 
from dom(C) to Hj by 


=i 
C°? = C'R;,. 
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Proposition 9.2.2 With the notions and definitions from this section, the following 
statements hold: 


(a) C? is continuous and linear. 

(b C* CC®, 

(c) ker(C*) = ker(C?). 

(d) C C (C*)? : Ho > dom(C*)' = H-!(C*). 

(e) Ho € Hj > H -! (C) densely and continuously. 


Proof 
(a) Let $, v € Hi, à € K. Then 


C (Ab + V)(x) = A*(C?9) 0) + (CPW) = 6 C?$ -C?y)G) (x € dom(C)). 
To show continuity, let 6 € Hı and x € dom(C). Then 


IC?) = |(6. Cx) | € lella NCl, € Illa, llxllaomco) - 


Hence, ||C°|| = supger qot, <1 IC? 0 laomey < 1- 
(b) Let $ € dom(C*). Then we have for all x € dom(C) 


(°$) (x) = (6. Cx) m, = (C*6. x) 4. = (C*0) œ). 


We obtain C?^$ = C*6ó (note that a functional on Ho is uniquely determined by 
its values on dom(C)). 

Using (b), we are left with showing ker(C?) C ker(C*). So, let 6 € ker(C?). 
Then for all x € dom(C) we have 


(c 


— 


0 = (C°d) (x) = ($, Cx), 5 


which leads to $ € dom(C") and $ € ker(C*). 
(d) is a direct consequence of (b) applied to C*. 
(e) Since dom(C) — Hy is dense and continuous, so is that H$ <> dom(C)'; cf. 
Exercise 9.2. 
o 


We will also write C_; :— (C*)? for the so-called extrapolated operator of C. Then 
(C*)., = C?. We will record the index —1 at the beginning, but in order to avoid 
too much clutter in the notation we will drop this index again, bearing in mind that 
C_, > C and (C*)_,; 2 C*. 


Example 9.2.3 We have shown that for all v € R the operator 9; , is densely defined 
and closed. Then for f € L»,, (IR) we have for all $ € CY (R) 


((85,,) f) ($) = (f, 97,0), = (f. (—3;,. F 2v) Pin, = -f(r eho . 
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Hence, (0;,,)—1f acts as the ‘usual’ distributional derivative taking into account the 
exponential weight in the scalar product. 
With this observation we deduce that for v > 0 we have 


(drv) 10,00) = r v Lio,o) = ôo. 
Hence, the initial value problem from the beginning reads: find u such that 
(8j, y) -14 = Óguo. 


Example 9.2.4 Let Q C. R be open. Consider grado: Hl(Q) C L2(Q) > 
L;(Q)?. We compute div.;: L2(Q)4 > H-!(Q) with H~!(Q) := Hy (Q). For 
q € Lo(Q)4 we obtain for all $ € Hg (Q) 


(div. q) (9) = (q, div* 9), cay? = lq, grado Poa . 


Also, with similar arguments, we see that 


(grad.., f) (q) = — (f, divo q) r,(o 


for all f € L2(&2) and q € Ho(div, Q). 


We consider a case of particular interest within the framework of evolutionary 
equations. 


Proposition 9.2.5 Let A: dom(C) x dom(C*) € Ho x Hi — Ho x Hj be given 


(7 C68) = (Ces). 


Then A1: Hox Hı —^ H^ (C) x H7!(C*) acts as 


E (2) - ( 0 e C) - Ga | 
VJ N-Ca 0 JŲ -Cı 
Next, we will look at the solution theory when carried over to distributional right- 
hand sides. 

An immediate consequence of the introduction of extrapolated operators, how- 
ever, is that we are now in the position to omit the closure bar for the operator sum in 
an evolutionary equation, which we will see in an abstract version in Theorem 9.2.6 
and for evolutionary equations in Theorem 9.3.2. The main advantage is that we can 
calculate an operator sum much easier than the closure of it. The price we have to 
pay is that we have to work in a larger space H~! rather than in the original Hilbert 
space Lo, (R; H). Put differently, this provides another notion of “solutions” for 
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evolutionary equations. For this, we need to introduce the set 
Fun(H) := ($: dom(¢) € H — K; ¢ linear} 


of not necessarily everywhere defined linear functionals on H. Any u € H is thus 
identified with an element in Fun(H) via y > (u, v)g. Note that we can add 
and scalarly multiply elements in Fun(H) with respect to the same addition and 
multiplication defined on H' and with their natural domains. As usual, we will use 
the C-sign for extension/restriction of mappings. 


Theorem 9.2.6 Let A: dom(A) € H — HA, B: dom(B) C H — H be 
densely defined and closed such that A + B is closable, and assume that there 
exists (Ty) nen in L(H) such that Ta — 1g in the strong operator topology with 
ran(7,,) C dom(B) and 


T,ACAT,,  T,B C BT, for all n €N. 


Then T; A* C A*T* and T,* B* C B*T; for eachn € N and ran(T7) C dom(B*). 
Moreover, for x, f € H the following conditions are equivalent: 


(i) x € dom(A + B) and (A+ B)x = f. 
Gi) Aix + B. jx € f € Fun(H). 


Proof Letn € N. Taking adjoints in the inclusion 7; A C AT;, we derive (AT;)* C 
(1, A)*. By Theorem 2.3.4 and Remark 2.3.7 we obtain 


T: A* C TA* = (AT) € (T,A)* = A* T. 


The same argument shows the claim for B*. Moreover, since BT, is a closed 
linear operator defined on the whole space H, it follows that BT, € L(H) by 
the closed graph theorem. Hence, (BT;)* is bounded by Lemma 2.2.9 and since 
(BT,)* € (T,B)* = B*T*, we derive that dom(B*7,*) = H, showing that 
ran(7T7) € dom(B*). 

We now prove the asserted equivalence. 

(i)=> (ii): By definition, there exists (x5); in dom(A) N dom(B) such that x, — x in 
H and Ax, + Bx, — f. By continuity, we obtain A-1x; — A—ıx and B-1x, > 
B ix in H^! (A*) and H ^! (B*), respectively. Thus, we have 


(A-1x + B-1x)(y) = lim (A-j1x, + B-ix4)(y) = lim. (Ax, + Bxn, y) 


n—oo 


Gy). 


for each y € dom(A*) N dom(B*), which shows the asserted inclusion. 
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(i)—(1: For n € N we put x, :— Tax. Then x, € dom(B) and for all y € 
dom(A*) N dom(B*), we obtain 


(Ta f — BXn, y) = (Ta f, y) — (Tax, B*y) = (f, T7 y) — (x, T, B*y) 
=(f, ny — (x, B*T*y) = f (Gry) — G-i); y) 
= (A—ıx)(Tž y) = (x, A*T, y) = (x, T; A* y) = (xs; A*y), 


where we have used that T; y € dom(A*) N dom(B*). Let now y € dom(A*). Then 
Tt y € dom(A*)'ndom(B*) for each k € N and thus, by what we have shown above 


(Tk(Ta f — Bxn), y) = (Ta f — Bn, Ty) = (xn, A* Tč y) 
= (xn, TĚ A*y) = (TkXn, A*y) 


for each k € N. Letting k tend to infinity, we derive 
(Taf — Bxn,y) = (Xn, A*y). 


Since this holds for each y € dom(A"*), this implies that we have x, € dom(A) and 
Ax, + Bx, = T, f. Letting n — oo, we deduce x, — x and Ax, + Bx, — f; that 
is, (1). o 
Lemma 9.2.7 Let T: dom(T) C H — H be densely defined and closed with 
0 € p(T). Then Tı: H > H! (T*) is an isomorphsim. In particular, the norms 
| Gp lg and ||-|| g-i(r«) are equivalent. 

Proof Note that since 0 € p(T) we obtain (0) = ker(T) = ker((T*)?) = ker(T. 1), 
see Proposition 9.2.2(c). Thus, T_; is one-to-one. Next, let f € H-(T*). Since 
0 € p(T), we obtain 0 € p(T*) by Exercise 2.4, which implies that (T*., T*-) 
defines an equivalent scalar product on dom(T *). Thus, by the Riesz representation 
theorem, we find $ € dom(T") such that for all y € dom(T*) we have 


fw) = (r*e. r*v) = (T (16)) o. 


Hence, f € ran((T*)°) = ran(T. 1), thus proving that T_, is onto. oO 
The following alternative description of H~!(T*) is content of Exercise 9.5. 


Proposition 9.2.8 Let T: dom(T) C H — H be densely defined and closed with 
0 € p(T). Then 


——— 


a7 as (H, r7). 


where = means isomorphic as Banach spaces and (-) denotes the completion. 
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Proposition 9.2.9 Let B € L(H). Assume that T: dom(T) € H — H is densely 
defined and closed with 0 € p(T) and T-1 B = BT-. Then B admits a unique 
continuous extension B € L(H (T*)). 


Proof By Proposition 9.2.2(e), dom(B) — H is dense in H-M(T*). Thus, it suffices 
to show that B: H C H-(T*) > H-(T*) is continuous. For this, let ó € H and 
compute for all q € dom(T *) 


IBA) @)I = 86. a) = (Bo. (T*)  T*a)| = [r7 Bo. T") 
= ((Br-'e. r*a)| < 181 [r7 o| la laom» - 


The statement now follows upon invoking Lemma 9.2.7. o 


The abstract notions and concepts just developed will be applied to evolutionary 
equations next. 


9.3 Evolutionary Equations in Distribution Spaces 


In this section, we will specialise the results from the previous section and provide 
an extension of the solution theory in L2,,(R; H). For this, and throughout this 
whole section, we let H be a Hilbert space, u € IR and M: Cres, — L(H) bea 
material law. Furthermore, let v > max{sp (M),0] and A: dom(A) € H — H be 
skew-selfadjoint. In order to keep track of the Hilbert spaces involved, we shall put 


H! (R; H) = dom(9, ,), 


H; (R; H) := dom(à;,,)' = dom(a;,,)’. 


Proposition 9.3.1 Let D: dom(D) € H — H be densely defined and closed and 
B € L(A). Assume that DB is densely defined. Then for all à € H, (DB)_\(¢) = 
(D. B)($) on dom(D*). 


Proof First of all, note that (DB)* = B* D*, by Theorem 2.3.4. Next, let @ c H 
and x € dom(D*). Then 
((DB)_19)(x) = ($, (DBY'x) = (6. B*D*x) 
= (6. B* D*x) = (Bd, D*x) = (D-1B9)Q). n 


The first application of the theory developed in the previous section reads as follows. 


Theorem 9.3.2 Let U, F € Lo», ,(R; H). Then the following statements are equiv- 
alent: 


(i) U e dom(8,,, M (d; v) + A) and (div M (Orv) + A)U =F, 
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Gi) 9;,,M (8j, ,)U + AU C F where the left-hand side is considered as an element 
of H7 (R; H) N L2, (R; H^! (A)) € Fun(L»,, (R; H)). 


Before we come to the proof, we state the following lemma, the proof of which is 
left as Exercise 9.7. 


Lemma 9.3.3 Let H be a Hilbert space. 


(a) Let B: dom(B) € H > H and C: dom(C) € H — H be densely defined 
closed linear operators. Moreover, let X, u € p(C) be in the same connected 
component of p(C) and 


(u — C) !B € B(u — Cy. 


Then (4 — C) ! B € B.— C). 
(b) For v > Owe have (1 -- £8j,,) ! > 1r, (eg and (1+ 6875,) | > 11, (nin) 
strongly as £ — 0+. 


Proof of Theorem 9.3.2 At first, we want to apply Theorem 9.2.6 from above 

to the case L5 ,(R; H) being the Hilbert space, A the operator in L5. ,(R; H), 
-1 

B = 0,,M (drv), and T, := (1 + tav) ,n € N. The operators A and B are 


densely defined. Indeed, A is skew-selfadjoint and dom(B) 2 dom(9; v). Next, by 
Theorems 2.3.2 and 2.3.4, 


(B + A)* 2 B* + A* = (ð, „M (8) — A 2 Mð, v)“ 87, — A. 


In consequence, dom((A + B)*) 2 dom(d;,,) N dom(A) is dense. Thus, B + A is 
closable by Lemma 2.2.7. 

By Lemma 9.3.3 we obtain Tp, T? — lr,,qu nu) Strongly in L2, ,(R; H) as 
n — œ. Moreover, by Hille’s theorem (see Proposition 3.1.6) we have ay A c 
A8; | and thus, T A C AT, for each n € N by Lemma 9.3.3, which also yields 
T; A C AT; for each n € N by Theorem 9.2.6. The latter, together with the strong 
convergence of (T), and (T%)n, yields that Tp, T; — 1r, ,(R;dom(A)) Strongly in 
La ,(R; dom(A)) as n — oo. 

Next, we infer ran(7,) C dom(8;,,) € dom(B) and 


TaB € BT, 


for all n € N by using the Fourier-Laplace transformation, see also Theorem 5.2.3. 
Hence, by Theorem 9.2.6, condition (1) is equivalent to 


(ðr vM (85,,))) -1U + A-1U E F. (9.3) 


It remains to show that (9.3) is equivalent to (ii): We apply Proposition 9.3.1 to the 
case D = drv, B = M(0;,,). For this assume that (9.3) holds. By Proposition 9.3.1, 
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we deduce that for all o € dom(0; v) N dom(A) we have that (use dom(A) = 
dom(A*)) 


(r vM (8;,,)) -1U + A-1U)(9) = ((41,v)-1M (91,1) U + A-1U) (9) 


Thus, (9.3) implies (ii). 
Now, assume that (ii) holds. Let @ € dom((d;,, M (8;,,))*) N La, , (IR; dom(A)). 
Then, for n € N, $, := T$ > $ asn — oo in L2, (IR; dom(A)) and 


(3t vM (01,v))* n = T; (ði vM (8,,))* o => (di, v M (0r,v))*@ (n > œ) 
in L2, (R; H). By (ii) we obtain 
((8r,») -1M (9j, ,)U + A-1U) (bn) = F (Qn). 


Using Proposition 9.3.1, we infer 


(rv M (Or v))-1U + A-1U) (gn) = F (Qn). 


Letting n — oo, we deduce (9.3). oO 


Assume now that there exists c > 0 such that 
RezM(z) 2c (z € Crev). 


We recall from Theorem 6.2.1 that the operator 9;,, M (ðr,v) + A is continuously 
invertible in L2 ,(R; H). 


Theorem 9.3.4. The operator Sy :— (8, M Ov) A) | € L(L2,y(R; H)) admits 
a continuous extension to L(H;(R; H)). 


Proof We apply Proposition 9.2.9 to L» , (IR; H) being the Hilbert space, T = 0;,, 
and B = S,. For this, it remains to prove that T-!S, = S,T-!. This however 
follows from the fact that z œ> S(z) = (zM(z)+ AY is a material law and 
S (ði v) = Sy. oO 


9.4 Initial Value Problems for Evolutionary Equations 


Let H be a Hilbert space, u € R, M: Cres, — L(H) a material law, v > 
max{sp (M),0} and A: dom(A) € H — H skew-selfadjoint. In this section 
we shall focus on the implementation of initial value problems for evolutionary 
equations. A priori there is no explicit initial condition implemented in the theory 
established in L5 ,(IR; H). Indeed, choosing v > 0 we have only an implicit 
exponential decay condition at —oo. For initial values at 0, we would rather want to 


9.4 Initial Value Problems for Evolutionary Equations 141 


solve the following type of equation. In the situation of the previous section, for a 
given initial value Up € H we seek to solve the initial value problem 


(8,,M(3,,) + A)U 20 on (0,00), 
U (04) = Uo. 


(9.4) 


In this generality the initial value problem cannot be solved. Indeed, for U € 
Lo, (R; H) evaluation at 0 is not well-defined. A way to overcome this difficulty 
is to weaken the attainment of the initial value. For this, we specialise to the case 
when 


M (ðr v) = Mo + 9; 1Mi 


t,v 


with Mo, Mı € L(A). 
We start with two lemmas, the second of which will also be useful in the next 
chapter. 


Lemma 9.4.1 Let Ho, Hı be Hilbert spaces and assume that Hı — Ho continu- 
ously and densely. Then CX (R; Hi) € L2, (R; H1) A HÌ (R; Ho) is dense. 


Proof By Proposition 3.2.4, C£? (R; H1) € Hl (IR; H4) is dense. Since the embed- 
ding H} (R; Hj) — L2,(R; Hi) A H1 (R; Ho) is continuous, it thus suffices to 
show that this embedding is also dense. For this, let f € L2, (R; Hj) Hl (R; Ho). 
For € > 0 small enough, we define 


fe = (L + £v)! f € Hi (R; Hi). 
By Lemma 9.3.3(b), fe — f in L2,,(R; Hı) as € — 0. It remains to show that 


Orv fe — div f in Lo, (R; Ho) as e — 0. For this, by definition of H} (R; Ho), we 
find g € L2, (R; Ho) such that f = ang. Using again Lemma 9.3.3(b), we infer 


div fe = 8 (068) l f = (1+ 68,) lg  g = 9f 


in L2,» (R; Ho) as € — 0. This concludes the proof. o 


Lemma 9.4.2 Let Up € dom(A), U € L2, (R; H) such that MoU — 10,00) MoUo : 
R > HT! (A) is continuous, spt U C [0, co) and 


ðs vMoU +M;U + AU 20 on (0,00), 
(MopU)(0+) = MoUo in H~!(A), 


where the first equality is meant in the sense that for all o € H}(R; H) ^ 
La ,(R; dom(A)) with spt o C [0, oo) 


(8i, MoU + M\U + AU)(g) = 0. 


142 9 Initial Value Problems and Extrapolation Spaces 
Then U — 10,00)Uo € dom(8; Mo + Mi + A) and 

(3v Mo + Mi + A)(U — Tlipo,so) Uo) = —(M1 + A)Uolqo,oo). 
Proof We apply Theorem 9.3.2 for showing the claim; that is, we show that 
((8,,» Mo+M1)(U—1[0,00) Uo) -A(U — 140,55) Uo)) (W) = (—(M1 + A)Uolo,5o)) (/) 
for each y € H! (R; H) N L2,,(R; dom(A)). Note that by continuity (use 
Lemma 9.4.1 with Ho = H and Hj = dom(A)), it suffices to show the equality 


for y € CX (R; dom(A)). So, let y € CX (R; dom(A)) and for n € N we define 
the function o, € H! (R) by 


0 ift<0, 
Pnt) := {nt ift € (0,1/n), 
1 iftzl/m. 


Note that o, v € H} (R; H) Lo. (R; dom(A)) and spt(gn Y) C [0, oo) for each 
n € N. Thus, we obtain 


((@r,v Mo + Mi + A)(U — 110,55 Uo)) (/.) 
= ((9,,, Mo + Mı + AU) (Y) — ((3r v Mo + Mi + AY lgo;s) Uo)) (Y) 
= ((ðr, Mo + Mı + A)U) (Gn) + (rv Mo + Mi + AUNA — Gn)W) 
— ((81,»Mo + Mi + A) (Lio,œ)U0)) Q/) 
= ((9,,, Mo + Mi + AUNA — pn) Y) — (80 M0U0) (Y) 
— ((Mı + A) (lto, 0)U0)) Q/) 


for each n € N. Thus, the claim follows if we can show that 
(8r Mo + Mi + A)U)((1 — qx)V) — (oMoUo) (V) > 0 (n — oo). 
For doing so, we first observe that for all n € N we have 


(80MqgUo) (Y) = (89MqoUo)((1 — qn)V) = (8r v Molqo,oo) Uo) ((1 — pn) V), 


since Yn (0) = 0. Moreover, 


(Mı + AU) — eV) = (U, = eXXOMf + ANY), — 0 (2 o9), 
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since 1 — o, (m) — 1(—o0,9)(m) strongly in L»,,(R; H) and sptU C [0, oo). Thus, 
it remains to show that 


(ðv Mo(U — 19,55) Uo) (C — @n)W) > 0 (n — oo). 
We compute 
(ðs, Mo(U — 149,55) Uo)) (CI — Gn) W) 
= (Mo(U — 10,00) Uo). 87, ((1 — PDW), 
= (Mo(U — l0, Uo), nlo.i/n]V/];, — (Mo(U — 10,55) Uo), (1 — Pn)rv)r,, 
+ 2v(Mo(U — 10,00)Uo), (1 — Gn), , - 
Note that the last two terms on the right-hand side tend to 0 as n — oo since, as 


above, 1 — o, (m) — 165,0] (m) strongly in L5»,, (R; H) and spt U C [0, oo). For 
the first term, we observe that 


|| Mou — 10,00) Yo), niione, 
1/n 
Sa f |(Mo(U(t) — Uo), V (0) yle dr 
0 
l/n 
Sh Í IMU (t) — Uo)ll gius Olaman dt — 0 n> oo), 


by the fundamental theorem of calculus, since (MoU)(t) — MoUo in H —1(A) as 
t > 0+. o 


Assume now additionally that there exists c > 0 such that 
zMo+ Mı >c (z € Credy). 


Then we can actually prove a stronger result than in the previous lemma. 


Theorem 9.4.3 Let Uo € dom(A), U € L2, (R; H). Then the following statements 
are equivalent: 


(i) MoU — Tp,55) MoUo: R > H -! (A) is continuous, sptU C [0, oo) and 


dt,» MoU + M,U + AU =0 on (0,00), 
MoU (0+) = MoUo in H- (A), 


where the first equality is meant as in Lemma 9.4.2. 
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Gi) U — 1[oo5 Uo € dom(8;,v Mo + Mi +A), and we have that 
(ðr, Mo + My + A)(U — Tipos; Uo) = —(M1 + A)U1 90,00). 
(iii) U = SpôoMoUo, with Sy € L(H, (R; H)) as in Theorem 9.3.4. 


Moreover, in either case we have MoU — 10,59) MoUo € H! (R; HT! (A)). 


Proof (i)=(ii): This was shown in Lemma 9.4.2. 
(ii) (iii): We have that 


U — 10,00) Uo = —Sy((M1 + A) 40,55) Uo). 
Applying ay to both sides of this equality we infer that 
drv (U — 10,5) Uo) = —Sv((M1 + A)9; 1f0,00) Uo) 
= —8;) 10,00) Uo + Sv (ðr v Mod, 10,00) Uo), 
which gives 
IZ U = Sv (ðr v Mo9; 4 140,00) Vo) = Sv (Mol 0,00) Uo). 
Applying 9;,, to both sides and taking into account Theorem 9.3.4, we derive the 
claim. 
(iii)=>(ii): We do the argument in the proof of (11)2 (11) backwards. First, we apply 
9, to U = S, (60MoUo), which yields 
37 U = 9; S, (89MqoUo) = Sy(Mo1 10,00) Uo) = Sv (ðr, Mp8; 1.9, oc) Uo). 


Thus, 


ay (U — 10,55) Uo) = Sy (ð+, v M9; 110,00) Uo) = 9, 110,00) Uo 
= —S,(Mi + A) a; 1[0,00) Uo). 


An application of 0; yields the claim. 
(ii), 11) (i): Since U = S,(69 MoUo), we derive that 


(ðr, v Mo + Mı + A)U € 69 MoUo, 
which in particular yields (0; , Mo + Mı + A)U = 0 on (0, co). By (ii) we infer 


U — 110,00) Uo = —Sv(OM1 + A) 0,55) Uo), 


sptU C [0, oo). It remains to show that Mo(U — 10,55) Uo) € H} (R; H~!(A)), 


which shows that spt(U — 1j0,.0)Uo) € [0,00) due to causality and hence, 
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since this would imply the continuity of Mo(U — 10,55) Uo) with values in H E (A) 
by Theorem 4.1.2 and thus, 


Mo(U — 1[0,.0)Uo) (0-) = Mo(U — 10,59) Uo) (0-) = 0 in H^! (A) 
since the function is supported on [0, oo) only. We compute 


Mo(U — 10,55) Uo) 

= —MoS,((M1 + A)T0,55) Uo) 

= —8;,yMoSy (8, | (Mı + A)1j0,00) Uo) 

= —à, (Mi + A)1 0,00) Uo + (Mı + A) Sy (85 (Mı + A), 55) Uo). 


and since the right-hand side belongs to HI (R; H-1(A)), the assertion follows. o 


Remark 9.4.4 By Theorem 9.3.4, we always have U = $,09MqUo € H;(R; H). 
This then serves as our generalisation for the initial value problem even if Uo € 
dom(A). 


The upshot of Theorem 9.4.3(ii) is that, provided Up € dom(A), we can reformulate 
initial value problems with the help of our theory as evolutionary equations with 
L»,y-right-hand sides. Thus, we do not need the detour to extrapolation spaces for 
being able to solve the initial value problem (9.4) (with an adapted initial condition 
as in (1)) in this situation. 

Also note that it may seem that U does depend on the ‘full information’ of Uo as 
it is indicated in (ii). In fact, U only depends on the values of Uo orthogonal to the 
kernel of Mọ as it is seen in (iii). We conclude this chapter with two examples; the 
first one is the heat equation, the second example considers Maxwell's equations. 


Example 9.4.5 (Initial Value Problems for the Heat Equation) We recall the setting 
for the heat equation outlined in Theorem 6.2.4. This time, we will use homoge- 
neous Dirichlet boundary conditions for the heat distribution 0. Let Q C R? be 
open and bounded, a € Ling (R)I with Rea(x) 2 c > 0 for a.e. x € Q for some 
c > Q. In this case, we have 


10 0 0 0 div 
a ib d , ! ( 2 : M 0 ) 


For the unknown heat distribution, 0, we ask it to have the initial value 09 € 
dom(grado). Let v > O and V € L,, (R; La (Q) x Ly(Q)!) be the unique solution 
of 


00 0 
0; y. Mi M A)V—-—(M A)1 —-—1 . 
(3r Mo + Mı + A) (Mı + A) 10,00) (o) [0,00) (oat » 
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Then (0, q) := U = V + l[0,oo) (o) € L2, (R; L2(&€2) x L2(2)*) satisfies (11) 


from Theorem 9.4.3. Hence, on (0, oo) we have 


0, ,0 4 divg | _ 
a-lq gradj0/) — 


and the initial value is attained in the sense that 


(Mo (8, g)) (0+) = Ce) = 5) in H (A) = H^ (grady)) x H`! (div), 


which follows from Proposition 9.2.5 where we computed H ^! (A). Let us have 
a closer look at the attainment of the initial value. As a particular consequence of 
strong convergence in H =) (grado), we obtain for all $6 € dom(div) 


(0(t), div o) — (00, div $) 


as t — 0+. Since grado is one-to-one and has closed range (see Corollary 11.3.2), 
we see that div has dense and closed range. Hence div is onto. This implies that for 
all y € L5(£2) 


(A(t), V) > (69, v) (t > OF). 


We deduce that the initial value is attained weakly. This might seem a bit 
unsatisfactory, however, we shall see stronger assertions for more particular cases 
in the next chapter. 

Next, we have a look at Maxwell's equations. 


Example 9.4.6 (Initial Value Problems for Maxwell's Equations) We briefly recall 
the situation of Maxwell's equations from Theorem 6.2.8. Let £, y, 0: Q > IR?*? 
satisfy the assumptions in Theorem 6.2.8 and let (Eo, Ho) € dom(curlo) x 
dom(curl). Let (E, A) € L2,(R; L7(Q)®) satisfy 


3 e 0 4 co 0 5 0 —curl E 
ANG H 00 curl 0 H 
__(f{¢ 0 4 0 —curl 1 Eo\ — 1 —o Eo + curl Ho 
B 00 curl 0 tee) Ho) [0,00) — curlo Eo i 


Then, as we have argued for the heat equation, 


(5) = (5) «v (2) 
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satisfies a corresponding initial value problem. We note here that although often 
the second component in the right-hand side is set to 0, as there are ‘no magnetic 
monopoles’, in the theory of evolutionary equations the second component of the 
right-hand side does appear as an initial value in disguise. 


9.5 Comments 


There are many ways to define spaces generalising the action of an operator to a 
bigger class of elements; both in a concrete setting and in abstract situations; see 
e.g. [22, 38]. People have also taken into account simultaneous extrapolation spaces 
for operators that commute, see e.g. [77, 93]. 

These spaces are particularly useful for formulating initial value problems as 
was exemplified above; see also the concluding chapter of [84] for more insight. 
Yet there is more to it as one can in fact generalise the equation under consideration 
or even force the attainment of the initial value in a stronger sense. These issues, 
however, imply that either the initial value is attained in a much weaker sense, or 
that there are other structural assumptions needed to be imposed on the material law 
M (as well as on the operator A). 

In fact, quite recently, it was established that a particular proper subclass of 
evolutionary equations can be put into the framework of Co-semigroups. The 
conditions required to allow for statements in this direction are, on the other hand, 
rather hard to check in practice; see [116, 120]. 


Exercises 


Exercise 9.1 Let Ho be a Hilbert space, T € L(Ho). Compute H~!(T) and 
H-M(T*). 


Exercise 9.2 Let Ho, Hı be Hilbert spaces such that Ho <> H; is dense and 
continuous. Prove that Hi o H$ is dense and continuous as well. 


Exercise 9.3 Prove the following statement which generalises Proposition 9.2.9 
from above: Let Ho be a Hilbert space, A € L(Ho). Assume that T: dom(T) € 
Ho — Ho is densely defined and closed with O € p(T) and TA = AT! + 
T-lBT-! for some bounded B € L(Hpo). Then A admits a unique continuous 
extension, A € L(H-!(T*)). 


Exercise 9.4 Let Ho be a Hilbert space, N: dom(N) € Ho — Ho be a normal 
operator; that is, N is densely defined and closed and NN* = N*N. Show that 
H-(N) X H^! (N*) and deduce H^! (3; v) = H^! (87). 


Exercise 9.5 Prove Proposition 9.2.8. 
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Exercise 9.6 Let Ho be a Hilbert space, n € N and T: dom(T) € Ho — Ho be 
a densely defined, closed linear operator with 0 € p(T). We define H"(T) :— 
dom(T") and H~"(T) := H-!(T"). Show that for all k € N and £ € Z we 
have that H***(T) — H*(T) continuously and densely. Also show that D :— 
nen dom(T") is dense in H*(T) and dense in H *(T*) for all £ € N and that T |p 
can be continuously extended to a topological isomorphism H*^(T) > H'-!(T) 
and to an isomorphism H ^ **! (T*) — H ^! (T*) for each £ € N. 


Exercise 9.7 Prove Lemma 9.3.3. 
Hint: Prove a similar equality with an! formally replaced by z € 0B (r, r) € C and 
deduce the assertion with the help of Theorem 5.2.3. 
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Chapter 10 A) 
Differential Algebraic Equations gasii 


Let H be a Hilbert space and v € R. We saw in the previous chapter how initial 
value problems can be formulated within the framework of evolutionary equations. 
More precisely, we have studied problems of the form 


(3v Mo + Mi + A)U =0 on (0, oo), 
MoU (0+) = MoUo 


(10.1) 


for Uo € H, Mo, Mı € L(A) and A: dom(A) € H — H skew-selfadjoint; that 
is, we have considered material laws of the form 


M(z):= Motz Mi (zeCN(0). 


Here, the initial value is attained in a weak sense as an equality in the extrapolation 
space H -1(A). The first line is also meant in a weak sense since the left-hand side 
turned out to be a functional in H7! (R; H) L2, (R; HT! (A)). In Theorem 9.4.3 
it was shown that the latter problem can be rewritten as 


(ðs, Mo + Mı + A) U = 9o MgUo. 


In this chapter we aim to inspect initial value problems a little closer but in the 
particularly simple case when A = 0. However, we want to impose the initial 
condition for U and not just MoU. Thus, we want to deal with the problem 


(8,,Mo -- Mi) U 20 on (0,00), 


(10.2) 
U (04) = Up 
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for two bounded operators Mo, Mı and an initial value Up € H. This class of 
differential equations is known as differential algebraic equations since the operator 
Mo is allowed to have a non-trivial kernel. Thus, (10.2) is a coupled problem of 
a differential equation (on (ker Mo)“) and an algebraic equation (on ker Mo). We 
begin by treating these equations in the finite-dimensional case; that is, H = C" 
and Mo, Mı € C"*" for some n € N. 


10.1 The Finite-Dimensional Case 


Throughout this section let n € N and Mo, M, € C"*", 


Definition We define the spectrum of the matrix pair (Mo, M1) by 
9 (Mo, Mi) := {z € C; det(zMo + Mi) = 0}, 
and the resolvent set of the matrix pair (Mo, M1) by 
p(Mo, M1) = C \ o (Mo, M1). 


Remark 10.1.1 


(a) Itis immediate that o (Mo, Mı) is closed since the mapping z +> det(z Mo4- M1) 
is continuous. 

(b) Note in particular that the spectrum (the set of eigenvalues) of a matrix A 
corresponds in this setting to the spectrum of the matrix pair (1, — A). 


In contrast to the case of the spectrum of one matrix, it may happen that 
o(Mo, Mj) = C (for example we can choose Mo = O and M, singular). More 
precisely, we have the following result. 


Lemma 10.1.2 The set o (Mo, Mı) is either finite or equals the whole complex 
plane C. If o (Mo, Mı) is finite then card(a (Mo, M1)) < n. 


Proof The function z > det(zMo + Mj) is a polynomial of order less than 
or equal to n. If it is constantly zero, then o(Mo, Mj) = C and otherwise 
card(o (Mo, M1)) <n. o 


Definition The matrix pair (Mo, Mı) is called regular if o (Mo, M1) # C. 


The main problem in solving an initial value problem of the form (10.2) is that one 
cannot expect a solution for each initial value Ug € C” as the following simple 
example shows. 
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11 
00 
there exists a solution U: R39 > C? satisfying (10.2); that is, 


Example 10.1.3 Let Mo = ( ) ,M,= i a and let Up € C2. We assume that 


UIO + U5() + Ui(t) =0 (1 0), 
Ux(t)=0 (t > 0), 
U (0+) = Uo. 


The second and third equation yield that the second coordinate of Uo has to be zero. 
Then, for Up = (x, 0) € C? the unique solution of the above problem is given by 


U(t) = (Ui(t), U(0) = (we, 0) (( 20). 


Definition We call an initial value Up € C" consistent for (10.2) if there exists 
v > Oand U € C(Rzo; C") Lo, (R29; C") such that (10.2) holds. We denote the 
set of all consistent initial values for (10.2) by 


IV(Mo, M1) := [Uo € C”; Ug consistent] . 


Remark 10.1.4 It is obvious that IV(Mo, Mj) is a subspace of C”. In particular, 
0 € IV(Mo, Mı). 


It is now our goal to determine the space IV(Mo, M1). One possibility for doing so 
uses the so-called quasi-Weierstraf) normal form. 


Proposition 10.1.5 (Quasi-WeierstraD Normal Form) Assume that (Mo, Mı) is 
regular. Then there exist invertible matrices P, Q € C"*" such that 


PMoQ = T PMiQ- © oO 


where C € C*** and N e C%-))*@-*) for some k € {0,...,n}. Moreover, the 
matrix N is nilpotent; that is, there exists £ € N such that N* = 0. 


Proof Since (Mo, Mı) is regular we find A € C such that AMọ + M; is invertible. 
We set Pj :— (AMo + Mj)*! and obtain 


Mo,1 ‘= P1Mo = (AMo + Mi)! Mo, 


M1 := P1Mi = (AMo + Mi)! Mi = 1 — AMo. 


Let now P» € C"*" such that 


= J 0 
Mo,2 — P,Mo4 P, l = D &) 
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for some invertible matrix J € C*** and a nilpotent matrix Nep xc (use 


the Jordan normal form of Mpo,, here). Then 


= 1— AJ 0 


Now, by the nilpotency of N, the matrix (1— AN ) is invertible by the Neumann 


series. We set 
Jr 0 
P3 := A 
2 jo as) 


and obtain 


1 0 J 1-40 
P3Mo2 = ~ i), and P3Mi2= . 
150 (aa ais) SERE ( 0 i) 


Note that (1 — AN ) ! N is nilpotent, since the matrices commute and N is nilpotent. 
Thus, the assertion follows with N :— (1 — AN)- VN, C := J7! — à, P = PPP), 
and Q = p ; oO 


It is clear that the matrices P, Q, C and N in the previous proposition are not 
uniquely determined by Mo and Mj. However, the size of N and C as well as 
the degree of nilpotency of N are determined by Mo and Mı as the following 
proposition shows. 


Proposition 10.1.6 Let P, Q € C"*" be invertible such that 


PMO = Gy PMO = & js 


where C € C***, N e Co-0x(—-D for some k € {0,...,n}, and N is nilpotent. 
Then (Mo, Mı) is regular and 


(a) k is the degree of the polynomial z œ> det(z Mo + Mi). 
(b) N* = 0 if and only if 


sup 
lz|2r 


z ^*(zMo4- Mi)! | < oo 


for one (or equivalently all) r > 0 such that B (0, r) 2 e (Mo, Mı). 
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Proof First, note that 


z+C 0 


1 1 
det(zMo + Mi) = ————d x 
et(zMo + M1) det P det Q «( 0 P» det P det Q 


det(z + C) 


for all (z € C). Hence, (Mo, M1) is regular and 
k = degdet((-) + C) = deg det((-) Mo + M1), 
which shows (a). Moreover, we have p(Mo, M1) = p(—C) and 


Gacy 0 


0 (ZN + - P (z € p(Mo, M1)), 


(zMo + Miy!2Q ( 
and hence, for r > 0 with B (0, r) 2 c (Mo, M1) we have 
| (Mo + Mi! «Ki | (ZN + D| (dzl 2 r) 


for some Kı > 0, since sup,» | (z+ c) !| « co. Now let £ € N such that 
N* — 0. Then 


< Kalz (zl >r) 


£1 
|cv +1] = [ote 
k=0 


for some constant K2 > 0 and thus, 
[em + My] < ilit da n. 


Assume on the other hand that 


sup z **(zMo4 My < oo 


Iz| 2r 


for some £ € N andr > 0 with o (Mo, M1) C B (0, r). Then there exist Ri; Kə >0 


such that 
even] « (E 1, 2.) 


< Ki |cMo + M7 | < ila 
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for all z € C with |z| 2 r. Now, let p € N be minimal such that NP = 0. We show 
that p < £ by contradiction. Assume p > £. Then we compute 


=j 
1 p 
O= lim [aN 1) ! N^! = lim S (- Drs terit 
noon n— oo 
k=0 
t-1 
= lim CoD ne et + (-1)°Nn?-! 
n—oo 
k=0 
= (-1Y N^, 
which contradicts the minimality of p. oO 


Theorem 10.1.7 Let (Mo, Mı) be regular and P, Q € C"*" be chosen according 
to Proposition 10.1.5. Let k = deg det((-) Mo + M1). Then 


IV(Mo, Mi) = [vo eC": ou eC x 0} , 


Moreover, for each Ug € IV (Mọ, Mı) the solution U of (10.2) is unique and satisfies 
U € C(Rzo; C") n C! (Rzo; C") as well as 


MoU'(t) + MiU(t) 20. (t » 0), 
U(04) = Ug. 


Proof Let C € C and N e C*-9* 9-9 be nilpotent as in Proposition 10.1.5. 
Obviously U is a solution of (10.2) if and only if V :— Q-1U both is continuous on 


Ro and solves 
10 C0 
(^. ¢ J + (c ')) V=0 on (0,0), (10.3) 


V(0+) = Q7!Uo =: Vo. 
Clearly, if Q^! Ug = (x, 0) € C* x {0} then V given by V(t) := (e^'Cx, 0) for 
t > 0 is a solution of (10.3) for v > 0 large enough. On the other hand, if V given 
by V (t) = (V1 (t), V2(t)) € C* x C"-* (t > 0) is a solution of (10.3) then we have 
OQ, NV; + V2=0 on (0,0). 


Since N is nilpotent, there exists £ € N with N* = 0. Hence, 


NTV) = -N' la, NV) = à, N'Vo(r) =0 (> 0), 
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which in turn implies 3r „ N ly, = 0 on (0, oo). Using again the differential 
equation, we infer N Tx Vo(t) = 0 fort > 0. Inductively, we deduce V2(t) = 0 
for t > 0 and by continuity V2(0+) = 0, which yields V = Q^!Uo € CK x {0}. 
The uniqueness follows from Proposition 10.2.7 below. o 
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Let now Mo, Mı € L(A). Again, it is our aim to determine the space of consistent 
initial values for the problem 


(3v Mo -- Mi)U 20 on (0,00), 
U (0+) = Uo. 


(10.4) 


Here, consistent initial values are defined as in the finite-dimensional setting: 


Definition We call an initial value Up € H consistent for (10.4) if there exist v > 0 
and U € C(R>0; H) N L2, (R>0; H) such that (10.4) holds. We denote the set of 
all consistent initial values for (10.4) by 


IV(Mo, Mı) := (Uo € H ; Uo consistent} . 


Before we try to determine IV(Mo, M1) we prove a regularity result for solutions 
of (10.4). 
Proposition 10.2.1 Let v > 0, Uo € H and U € C(Rzo; H) N Lo», (IRzo; H) be 
a solution of (10.4). Then Mo(U — 110,00) Uo) € H} (R; H) and 

9, Mo (U — 19,55 Uo) + M1U = 0. 


Proof We extend U to R by 0. First, observe that Mo(U — 1jo,5:U9): R > H is 
continuous, since U is continuous and U (0+) = Ug. By Lemma 9.4.2 (with A = 0), 
we obtain 


U — 10,55) Uo € dom (ðv Mo + Mı) and (ðv Mo + Mı) (U — lio,œ)Uo0) = — M1 Uo 10,00). 
Since 0; is closed and Mo is bounded, 9;,, Mo is closed as well. Since M is 
bounded, therefore also ð; „Mo 4- M; is closed. Thus, U —1[9,5 Uo € dom(9;,, Mo+ 
Mj) = dom(d;,,Mo) and therefore Mo(U — 19,55, Uo) € dom(d;,,), and 


91,» Mo(U — 19,55) Uo) + MU = 0. Oo 
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We now come back to the space IV(Mo, M1). Since we are now dealing with an 
infinite-dimensional setting, we cannot use normal forms to determine IV(Mo, M1) 
without dramatically restricting the class of operators. Thus, we follow a different 
approach using so-called Wong sequences. 


Definition We set 
IVo := H 
and for k € No we set 
IV+ = My ^ [MolIVi]. 


The sequence (IVz)keno is called the Wong sequence associated with (Mo, M1). 
Remark 10.2.2 By induction, we infer IVz+1 C IV; for each k € No. 


As in the matrix case, we denote by 
p(Mo, Mi) = |z € C; @Mo+ M7! e Lan] 


the resolvent set of (Mo, Mı). 
Lemma 10.2.3 Let k € No. Then: 


(a) Mi(zMo + Mi)! Mo = Mo(zMo + M,)~'M, for each z € p(Mo, Mı). 
(b) (zMo + Mi)! Mo[IV4] € IVz+1 for each z € p(Mo, Mi). 
(c) If x € IVg we find xi, ..., X41 € H such that for each z € o(Mo, M1) \ {0} 


k 


1 
(zMo + M1)! Mox = =x + > 
FA = 


1 " 

Tae (zMo + Mj) eee 
Zz 

1 


ipn 
gktl 


(d) If p(Mo, Mi) Z Ø then M, '[Mo[IVg}] € Vei. 


Proof The proofs of the statements (a) to (c) are left as Exercise 10.6. We now 
prove (d). If k = O there is nothing to show. So assume that the statement holds 
for some k € No and let x € Mj! [Mo [IV ]. Since IVj,; C IV;, we infer 
xeM, ^ [Mo [IVE] C IVx41 by induction hypothesis. Hence, we find a sequence 
(Wn)nen in IVgz+1 with wn — x. Let now z € p(Mo, Mı). Then, by (b), we have 
(zMo + Mi) Mown € IVk+2 for each n € N and hence, (z Mo + Mı)! Mox € 
IVz+2. Moreover, since Mix € Mo |IVkz+1 |, we find a sequence (yn)nen in IVk+1 
with Moy, — Mix. Setting now 


Xn = (zMo + Mi) !zMox + (zMo + Mi)! Moy, € IVa 


10.2 The Infinite-Dimensional Case 157 


(where, again, we have used (b)) for n € N, we derive 
Xn = (zMo + Mi) !zMox + (zMo + Mi)! Moys 


= x — (zMo + Mi)! (Mix — Moyn) > x 


as n — oo and thus, x € IVk+2. oO 


The importance of the Wong sequence becomes apparent if we consider solutions 
of (10.4). 


Lemma 10.2.4 Assume that p(Mo, M1) 4 Ø. Let v > Qand U € L2, (IRz9; H)N 
C(IRzo; H) be a solution of (10.4). Then U (t) € (Mikeno IV for eacht > 0. 


Proof We prove the claim, U(t) € TV; for allt > 0 and k € No, by induction. For 
k = 0 there is nothing to show. Assume now that U (t) € IV, for each t > 0 and 
some k € No. By Proposition 10.2.1 we know that 


ðr Mo(U — 10,55) Uo) + MiU =0 


and thus, in particular, 
t 
MoU (t) — MoUo «f M,U(s)ds=0 (t >0). 
0 
Let now t > 0 and h > 0. Then we infer 
t+h 
MUG +h) - MoU(t) +M f U(s)ds = 0 
t 
and hence, 
t+h E EN 
f U(s) ds € Mj '[Mo[IVil] € Veyi 
t 


by Lemma 10.2.3(d). Since U is continuous, the fundamental theorem of calculus 
implies U (t) € IVx+41, which yields the assertion. o 


In particular, the space of consistent initial values has to be a subspace of ( ], cy o TVk. 
We now impose an additional constraint on the operator pair (Mo, M1), which is 
equivalent to being regular in the finite-dimensional setting (cf. Proposition 10.1.6). 


Definition We call the operator pair (Mo, M1) regular if there exists vg > 0 such 
that 


(a) Cne- v C p(Mo, Mı), and 
(b) there exist C > 0 and £ € N such that for all z € CrRre>wọ we have 
| (<Mo+ M^! | < C Iz. 
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Moreover, we call the smallest £ € N satisfying (b) the index of (Mo, M1), which is 
denoted by ind(Mo, M1). 


Remark 10.2.5 Note that for matrices Mo and M; the index equals the degree of 
nilpotency of N in the quasi-Weierstrab normal form by Proposition 10.1.6. 


From now on, we will require that (Mo, M1) is regular. First, we prove an important 
result on the Wong sequence in this case. 


Proposition 10.2.6 Let (Mo, M1) be regular, k € No, and k > ind(Mo, M1). Then 
IV; = IVind(My, Mi)- 


Proof We show that IV; = IVz+1ı for each k > ind(Mo, Mı). Since the inclusion 
“D” holds trivially, it suffices to show IV; C IV;44. For doing so, let k > 
ind(Mo, Mı) and x € IVg. By Lemma 10.2.3(c) we find x1,..., xxy41 € H such 
that 


k 


1 1 1 
(Mo Mi) ! Mox = =x + )) gp + aq Mo MD xe 
s £—l £ 


zkt! 


for each z € CRre>v. Since k > ind(Mo, M1), we derive 
z(zMo + Mi)! Mox > x (Rez — oo), 
and since the elements on the left-hand side belong to IVz+1, by Lemma 10.2.3(b), 


the assertion immediately follows. o 


We now prove that in case of a regular operator pair (Mo, M1) the solution of (10.4) 
for a consistent initial value Uo is uniquely determined. 


Proposition 10.2.7 Let (Mo, M1) be regular, Up € IV(Mo, Mj), and v > 0 such 
that a solution U € C(IRzo; H) 1 L2, (Rzo: H) of (10.4) exists. Then this solution 
is unique. In particular 


(£,U)() = (it + p)Mo+Mi) MoUo (a.e.t € R) 


Um 
for each p > max{v, vo}. 
Proof By Proposition 10.2.1 we have Mo(U — l[,55) Ug) € H} (R; H) and 
Ot,» Mo(U — 19,55) Uo) + M1U — 0. 
Applying the Fourier-Laplace transformation, £p, for p > max{v, vo} we deduce 


1 


i 1 
Mea) Mog) Uo) ie =0 (a.e.t € IR) 
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which in turn yields 


1 -1 
LSU (t) = (Gt + p)Mo + Mi) MoUo (a.e.t € R) 
p 5 ) 
and, in particular, proves the uniqueness of the solution. o 


Remark 10.2.8 Let U be a solution of (10.4) for a consistent initial value Uo. Then 
the formula in Proposition 10.2.7 shows that U € (Tien L2,)(R; H) and hence, we 


also have Mo(U — 1[o,o5) Uo) € ae H} (IR; H). If vo > 0 then we even obtain 
U € Lo, (R; H) since SUD,.. ys IU lr, (RH) = SUp,. v9 leU | zoo « co (cp. 
Lemma 8.1.1), and therefore also Mo(U — 1[0,00)U0) € HL (R; H). 

One interesting consequence of the latter proposition is the following. 

Corollary 10.2.9 Let (Mo, Mı) be regular. Then the operator Mo: IV(Mo, M1) > 
H is injective. 


Proof Let Uo € IV(Mo, M1) with MoUo = 0. By Proposition 10.2.7, the solution 
U of (10.4) with U (0+) = Uo satisfies 


1 : E 
L U(t) = Nra +p)Mo + Mi) MoUo = 0 
and hence, U = 0, which in turn implies Up = U (0+) = 0. Hn 


We now want to determine the space IV(Mo, M1) in terms of the Wong sequence. 
Proposition 10.2.10 Let (Mo, Mı) be regular. Then 


IVina(uo, Mi) € IV (Mo, M1) € IVina(mo, Mj)- 


Proof 'The second inclusion follows from Lemma 10.2.4 and Proposition 10.2.6. 
Let now Uo € IVind(mo, M;) and set 


1 
J 2x 


Let k := ind(Mo, M1). By Lemma 10.2.3(c) we find x1, ..., x&41 € H such that 


V@= (zMo-- Mi) ! MoUo (z € Cres): 


1 


V = 
(z) ae 


1 Ed 1 P 
at gib par Mo Mr) Xk+1 (z € CrRe>vo). 


In particular, we read off that V € H2(CRe>v; H) for all v > vo. Now, let v > vo. 
By the Theorem of Paley—Wiener (more precisely by Corollary 8.1.3) there exists 
U € L2, (IRzo; H) such that 


(£U) (f) 2V(üt--p) (a.e.t € R,p >v). 
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k 
1 1 
zV(z)— Ni Hu (x: AM tu (<M + M\)~ E ze CRe>v) 


and hence (z e> zV (z)— JU) € H2(Cresy; H) as well. Since 


. 1 
(£59, (U — 11,5 Uo)) © = Gt + o) (LpU) ®©) — uU 


1 
= (it + p)V (it + p)— ——Uo (a.e.t € R, p » v), 


V27 


we infer U — Íf[os5)Uo € H} (R; H) and, thus, U — 1j0,0c)Uo is continuous 
by Theorem 4.1.2. Hence, U € C(Rzo; H) and since sptU C Ryo we derive 
U (04-) = Up. Finally, by the definition of V, 


1 1 
Mo [ zV(z) — ——Uo | = -———Mi(zMo + M1)! MoUo = —MiV (z 
of (z) Uu) Umm 1(zMo 1) oUo 1V(z) 


for all z € Cres. Hence, 
01,» Mo(U — 19,55) Uo) + MiU = 0, 


from which we see that U solves (10.4). oO 
Finally, we treat the case when IV(Mo, M1) is closed. 


Theorem 10.2.11 Let (Mo, Mi) be regular and IV(Mo, Mı) closed. Then the 
operator S: IV(Mo, Mi) — C(IRzo; H), which assigns to each initial state, 
Uo € IV(Mo, Mı), its corresponding solution, U € C(IRzo; H), of (10.4) is 
bounded in the sense that 


Sn: IV(Mo, Mi) > C([O, n]; H), Uo e» SUolto,n] 


is bounded for each n € N. 


Proof By Proposition 10.2.10 we infer that IV(Mo, Mi) = IV, with k :— 
ind(Mo, Mi). Let v > vo > 0. By Proposition 10.2.7 and Corollary 8.1.3, there 
exists C > 0 such that 


= | (z =e z7“ (zMo + M)! MoU) | 


JT 
C m I MoUoll 4 


L5 (R29: H) H2(Cresy;H) 
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for each Uo € IV(Mo, Mı), where we have used the regularity of (Mo, M1) and 


= VIA 
| (zz ‘MoU | a cg d Ni a Il MoUoll g - 


In particular, S: IV(Mo, M1) — HG) is bounded. Since L2 w (IR20; H) > 


AG) continuously, we infer that S: IV(Mo, Mi) — L2..(Rs0; H) is 
bounded by the closed graph theorem. Hence, also 


Sn: IV(Mo, M1) > La5([0, n; H), Uo e» SUolto,n] 


is bounded for each n € N and since C([0, n]; H) — L2([0, n]; H) continuously, 
we infer that S, is bounded with values in C([0, n]; H) again by the closed graph 
theorem. o 


Remark 10.2.12 The variant of the closed graph theorem used in the proof above 
is the following: Let X, Y be Banach spaces and Z a Hausdorff topological vector 
space (e.g. a Banach space) such that Y —> Z continuously. Let T: X — Z be 
linear and continuous with T[X] C Y. Then T € L(X, Y). Indeed, by the closed 
graph theorem it suffices to show that T : X — Y is closed. For doing so, let (xj); 
be a sequence in X with x, — x and Tx, — y for some x € X, y € Y. Then 
Tx, — Tx in Z by the continuity of T and Tx, — y in Z by the continuous 
embedding. Hence, y = T x and thus, T is closed. 


10.3 Comments 


The theory of differential algebraic equations in finite dimensions is a very active 
field. The main motivation for studying these equations comes from the modelling 
of electrical circuits and from control theory (see e.g. [28] and Exercise 10.5). 
The main reference for the statements presented in the first part of this chapter is 
the book by Kunkel and Mehrmann [57]. Of course, also in the finite-dimensional 
case Wong sequences can be used to determine the consistent initial values, see 
Exercise 10.1. For instance, in [13] the connection between Wong sequences and the 
quasi-WeierstraD normal form for matrix pairs is studied. Of course, the theory is not 
restricted to linear and homogeneous problems. Indeed, in the non-homogeneous 
case it turns out that the set of consistent initial values also depends on the given 
right-hand side. 

The theory of differential algebraic equations in infinite dimensions is less 
well studied than the finite-dimensional case. We refer to [114], where the theory 
of Co-semigroups is used to deal with such equations. Moreover, we refer to 
[97, 98], where sequences of projectors are used to decouple the system. Moreover, 
there exist several references in the Russian literature, where the equations are 
called Sobolev type equations (see e.g. [111]). The results on infinite-dimensional 
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problems presented here are based on [121, 124, 125]. In [124] the focus was on 
systems with index 0 with an emphasis on exponential stability and dichotomy. 

We also add the following remark concerning the result in Theorem 10.2.11. By 
Corollary 10.2.9 we know that Mo: IV(Mo, M1) — H is injective. If IV(Mo, M1) 
is closed, it follows that the operator C: dom(C) € IV(Mo, Mi) —> IV(Mo, Mi) 
given by 


dom(C) := (Uo € IV(Mo, M1); MiUo € Mo [IV (Mo, M1) }}, 
CUo := Mg MiUo (Uo € dom(C)) 


is well-defined and closed. Using this operator, C, Theorem 10.2.11 states that if 
IV(Mo, Mı) is closed then —C generates a Co-semigroup on IV(Mo, Mı). The 
precise statement can be found in [121, Theorem 5.7]. Moreover, C is bounded 
if IVina( uo, Mi) 15 closed (cf. Exercise 10.7). 


Exercises 


Exercise 10.1 Let Mo, M; € C"*" such that (Mo, Mj) is regular and define the 
Wong sequence (IV j) jew, associated with (Mo, M1). Moreover, let P, Q € C"*", 
C € C***, and N e C09-9x0—9 be as in the quasi- Weierstrab normal form for 
(Mo, M1) with N nilpotent (cf. Proposition 10.1.5). We decompose a vector x € C" 
into X € Ck and € C"-* such that x = (X, X). Prove that 


x€IV; & Q-lx eranN/  (j e No). 


Moreover, show that for each z € o(Mo, M1) we have 
j 
IV; = ran(zMo-- M)" Mo) G € No). 


Exercise 10.2 Let E € C"*", We set k := ind(E, 1), where 1 denotes the identity 
matrix in C"*", A matrix X € C"*" is called a Drazin inverse of E if the following 
properties hold: 


* EX — XE, 

* XEX — X, 

. XE - EF. 

Prove that each matrix E € C"*" has a unique Drazin inverse. 

Hint: For the existence consider the quasi-WeierstraB form for (E, 1). 


Exercises 163 


Exercise 10.3 Let Mo, Mj € C"*" with (Mo, M1) regular and MoM, = Mı Mo. 
Denote by MP the Drazin inverse of Mo (see Exercise 10.2). Prove: 


(a) MPM, = Mı MẸ, 
(b) ran MD Mo = IV(Mo, M1), 
(c) For all Up € IV(Mo, Mı) the solution U of (10.2) is given by 


U =e MM Uy (t > 0). 


Exercise 10.4 Let Mo, Mj € C"*" with (Mo, Mı) regular. Prove that there exist 
two matrices E, A € C"*" with (E, A) regular and EA = AE such that 


* IV(E, A) =IV(Mo, Mi), 

* U solves the initial value problem (10.2) for the matrices Mo, M if and only if 
U solves the initial value problem (10.2) for the matrices E, A with the same 
initial value Ug € IV(Mo, M1). 


Exercise 10.5 We consider the following electrical circuit (see Fig. 10.1) with a 
resistor with resistance R > 0, an inductor with inductance L > 0 and a capacitor 
with capacitance C > 0. We denote the respective voltage drops by vg, vy and vc. 
Moreover, the current is denoted by 7. The constitutive relations for resistor, inductor 
and capacitor are given by 


Ri = up, 
Li’ = v, 
Cu =i, 


respectively. Moreover, by Kirchhoff’s second law we have 
UR -F vc t vr = 0. 
Write these equations as a differential algebraic equation and compute the index 


and the space of consistent initial values. Moreover, compute the solution for each 
consistent initial value for R = 2 and C = L = 1. 


Fig. 10.1 Electrical circuit 


X E 
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Exercise 10.6 Prove the assertions (a) to (c) in Lemma 10.2.3. 
Exercise 10.7 Let Mo, Mı € L(A). 


(a) Assume that o(Mo, M1) 4 Ø. Prove that for each k € N the space IV; is closed 
if and only if Mo [IVz-1] is closed. 

(b) Assume that (Mo, Mi) is regular with ind(Mo, Mi) 2 1. Prove that if 
IVina(uo, M1) is closed then the operator 


MolVinacmo.m p | 1Vind(Mo.M1) > Mo [IVinacuo M4] 


is an isomorphism. 
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Chapter 11 ® 
Exponential Stability of Evolutionary od 
Equations 


In this chapter we study the exponential stability of evolutionary equations. Roughly 
speaking, exponential stability of a well-posed evolutionary equation 


(ai, vM (ðr v) F A) U=F 


means that exponentially decaying right-hand sides F lead to exponentially decay- 
ing solutions U. The main problem in defining the notion of exponential decay for 
a solution of an evolutionary equation is the lack of continuity with respect to time, 
so a pointwise definition would not make sense in this framework. Instead, we will 
use our exponentially weighted spaces L2, (R; H), but this time for negative v, and 
define the exponential stability by the invariance of these spaces under the solution 
operator associated with the evolutionary equation under consideration. 


11.1 The Notion of Exponential Stability 


Throughout this section, let H be a Hilbert space, M: dom(M) € C > L(H)a 
material law and A: dom(A) € H — H a skew-selfadjoint operator. Moreover, 
we assume that there exist vo > Sp (M) and c > O such that 


RezM(z 2c (z € Cnezy). 


By Picard's theorem (Theorem 6.2.1) we know that for v > vo the operator 


Sy = (Ov MO) +A) | € L(La,(R; H)) 


is causal and independent of the particular choice of v. We now define the notion of 
exponential stability. 
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Definition We call the solution operators (S5), exponentially stable with decay 
rate po > O if for all p € [0, po) and v > vo we have 


S&F € Lo, 9 (I; H) (F € L2,(8; H) Lo, 5 (R; H)). 


Remark 11.1.1 We emphasise that the definition of exponential stability does not 
mean that the evolutionary equation is just solvable for some negative weights. 
Indeed, if we consider H = C, A = 0 and M(z) = 1 forz e C we obtain that 
the corresponding evolutionary equation 


ay =F (11.1) 


is well-posed for each v 4 0. However, we also place a demand for causality on our 
solution operator. Thus, we only have to consider parameters v > 0. We obtain the 
solution U by 


t 
U(t)= f F(s) ds. 


As it turns out, the problem (11.1) is not exponentially stable. Indeed, for F := 
1i0,1] € Myer L2,» (R) the solution U is given by 


0 ift <0, 
U(t)={t ifO0<r<l, 
1 iff >1, 


which does not belong to the space L5, (IR) for any p > 0. 


We first show that the aforementioned notion of exponential stability also yields 
a pointwise exponential decay of solutions if we assume more regularity for our 
source term F. 


Proposition 11.1.2 Let (Sv)v>v be exponentially stable with decay rate po > 0, 
v > vo, p € [0, po) and F € dom(9;,,)'dom(9;,..,). Then U := SyF is continuous 
and satisfies 


U(t)e? — 0 (t > oo). 
Proof We first note that 3 F = 3r, —p F by Exercise 11.1. Moreover, since S, is a 
material law operator (i.e., Sy = S(0;,,) for some material law S; see Remark 6.3.4) 


we have 


SO; v c€ 0; y Sy. 
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Thus, in particular, we have 
S0, , F = Oy S, F = 0; vU; 


that is, U € dom(d;,,). Moreover, since à;,, F = 0;,-»F € Lo, ., (R; H), we infer 
also U,0;,,U € L2,-»(R; H) by exponential stability. By Exercise 11.1 this yields 
U € dom(; —p) with 9j, .,U = ðr vU. The assertion now follows from the Sobolev 
embedding theorem (Theorem 4.1.2 and Corollary 4.1.3). o 


11.2 A Criterion for Exponential Stability of Parabolic-Type 
Equations 


In this section we will prove a useful criterion for exponential stability of a certain 
class of evolutionary equations. The easiest example we have in mind is the heat 
equation with homogeneous Dirichlet boundary conditions, which can be written as 
an evolutionary equation of the form (cf. Theorem 6.2.4) 


10 0 0 O div 0 Q 
a = 
(% (00) * (2) + Q2 0) GG) = (6) 
in L7,,(R; H), where H = L7(Q) 6 L2(Q)4 with Q C R? open, anda € 
L(L2(Q)) with 


Rea2c 


for some c > 0 which models the heat conductivity, and v > 0. 


Theorem 11.2.1 Let Ho, Hı be Hilbert spaces and C: dom(C) € Ho > Hi a 
densely defined closed linear operator which is boundedly invertible. Moreover, let 
Mo € L(Hpo) be selfadjoint with 


Mo > co 


for some co > 0 and Mı: dom(M1) € C — L(A) be a material law satisfying 
Sb (M1) < —p1 for some pı > O and 


dci > 0 Vz € Cres—p, : Re Mı (z) > c1. 


Then 


Mo 0 0 0 0 —C* 
Sy = | Oy L(L R; H H 
wo MM E 3 STs Hoe Bi) 
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for each v > 0. Moreover, for all vo > 0 the family (Sv) ys v, is exponentially stable 
; : 14/2 

with decay rate po := min D ev(WMill,s cs. IMol [C7 | J 

In order to prove this theorem we need a preparatory result. 


Lemma 11.2.2 Assume the hypotheses of Theorem 11.2.1. Then for each z € 
CrRe>—p the operator 


zMo 0 0 -c* n 
T = : d d C HoH Ho H 
(z) ( 0 Pa ee 0 ) om(C) x dom(C^) € Ho Hi > Ho Hı 


is boundedly invertible. Moreover, 


sup |] « oo 


ZECRe>—p 


for each p < po. 


Proof Let z € Cpre>-») for some p < po. We note that Mi(z) is boundedly 
invertible with ||M)(z)~'|| < 1/cı (see Proposition 6.2.3(b)) and (C*)! = 
(c—!)* € L(Ho, Hı) (see Lemmas 2.2.2 and 2.2.9). The beginning of the proof 
deals with a reformulation of T(z). For this, let u, f € Ho, v, g € Hı. Then, by 
definition, (u, v) € dom(T(z)) = dom(C) x dom(C*) and T (z)(u, v) = (f, g) if 
and only if v € dom(C*) and u € dom(C) together with 

zMou — C*v= f 


Cu + Mi(z)v = g. 


Since both C* and Mı (z) are continuously invertible, we obtain equivalently u € 
dom(C) together with 


z(C*)^! Mou — v = (C! f 
Mı (z2) !Cu + v = Mi(z)^!g. 


Adding the latter two equations and retaining the first equation, we obtain the 
following equivalent system subject to the condition u € dom(C) 


v = z(C*)^! (zMou — f) € dom(C*), 
(z(C)^1 MoC^! + Mi(z) D) Cu = Mio) lg + (C9! f. 
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We now inspect the operator S(z) = z(C~!)*MoC7! + Mi(z)7! € L(Hi). By 
Proposition 6.2.3 for x € Hı we estimate 


Re (x, S(z)x) = Re udi zMoC^!x) + Re (x, Mix) 


C1 
-p Moll [c7 | ix + — l 
mo 

C1 = 
> ( - eM [c7 [ise 
IMI. crean, 
—ÓÁÁ——MÉÁMÁ—— ! 

-—u 


Since p < po and by the definition of pọ we infer that u > 0. Hence, S(z) is 
boundedly invertible with 


1 
ep ct 
H 


We now set 


u = C!S (2) (€) f + Mi) 'g) € dom(C), 
v := (C*)~!(zMou — f) € dom(C*). 


By the first part of the proof we have that (u,v) is the unique solution of 
T (z)(u, v) — (f, g). Moreover, we can estimate 


ii < [c7] z(] 7 rete = ten). ane 
lvl < Egl + Cul) < À z (lee 4 (Je f+ ze). 


which proves that T (z) is boundedly invertible with 


sup |re] « oo. 


z€CRe>—p 


Proof of Theorem 11.2.1 Let H :— Ho ® Hi. We set 


Mi 0 
M(z):— ( i sine és) (z € dom(M}) \ {0}). 
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Let v > 0. Then 
Vz € Crev : RezM(z) > min{vco, c1} 


and hence, the first assertion of the theorem follows from Theorem 6.2.1. 
Next, we focus on exponential stability. For v > 0, we have that 


STO ^, 


where T is defined in Lemma 11.2.2. Moreover, by Lemma 11.2.2, the mapping 
T}: Cres—p) — L(H) with T-(z) = T(z)7! defines a material law with 
Sb (r7!) = —po (the holomorphy of T is obvious and hence, T-! is also 
holomorphic). Thus, we may apply Theorem 5.3.6 to obtain (note that T^! (8;,,) = 
T (ðr) 


Sv(f) = Tv) f = T(9,5) ! f € L2, (R; H) 


for each f € L5,,(R; H) N L2,o(R; H) with p > —po, which shows exponential 
stability. o 


11.3 Three Exponentially Stable Models for Heat Conduction 


The Classical Heat Equation 
We recall the classical heat equation (cf. Theorem 6.2.4) on an open subset Q C RI 
consisting of two equations, the heat flux balance 


0,0 + divg = f 
and Fourier’s law 
q = —a grad 9, 


where f is a given source term and a € L(L2(Q)) is an operator modelling the 
heat conductivity of the underlying medium. We will impose Dirichlet boundary 
conditions which will be incorporated in our equation by replacing the operator 
grad by grado in Fourier's law (cf. Sect. 6.1). 

In order to apply Theorem 11.2.1 we need that grado is boundedly invertible in 
some sense. This can be shown using Poincaré's inequality. 
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Proposition 11.3.1 (Poincaré Inequality) Let Q C R? be open and contained in 
a slab; that is, there exist e € IR? with |le|| = 1 and a, b € R, a < b such that 


QC [s en; a « (e, x) <b}. 
Then for each u € dom(gradg) we have 
lll so < € — a) [grado |, (os - 
Proof Without loss of generality, let e = (1,0,..., 0). Recall that, by definition, 
CX (Q2) is a core for grado. Thus, it suffices to prove the assertion for functions in 


C?? (Q). Let o € C?? (Q2). We identify o with its extension by 0 to the whole of R4. 
By the fundamental theorem of calculus, we may compute 


X] 
p(x) af 9019(5,x2,...,xq)ds (x € Q). 


Hence, by the Cauchy-Schwarz inequality and Tonelli’s theorem 


[wor a= f 
Q Q 


b 
< [6-0 [mo sns dvdr = 0-a? f taps? as 
Q a Q 


2 
dx 


xi 
f 019(s, X2,..., Xq) ds 
a 


< (b — ay [grado |z os : 


which shows the assertion. a 


Corollary 11.3.2. Under the assumptions of Proposition 11.3.1 the operator grado 
is one-to-one and ran(grado) is closed. 


Proof The injectivity follows immediately from Poincaré's inequality. To prove the 
closedness of ran(grado), let (ux)xen in dom(grady) with grado uy — v in L2(2)4 
for some v € L2(Q)2. By Poincaré's inequality, we infer that (ug)ķen is a Cauchy- 
sequence in L2(Q) and hence convergent to some u € L2({2). By the closedness of 
grado we obtain u € dom(gradg) and v = grad, u € ran(grado). o 


We need another auxiliary result which is interesting in its own right. 
Lemma 11.3.3 Let H be a Hilbert space and V C H a closed subspace. We denote 
by 


wv:V >H, xex 


the canonical embedding of V into H. Then iy% : H —> H is the orthogonal 
projection on V and (iy : V — V is the identity on V. 
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Proof The proof is left as Exercise 11.2. o 


We now come to the exponential stability of the heat equation. First, we need to 
formulate both the heat flux balance and Fourier’s law as a suitable evolutionary 
equation. For doing so, we assume that Q C IR is open and contained in a slab. 
Then ran(gradg) is closed by Corollary 11.3.2. It is clear that we can write Fourier's 
law as 


q = —agradg 0 = —Alran(grady) ran (grado) grado 0. 


* 


ran(grady)@4ran(grady) € L(ran(gradg)), we 


Hence, defining q :— tfan(grady)4 and q := 1 
arrive at 


J= — UL haad grado 0. 
Moreover, since ran(grad,)+ = ker(div), we derive from the heat flux balance 
f = 9,0 + divq = 8,0 + div lran(grady) 
and hence, assuming that @ is invertible, we may write both equations with the 


unknowns (0, q) as an evolutionary equation in L2 , (IR; H) for v > 0, where H := 
L»;(X2) ® ran(grado). This yields 


10 0 0 0 div Lan (grado) (2) (4) 
0, F ee E 9 a EI i 
( m (o 3 (( e) = grado 0 q 0 


For notational convenience, we set 


Cs grad): dom(gradg) € L2(&2) — ran(gradg). (11.3) 


* 
Cran (grado) 


Lemma 11.3.4 Let Q C IR be open and contained in a slab and C as above. Then 
C is densely defined, closed and boundedly invertible. Moreover 


C* — — div L'ran(grado) - 


Proof 'The proof is left as Exercise 11.3. o 


Proposition 11.3.5 Let Q C IR be open and contained in a slab, a € L(L3(Q2)^), 
and cı > 0 such that 


Rea 2 c. 
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Then à := tions) 
associated with (11.2) are exponentially stable. 


Glran(grady) i$ boundedly invertible and the solution operators 


Proof For x € ran(grado) we have 
Re (x, @X) ran(grado) = Re (Gran (grad; Alran(grady)*) 7 (oy 
2 2 
2c ||irancgrado) X | LE — €1 lx Ilfan(grado) , 


and thus, d is boundedly invertible. Hence, (11.2) is an evolutionary equation of the 
form considered in Theorem 11.2.1 with Mo :— 1, Mi(z) := X~! for z e C and C 
given by (11.3). Since Red^! > Wm Theorem 11.2.1 is applicable and we derive 


the exponential stability. o 
The Heat Equation with Additional Delay 
Again we consider the heat equation, but now we replace Fourier’s law by 


q = —a; grado 0 — a2T-n grado 0 


for some operators aj, a2 € L(L2 (Q)4) and h > 0. As above, we assume that 
Q C R? is open and contained in a slab. We may introduce d := bs ni(grad;)d and 


dj i= Un (grad;) j ran (grado) € LILAR) for j € (1, 2}. Moreover, we assume that 
there exists c > 0 such that 


Rea; Èc. 


By Lemma 7.3.1 there exists vo > 0 such that the operator d, + à2t..;; is boundedly 
invertible in L2 , (IR; ran(grado)) and its inverse is uniformly strictly positive definite 
for each v > vo. Hence, we may write the heat equation with additional delay as an 
evolutionary equation of the form 


10) (0 0 0-CNYV (OV. ff 
(19) (0... EEO- are 


with C given by (11.3). 


Proposition 11.3.6 Let Q C R4 be open and contained in a slab, h > 0,a1,a» € 
L(L2(Q)®), and c > 0 such that 


Rea, 2c 


and ||a2|| < c. Then the solution operators (Sv)v>v associated with (11.4) are 
exponentially stable. 
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Proof Note that ||@2|| < ||a2|| < c. We choose 


0 Stipe 
= Pp] = 102 ——. 
h lall 


Then we estimate for z € Cres—p, 


Re(x, X + De?” x) > (c — õlle” Jx]? : 
(a) + a ) —: 2 (c — |la2l ) lx Ilran(grady) 


By the choice of p1, we infer © :— (c — ||d2|| e?!”) > 0. Hence, 
Mi) = (Gi + He”) | (z € CRes—p,) 
is well-defined and satisfies 
Re Mı (z) > cı (z € Cres—p,) 


for some cı > 0 by Proposition 6.2.3. Thus, Theorem 11.2.1 is applicable and yields 
the exponential stability of (11.4). o 
A Dual Phase Lag Model 

In this last variant of heat conduction, we replace Fourier’s law by 


(1 + 5459:)q = (1 + 590;) grado 0, 


where sq, sg > O are the so-called “phases” (cf. Sect. 7.4, where a different type of 
dual phase lag model is studied). The latter equation can be reformulated as 


(1 + 559;,,) (L + sor, v) ! q = grad 6 


for v > 0. Assuming that Q C IR7 is open and contained in a slab, and defining 
qe n(grady) d» the dual phase lag model may be written as 


10Y , (0 i 0 =) (2) = (f 
(s. ¢ 7 T ( (1 + 549;,,) (1 — i" e 0 ) G) 7 (0) 


(11.5) 


with C given by (11.3). 


Proposition 11.3.7 Let Q C R? be open and contained in a slab, vo > 0. 
Moreover, let so > Sq > 0. Then the solution operators (Sy)y>vp associated 
with (11.5) are exponentially stable. 


Proof Again, we note that (11.5) is of the form considered in Theorem 11.2.1 with 
Mo := 1 and 
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1 + Soz 
Mı (z) := 4 


-1 
Tasie (z € CV (755 }). 


Setting u := ot < 1 we compute 


(1— p) 1+ sg Rez 
Re M = Re —_]}= 1—4)———— = eC -1). 
1(Z) (u+ TE u+(l-=u) Me ^ (2 E Cae. D 
Thus, Theorem 11.2.1 is applicable and hence, the claim follows. o 


11.4 Exponential Stability for Hyperbolic-Type Equations 


Important examples of exponentially stable equations do not fit in the class of 
parabolic-like equations studied in Sect. 11.2. As a motivating example we consider 
the damped wave equation, which can be written as a second-order equation of the 
form 


92, Mou + 9;,, Miu — div grady u = f, (11.6) 


where Mo, Mı € L(L2(&2)), Mo is selfadjoint and Mo, Re Mı 2 c > 0, with 
Q C R? modelling the underlying medium. It is well-known that this equation 
is exponentially stable if Q is bounded. However, if we write this equation as an 
evolutionary problem in the canonical way; that is, we introduce v :— 0;,,u and 
q ‘= — grado u as new unknowns, we end up with an equation of the form 


Mo 0 M, 0 O div v f 

(a ( 0 LET 0 dm >) =G) m 
which is not of the form discussed in Sect. 11.2. However, another formulation 
of (11.6) as an evolutionary equation allows to show exponential stability in a similar 
way as for parabolic-type equations. More precisely, we aim for a formulation, such 
that the second block operator matrix in (11.7) has non-vanishing diagonal entries. 

This leads to a damping effect for both unknowns. 
We start to provide a general reformulation scheme of second-order equations as 


suitable evolutionary equations and afterwards discuss the exponential stability of 
those. 


An Alternative Reformulation for Hyperbolic- Type Equations 

Throughout we assume that C: dom(C) C Ho — Hj is a densely defined 
closed linear operator between two Hilbert spaces Hp and H4, which is additionally 
assumed to be boundedly invertible. Furthermore, let M: dom(M) € C > L(Ho) 
be a material law of the form 


M(z) = Mo(z) +z Mi) (z € dom(M)), 
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where Mo, Mı: dom(M) € C — L(H) are material laws themselves. We consider 
second-order problems of the form 


(82,M(r0)  C*C)u = f, (11.8) 
for a given right-hand side f € Lz ,(IR; Ho) and aim for conditions on M to ensure 
the exponential stability in a suitable sense. 

Example 11.4.1 The wave equation (11.6) on a bounded domain Q C R” is indeed 


of the form (11.8). We set C := E antgrado) grado: dom(grad C L5(Q) > 


ran(gradg), which is boundedly invertible by Poincaré’s inequality (see Proposi- 
tion 11.3.1 and Lemma 11.3.4) and 


M(z)=Mo+z'M, (z€C \ {0}) 


for Mo, Mı € L(L2(Q)). 


We now introduce two new unknowns to rewrite (11.8) as an evolutionary equation. 
For this let d > 0 and set vg :— 0;,»u + du and q :— —Cu. Then we formally get 


0j, yq = —CÓ0; uu = —C(vg — du) = —Cva + dCu = —Cva4 — dq 
and 
9, vM (8; ,) uq = 82, M (9, v)u + dày, M (ðr v)u 
= T — C*Cu + dO; v Mo(8;, v)u + dMı (0;,y)u 
= f + C*q + dMo(ð:v)(va — du) + d Mı (ð; v)u 
= f + C*q + dMo(ð:v)va — d (Mi (ðv) — d Mo (ðr v)) 7'4. 


Thus, the new unknowns, vg and q, satisfy an evolutionary equation of the form 


M (sv) 0 —Mo(a,v) (Mı (ðs v) — dMo(8,)) C7! 
(^. ( 0 t) + a( 0 1 ) 


(EEN) 0 


with a new material law Mg: dom(M) € C > L(Ho @ H1) given by 


Ma(z) = ( 


M(z) 0 -1, ( —Mo(z) (Mi (z) - dMo(z2)) C^! 
0 ) +z a( 0 1 ) : 
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Remark 11.4.2 We remark that the above formal computation can be done rigor- 
ously (both forward and backwards), so that indeed (11.8) and (11.9) are equivalent 
problems in the sense that the solutions u and (vg, q) are linked via 


Ug = d% vu 3 du, q= —Cu. 


11.5 A Criterion for Exponential Stability 
of Hyperbolic-Type Equations 


In this section we provide sufficient conditions on the material law M in order to 
obtain a well-posed and exponentially stable problem (11.9) for a suitable d > 0. 
So, we assume the same assumptions to be in effect as in the previous section. 


Remark 11.5.1 Assume that (11.9) is exponentially stable with decay rate pọ > 0; 
that is, va € L2, 5, (R; Ho), q € Lo, o (IR; Hi) if f € L2,- (R; Ho) L2, (R; Ho) 
for all p € [0, po) and v > O large enough. Then u, ð vu € L2, (R; Ho) as well. 
Indeed, since 


u = —C Iq € La, (R; Ho), 
we derive 
ð vu = vg — du € Lo, —p (R; Ho). 
Employing Exercise 11.1, we even infer u € dom(0;,-,) and hence, u € 


C, (R; Ho) by Sobolev's embedding theorem (see Theorem 4.1.2). Thus, we also 
obtain the exponential stability of (11.8) in this case. 


In order to prove the exponential stability of (11.9), we have to show how a positive 
definiteness assumption on M allows for positive definiteness of Ma for some 
d > 0. We start with the following observation. 


Lemma 11.5.2 Let z € dom(M), c > 0. Assume 
Re (u, zM(z)u)n, > c|ulz, (u € Ho). 


Then for d > 0 and (v, q) € Ho ® Hi it follows that 
1 3 2 
Re ((v, q), zMa(z)(v, q)) Hood 2 min c — dK (d), QUT Rez I| (v. CONASA , 


where K (d) = mo + (dmg +m)? Ie |’ and m j := | Mj |, for j € (0, 1). 
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Proof Let v € Ho and q € Hj. Then we estimate 


Re ((v, q), zMa(z)(v. q)) men, 


= Re(v, zM (z)v — dMo(z)v + d(Mi(z) — dMo(2))C~q) + Re (q, 2q + dq) y, 
0 
> (c — dmo) lolly — d (mi + dmo) | C^" | lala, Vella + Rez + d) Mali 


1 24102 
2 (s 4m - ud (mı + dmo)? |c "| ) tol, + Rez+d- e) laln » 


for each £ > 0, where we have used the Peter-Paul inequality. Choosing ¢ = 4, we 
obtain the assertion. o 


This estimate allows us to derive the positive definiteness of M4 for a suitable choice 
of d > 0. 


Proposition 11.5.3 Let c > 0 and assume that 
Re (u, zM (z2)u)m > € llull}, (u € Ho, z € dom(M)). 
Then there exist €, d, po > 0 such that 


Re ((v, q), zMa(z) Gv. q)) yen, 2 € ls aD su 


for all z € dom(M) N Cre>—p and (v, q) € Ho ® Hi. 


Proof We note that dK(d) — 0 asd — O0, where K(d) is given as in 
Lemma 11.5.2. Hence, we find d > 0 such that dK(d) < c. Choosing po < id 
and using Lemma 11.5.2, we estimate for each z € dom(M) N Cres—p) and 
(v,q) € Ho È Hi 


Re ((v, q), zMa (z)v. q)) gon, 2 ENO. qe ag, - 


where € := min fe — dK (d), id — po} > 0 showing the assertion. o 
We are now in the position to state the main result for exponential stability of 


hyperbolic-type equations. 


Theorem 11.5.4 Let C: dom(C) € Ho — H; be a densely defined closed 
linear and boundedly invertible operator between two Hilbert spaces Ho and Hj. 
Furthermore, let M: dom(M) € C — L(Hpo) be a material law of the form 


M(z) —Mo()-z Mi) (z € dom(M)), 
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where Mo, Mı: dom(M) € C — L(A) are bounded analytic functions. Assume 
that there exist c, vo > 0 such that Cgez L4, Vy dom(M) is discrete and 


Re (u, zM (2)u) m > c ull, 
for each u € Ho,z € dom(M). Then there exists some d > Q such that 


problem (11.9) is well-posed and exponentially stable. 


Proof We first note that by Proposition 11.5.3 there exist po, d, € > 0 such that 


Re (w, q), Ma@v, q)) man, 2 € MG» Pliner, 


for all z e dom(M) N Cres—p, and (v, q) € Ho ® Hi. Since M is a material law, 
so is Mg and thus, well-posedness of (11.9) follows from Picard's theorem (see 


Theorem 6.2.1). Since 
0 —C* 
C 0 


is skew-selfadjoint, the above estimate yields that z Ma(z) + ( 9 


S * 
C B E bound- 


edly invertible for each z e dom(M) N Cres—pp with 


1 
sup Il € a, 
zedom(M)NCrRe>~py C 


where 


T —1 
Ta (2) = (emo $ » f. )) 


Setting u :— min{vo, po], we infer that 7; is defined on the whole Cres—, 
despite a discrete set. Since Ty is holomorphic and bounded, Riemann’s theorem 
on removable singularities implies that Tg can be extended to a holomorphic and 
bounded function on Cres—,,. We denote this extension again by Ty. In particular, 
Ty is a material law with s5,(73) < -—Jj. Let now p € [0, m) and (fg) € 
L2 (R; Ho Hi) N L2, 4 (R; Ho Hi), where v > O is large enough to ensure 
well-posedness. By Theorem 5.3.6 we derive 


Ta (ðr v) Cf, g) = Ta(8, 9) CF. 8) € L2, (R; Ho Hi) 


and since Ty(0;,))(f, g) is nothing but the solution of (11.9) with the right-hand side 
replaced by ( f, g), exponential stability follows. o 
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Definition We call the equation 
(22, MOn) + C*C) u = f 


exponentially stable if there exists some d > 0 such that the equation 


0 —C* 
vM, v = 
(a. a(t v) + e 0 )) v=8 


is exponentially stable. 


11.6 Examples of Exponentially Stable Hyperbolic Problems 


We will illustrate our findings by providing two concrete examples. Firstly, we 
discuss the damped wave equation in an abstract form and, secondly, we consider 
the dual phase lag model, as it was introduced in Sect. 7.4. 


The Damped Wave Equation 
We start by formulating an immediate corollary of our main stability theorem. 


Corollary 11.6.1 Let C: dom(C) € Ho — H; be a densely defined closed linear 
and boundedly invertible operator between two Hilbert spaces Ho and Hy and let 
Mo, Mı € L(Hpo) such that Mo is selfadjoint and Mo > 0, Re Mj > c > O. Then 
the second order problem 


(92, Mo 358 Mi ee) u=f 


is exponentially stable. 


Proof We have to prove that the material law 
M(z):= Motz Mi (@e€C\ {0}) 
satisfies the assumptions of Theorem 11.5.4. For Re z > 0 we have 
Re (u, zM(z)u)g, > clulu, (u € Ho), 


since Re z Mo > 0. Moreover, for Rez € [— po, 0] with po < TT (we set 5 :— oo) 
we have that 


Re (u, zM (z)u) m > (—pollMoll + © llull (u € Ho). 


Since CRre>—p Vy dom(M) = {0}, we can apply Theorem 11.5.4. o 
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We now come to a concrete realisation of the operator C. Let à C R? be open and 
contained in a slab. According to Corollary 11.3.2 the space ran(grado) is closed 
and by Lemma 11.3.4 the operator 


C := grado: dom(gradg) C L2(Q) — ran(gradg) 


ni 
ran(grado) 


is densely defined, closed and boundedly invertible, and its adjoint is given by 
C* = — div tran(grad,)- 
Thus, we have that 
C*C=- div Lan (grado) 'ran(erad,) grad, = — div grad, . 


Let now Mo, Mi € L(L2(&2)) with Mo selfadjoint and Mo > 0, Re Mj 2 c > 0. 
By Corollary 11.6.1 the equation 


(92, Mo + 9,, M; — div grado) UY (11.10) 


is exponentially stable. 


Remark 11.6.2 We emphasise that this result yields the classical exponential 
stability for the damped wave equation; i.e., the situation where Mo — 1. However, 
Corollary 11.6.1 is also applicable in the situation where Mo = 1o, for some 
Qo C Q and Re M, È> c. In this case, Eq. (11.10) is a coupled system of the 
damped wave equation inside (29 and of the heat equation outside Qo. 


Dual Phase Lag Heat Conduction 

We recall the setting of Sect. 7.4, where we have discussed the equations of dual 
phase lag heat conduction on an open and bounded subset Q C R^ within the 
framework of evolutionary equations. The equations under consideration consist of 
the heat flux balance 


v0 +divg = Q, 


and a modified Fourier’s law 


1 
(1 + 5585,» + 55491004 = —(1 + so ðr,v) grad 0, (11.11) 


where s; € IR, sg > 0 are given. Note that (1 + s90;,,) is boundedly invertible for 
v> -i and hence, (11.11) yields 


1 
— grad = à, (y + sq 550r) (E 8691.) "9. 
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Applying the operator 0; , (9j +5q+ 15 3i v) (1 - 588; v)! to the heat flux balance 
equation (and assuming that Q € dom(9;,,)) we obtain the following second order 
problem 


2. fad 1 4 = : 
AF (37) + sq + 25559.) 1 + S081.) 16 — div grad@ = O, (11.12) 


for a suitable source term Q. Assuming Dirichlet boundary conditions for 0, the 
equation takes the form 


02, M (ðv) + C*C) 0 = O, 
(2 ) 


with C := Lites do) grad): dom(gradg) C L2 (Q2) > ran(gradg) and 
—1 ] 4 
Z +Sg + 584Z 1 
My a (zeci fo-<I). 
1+ sez 58 
Note that 
1 
Sq + 584Z 1 
M(z) = q 2'q —1 


and hence, M is indeed of the form considered in Sect. 11.5 with 


1.2 
Sq + 5847 
Mo) =——=, M= 


1+ sez 1+ soz’ 


which are both bounded if we restrict the domain of M to a right half-plane 


Cne 140 for some € > 0. 


Proposition 11.6.3 Jf 0. < at < 2 then the dual phase lag model (11.12) is 
exponentially stable. 


Proof We apply Theorem 11.5.4. For this we need to show that there exists c > 0 
such that 


2 
Re (u, ZM(z)u) ro) 2 c lulli (o; 


for each u € L5(€2) and z € CRre>—v Ndom(M) for some 0 < vo < L, Indeed, this 
is sufficient for exponential stability, since Cres _,, \dom(M) = {0} is discrete and 
C= tant UN grado is boundedly invertible. Similar to the proof of Lemma 7.4.3 


S " 
we set o :— m and obtain 


1—6(1-— 4o) 


1 1 
zM(z) = 59470 +o ( — 7) + num 
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foreach z e dom(M). Since 0 < o < 2 we obtain 0 <a (1 — je) < 1 and hence, 


; i (1-00 - $e) (1 + sg Rez) 
RezM(z) = z% Rezo +o (1 — 57) + S ——— 
Sez 


1 1 
> NL v00 +o(1—- z” = Cw 


1 
so` 
}, we obtain cy > O and thus, Theorem 11.5.4 is applicable which 


for each z € Cres—vy N dom(M) with 0 < vo < Choosing now 0 « vo « 
2—0 
Sq 

yields the assertion. o 


min{+, 


11.7 Comments 


The results of this chapter are based on the results obtained in [116, Section 
2]. There, Laplace transform techniques are used to characterise the exponential 
stability of evolutionary equations in a slightly more general setting. In particular, 
further criteria for exponential stability of parabolic- and hyperbolic-type equations 
are given, which also allow for the treatment of integro-differential equations. 

In general whether or not a given partial differential equation is (exponentially) 
stable is both an important and classical question in the area of equations depending 
on time. The understanding of this question for instance contributes to the study of 
equilibria of non-linear equations. In the linear case, in particular in the framework 
of Co-semigroups, stability has been studied intensively resulting in an abundance 
of criteria. Due to strong continuity of the semigroup and, thus, of the considered 
solutions (exponential) stability is defined via pointwise estimates. As an example 
criterion we mention Datko’s theorem [29] (see also [6, Theorem 5.1.2]), which 
states that a Co-semigroup is exponentially stable if and only if the solution operator 
associated with the equation 


(à, +A)U =F 


leaves Lp (R30; H) invariant for some (or equivalently all) p € [1, oo). As it turns 
out, the latter is equivalent to the invariance of L2,—p(R; H) for some p > 0 and 
thus, our notion of exponential stability coincides with the usual one used in the 
theory of Co-semigroups. Another important theorem on the exponential stability 
of Co-semigroups on Hilbert spaces is the Theorem of Gearhart-Prüf [96] (see also 
[38, Chapter 5, Theorem 1.11]), where the exponential stability of a Co-semigroup 
is characterised in terms of the resolvent of its generator. 
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The wave equation without damping is not exponentially stable. In fact one 
can even show that energy is preserved during the evolution. Hence, it is a 
natural question whether it is possible to introduce suitable ‘dampers’ (i.e., lower 
order coefficients) leading to an exponentially stable equation. The criterion in 
Corollary 11.6.1 shows that if the damper Mı is ‘global’ in the sense that it is 
induced by a multiplication operator a(m) for a strictly positive function a, the 
resulting damped wave equation is exponentially stable. 

A less general, more detailed analysis of the actual wave equation shows that it 
is possible to obtain an exponentially stable damped wave equation if the damper is 
only local or introduced via boundary conditions. Indeed, in [9] the authors proved 
exponential stability of the damped equation if the damping area [a > 0] = 
{x € Q; a(x) > 0) satisfies the geometric optics condition. This is, for instance, 
the case if [a > 0] contains a neighbourhood of the boundary 02. 

Besides exponential stability, which is the only type of stability studied so 
far within the current framework of evolutionary equations, different kinds of 
asymptotic behaviours were addressed and characterised for Co-semigroups. We 
just mention the celebrated Arendt-Batty-Lyubich- Vu theorem [4, 61] on strong 
stability of Co-semigroups or the Theorem of Borichev-Tomilov [15] on the 
polynomial stability of Co-semigroups on Hilbert spaces. 


Exercises 


Exercise 11.1 Let H be a Hilbert space, v, p € R and u € Lj, joc(R; H). Prove the 
following statements: 


(a) If u € dom(9;,,) N dom(ð; p) then 8j, pu = ðr, su. 
(b) If u € dom(0;,,) such that u, 0;,,u € L2, 5 (IR; H) then u € dom(9;;). 


Exercise 11.2 Prove Lemma 11.3.3. 


Exercise 11.3 Let Ho, Hı be Hilbert spaces and A: dom(A) € Ho — Hi a 
densely defined closed linear operator. Moreover, we assume that A has closed 
range. Show that the adjoint of the operator D" Aj 4: dom(A) € Ho — ran(A) is 
given by A*tranca). If additionally A is one-to-one, show that ian a4 is boundedly 
invertible. 


Exercise 11.4 Let Q C IR be open and contained in a slab. We consider the heat 
conduction with a memory term given by the equations 
0;, vO F div q = f. 
q = —(1 — kx) grado 6, (11.13) 


Exercises 187 


where k € Lj», (Ro; IR) for some p; > 0 with 


DA |k(t)| dt < 1. 
0 


Write (11.13) as a suitable evolutionary equation and prove that this equation is 
exponentially stable. 


Exercise 11.5 Let A € C"*" for some n € N and consider the evolutionary 
equation 

(Orv + A)U =F. 
Prove that the solution operators associated with this problem are exponentially 
stable if and only if A has only eigenvalues with strictly positive real part. 
Exercise 11.6 Let 2 C IR7 be open. 
(a) Let o € C? (Q)4. Prove Korn’s inequality 


|| Grad gl? 2 


d 
LADY 


* | grad p; | sd 3 
j=! 


1 
2 
(b) Use Korn’s inequality to prove that for u € La (Q)? we have 


u €dom(Grado <= Vje{l,...,d}: uj € dom(gradg). 


Moreover, show that in either case 


if d 
2 2 | grado u; eem & ||Grado "ll, yid S 2 | grado u; Pr. : 
J= J= 


(c) Let now Q be contained in a slab. Prove that Grado is one-to-one and has closed 
range. 


Exercise 11.7 Let 2 C IR7 be open and a € L(L2(Q)“) with Rea 2 c > 0. 


(a) Let v > O and f € L5,(R; L2(Q)). Moreover, assume that Q is contained 
in a slab and define d := i* Glan(grady). Let 0 € L2 (R; L2(22)), q € 


ran(grado) 
L2 ,(R; L2(Q)) satisfy 


(ee (oo) + (oo) * (0) 2) = (6) 
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andÓ e Loy (R; L2(Q)), q € L2, (R; ran(gradg)) satisfy 


9 Ge m 0 0 )+ 0 div tran(grady) ON (f 
i 00 og! Un (grad,) St@do 0 q i 0/- 


Show that (0, L* q) = (0,3). 


ran(gradg) 


(b) Let Q be bounded and consider the evolutionary equation 


(ee (60) + (ours) Qa) = (0): 


Show that the associated solution operators are not exponentially stable. 
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Chapter 12 ® 
Boundary Value Problems and Boundary geg 
Value Spaces 


This chapter is devoted to the study of inhomogeneous boundary value problems. 
For this, we shall reformulate the boundary value problem again into a form which 
fits within the general framework of evolutionary equations. In order to have an 
idea of the type of boundary values which make sense to study, we start off with a 
section that deals with the boundary values of functions in the domain of the gradient 
operator defined on a half-space in R? (for d = 1 we have L2(R4~!) = K). 


12.1 The Boundary Values of H! (R?! x Ry) 


In this section we let Q := IR^! x Ryo and fe H! ($2); our aim 1s to make sense of 
the function R77! 5 X — f (X, 0). Note that this makes no sense if we only assume 
f € L2(2) since RR-! x (0) = 8Q is a set of (d-dimensional) Lebesgue-measure 
zero. However, if we assume f to be weakly differentiable, something more can be 
said and the boundary values can be defined by means of a continuous extension of 
the so-called trace map. In order to properly formulate this, we need the following 
density result. 


Theorem 12.1.1 The set D := [ó: € — K; JW € CYRI): Wla = 9] is dense 
in the space H! (Q). 


We will need a density result for H ! (R4) first. 
Lemma 12.1.2 C?* (R^) is dense in H ! (R4). 


Proof Let f € H! (R^). We first show that f can be approximated by functions 
with compact support. For this let @ € Cz? (R4) with the properties 0 < $ < 1, 
ó = lon B (0,1/2) and ọ = 0 on R \ B (0,1). For all k € N we put $y = 
$ C/Kk) and fk = of € L2(R^). Then f; has support contained in B [0, k]. The 
dominated convergence theorem implies that f; — f in L2(R7) as k > oo. Next, 
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let y € CX (R4)? and compute for all k € N 


— (Jk, div Y) = — (ox f, div y) = — (f, be div Y) = — (f. div (ox) — (grad bx) - V) 
— (f, div (Gy V) + Cf grad bx, V) 


1 
= (era Pok + zt grad )C/h), v) : 
which shows that f, € dom(grad) = H 14) and 


1 
grad fx = (grad f)ó + [^ (grad Ø) (-/k). 


From this expression of grad f; we observe grad f, — grad f in Lo(R^)4 by 
dominated convergence. Hence, f; — f in dom(grad) = H! (R^). 

To conclude the proof of this lemma it suffices to revisit Exercise 3.2. For this, let 
(Vi) in C2? (R4) be a ó-sequence. Then, by Exercise 3.2, we infer Yg x f — f in 
L (RÎ) ask — oo and hence, by Exercise 12.1, it follows also that grad (V * f) = 
Wk * grad f — grad f (note the component-wise definition of the convolution). A 
combination of the first part of this proof together with an estimate for the support 
of the convolution (see again Exercise 3.2) yields the assertion. o 


Proof of Theorem 12.1.1 Let f € H'(Q). The approximation of f by functions in 
D is done in two steps. First, we shift f in the negative eg-direction to avoid the 
boundary, and then we convolve the shifted f to obtain smooth om in D. 

Let f € L(R4) be the extension of f by zero. Put eg :— (8j4) je(1,..4). the d-th 
unit vector. Then for all t > 0 we have € + Ted C Q and, thus by Exercise 1225 
we deduce f, = TG + teg)la — fin H'(Q) as v — 0. Thus, it suffices to 
approximate f; for v > 0. 

Lett > 0 and let (y), in CL (RI) be a ô- -sequence. Then y * Fe + Teg) € 
H 1 (R4), by Exercise 12.1. Define fy; = (We * F + te4))lo. Then we obtain 
that fkı > fr in H!(Q) as k — oo. Indeed, the only thing left to prove is that 
grad fj., — grad fr in L2(Q)7 as k — oo. For this, we denote by g the extension 
of grad f by 0. Since g € L2; (IR?) it suffices to show that grad fkr = Wk * gr on 
Q for all large enough k € N, where g; = g(-+ Teg). Let k > i. Then for all 
x € Qand y € sptwe C [—1/k, 1/k]7 we infer x — y + teq € Q. In particular, 
f(-—y+teg) € H' (Q) and grad f (-—y+tea) = gC—y-- rea). Take n € CX (Q)! 
and compute 


— (fic, div n), co = — Vi (x — y) f (y + teg)* dy div n(x) dx 
9) a 


-f Jl Vi) f(x — y + tea)* dy div n(x) dx 
Q JRI 


an INI 1/k,1/ ky We) f(x — y + tea)" dy div n(x) dx 
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us j| hey) (UC — y + ta), diva zy) dy 
[-1/k,A/k] 


= Í Vk Cy) (8C — y + Tea), roy dy 
[-1/k,1/k? 
= (Wk * 8r, n) roy - 


AS Wr * FC + req) € H! (R7), we conclude the proof using Lemma 12.1.2. oO 
With these preparations at hand, we can define the boundary trace of H! (Q). 


Theorem 12.1.3 The operator 


y: Dc HQ > LRT) 
fe (R^ sxe fco) 


is continuous, densely defined and, thus, admits a unique continuous extension to 
H! (Q) again denoted by y. Moreover, we have 


1 
lyfli- < (2 Mf liza llgrad flr, o)? € Ilao Cf € H' (Q2). 


Proof Note that y is densely defined by Theorem 12.1.1. Let f € CS (R2) and 
X e RI! Let R > 0 be such that spt f C B (0, R). Then 


R 
f | f %, op ax = -f f da |f G, S) dzax 
Rd-1 R4-! Jo 
= -f (f (x)*da f (x) + da f* (x) f (x)) dx 
€ 2| flr, lgrad fll, a) - 


The remaining inequality follows from 2ab < a? + D? for alla, b € R. o 


Except for one spatial dimension, where the boundary trace can be obtained by 
point evaluation, the boundary trace y does not map onto the whole of L2(R¢~!). 
Hence, in order to define the space of all possible boundary values for a function in 
H! one uses a quotient construction: we set 


HP qe) = yr; fe HO} 
and endow H I? (R4-) with the norm 


Ivf laug = inf {ella : 8 € H' Q2. ve = yf}. 
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Itis not difficult to see that H !/? (R17 }) is unitarily equivalent to (ker y)+, where the 
orthogonal complement is computed with respect to the scalar product in H!(Q). 
Thus, H !/? (R4-1) is a Hilbert space. 


Remark 12.1.4 The norm defined on the space H !/? (R17!) given above is not the 
standard norm defined on this space. Indeed, following [72, Section 2.3.8] the usual 
norm is given by 


1/2 
juj? «f f luG) -uO a D / 
LR!) Ri-lJpa-1 |x — y|? 


for u e H'/2(R¢—!). However, this norm turns out to be equivalent to the norm 
given above, see e.g. [115, Section 4]. 

As the notation of this space suggests, it can also be defined as an interpolation 
space between H! (R4-!) and L2(R4~!), see [60, Theorem 15.1]. 


12.2 The Boundary Values of H (div, R^! x Ryo) 


Let Q := R”! x R. o. There is also a space of corresponding boundary traces for the 
divergence operator. Similarly to the boundary values for the domain of the gradient 
operator, H : (Q), the construction of the boundary trace for H (div)-vector fields 
rests on a density result. The proof can be done along the lines of Theorem 12.1.1 
and will be addressed in Exercise 12.3. 


Theorem 12.2.1 D? is dense in H(div, Q), where D is defined as in Theo- 
rem 12.1.1. 


Equipped with this result, we can describe all possible boundary values of 
A (div, Q). It will turn out that vector fields in H (div, Q) have a well-defined 
normal trace, which for Q = R^! x R. is just the negative of the last coordinate 
of the vector field. 


Theorem 12.2.2 The operator 
ya: D^ € H(div, Q) > (aR) = HW '/2(Rd-!) 
q e» (RT! > X > —qa Š, 0)), 
is densely defined, continuous with norm bounded by 1 and has dense range. Thus 
ya admits a unique extension to H (div, 2) again denoted by yy. Here, —qq is the 


negative of the d-th component of q pointing into the outward normal direction of 
Q and —qq is identified with the linear functional 


HP (R^) 3 yf > (—qal.0). Y f) rj qa) - 
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Moreover, for all f € dom(grad) and q € dom(div) we have 


(divg, f) + (q, grad f) = (yaq) yf). (12.1) 


Proof Let f € D and q € T. Then integration by parts yields 


d—l 


Wage mee ra divq" f) = [i la* Gc. 0) f Gc, 0), —e4) dx 


_ i= Yqqy f = (Yad y f) Lyi- = (a) f). 
Hence, 


|v, VF) LR- <S lalaa WF len - 
Since D is dense in H ! (Q), the inequality remains true for all f € H 1 (2). Thus, 
(rd YÐR] < Mala Ifl (f € HQ»). 
Computing the infimum over all g € H! (Q) with yg = yf, we deduce 
Krag, YF) r,aa-5| < lalaa IYF ag- (f € H(Q)). 
Therefore yag € H (R^ ') and |iynglg-12 < llalla which shows 
continuity of yn. It is left to show that yn has dense range. For this, take yf € 
HP? (R4-!) for some f € H! (Q) such that 
(n8, Y f) Lai- = 9 


for all g € D4. Next, take g € CX (R^-!) and y € CX (R) with y (0) = 1. Then 
we set g: Q 5 (X, X) 5 —eag(X)v (X) € D? and note that yog = g. Hence 


(vf, 8) p, (Rd-1) —0 (g e com"), 


Thus, yf = 0, which implies that the range of yn is dense, as H ^2 (R4-1) is a 
Hilbert space. The remaining formula (12.1) follows by continuously extending both 
the left- and right-hand side of the integration by parts formula from the beginning 
of the proof. Note that for this, we have used both Theorems 12.1.1 and 12.2.1. o 
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Corollary 12.2.3 Let f € H'(Q), q € H(div, Q). Then f € dom(gradg) if and 
only if y f = 0, and q € dom(divo) if and only if yaq = 0. 


Proof We only show the statement for q. The proof for f is analogous. If q € 
dom(divo), then there exists a sequence (v), in CL (a? such that y, — g in 
H (div, Q) as n — oo. Thus, by continuity of yn, we infer O = yav, — yng. 
Assume on the other hand that q € dom(div) with yng = 0. Using (12.1), we obtain 
for all f € dom(grad) 


(div q, f) + (q, grad f) = 0. 


This equality implies that q € dom(grad*) = dom(divo), which shows the 
remaining assertion. o 


The remaining part of this section is devoted to showing that the continuous 
extension of y, maps onto H~!/2(R¢—!), For this we require the following 
observation, which will also be needed later on. 


Proposition 12.2.4 Let U C IR be open. Then 
Ho(div, U) iv = fa € H(div, U); divg € H! (U), q = grad div g | 


Proof Let q € H(div, U). Then q € Ho(div, U )-Hiv.0) if and only if for all r € 
Ho(div, U) we have 
0 = (r, q) n(div,u) = (^ d) rua + (div r, div q) p, (uy 


= (r, d) Ly (Uy + (divo F, div q) (y) . 


The latter, in turn, is equivalent to divg € dom(divj) = dom(grad) = H '(U) and 
— grad div q = div) div q = —q. o 


Theorem 12.2.5 yn maps onto H-M?(gd-b, In particular, we have 


Id llvaiv,ay  Wladllg-i2(ga-1 


for all q € Ho(div, Q)+#Giv.2), 
Proof By Theorem 12.2.2 it suffices to show that yn has closed range. For this, it 
suffices to show that there exists c > 0 such that 


lla llaa, w € € llYad I-12. gea) 


for allq € ker(yg) LA div.) , By Corollary 12.2.3, we obtain ker(yg) = Ho(div, Q). 
Hence, by Proposition 12.2.4, we deduce that q € ker(y,) ^49 if and only if 
q € dom(graddiv) and q = graddiv q. So, assume that q € dom(graddiv) with 
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q = graddiv q. Then (12.1) applied to q € dom(div) and f = divg € dom(grad) 
yields 


(nq) (y div q) = (div q, divq) + (q, graddiv q) = (div q, divq) + (q, q) 
= liala. > 


where we used grad div q = q. Hence 


2 ! ; 
lla laa o S Iy div allg lysalg-v2 < lldiv qll gi lyn ll g-i 
= |a lla aiv, o IM lai 


where we again used that grad div q = q. This yields the assertion. o 


12.3 Inhomogeneous Boundary Value Problems 


Let Q := R4-! x Ryo. With the notion of traces we now have a tool at hand that 
allows us to formulate inhomogeneous boundary value problems. Here we focus on 
the scalar wave type equation for given Neumann data g € H^? (R^-!). We shall 
address other boundary value problems in the exercises. Let M: dom(M) € C > 
L(L2(Q) x L2(2)4) be a material law with sp (M) < vo for some vo € IR. We 
assume that M satisfies the positive definiteness condition in Theorem 6.2.1; that is, 
we assume there exists c > O such that for all z € Cre>1) we have RezM(z) > c. 
For v > vo we want to solve 


bo (ut)Q-0 == 
grad 0 q 0 


yg (t,:) =g on 8Q for all t > 0. 


Let us reformulate this problem. Let ¢ € C??(R) such that 0 < $ < 1 with ọ = 1 
on [0, co) and à = 0 on (—oo, —1]. We define the function 


g = (to eo e HRT) e () L2 R; HRD) 


v>0 


and consider 


(9) Q-0 = 
grad 0 q 0 (12.2) 


yng (t) = g(t) for allt > 0. 


instead. 
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Theorem 12.3.1 Let v > max{vo, 0}, v Æ 0. Then (12.2) admits a unique solution 
O div 
ifp. 
(v,q) € H, (R: dom ( ee 0 ) ) 


Proof We start with the existence part. By Theorem 12.2.5, we find G € H (div, Q) 
such that y,G = 2; set G = $()G € H3(R; H (div, &2)). Consider the following 
evolutionary equation 


0 di 0 —divG 
BMC.) + (0 v) (P) = amaw S.) +( ^ Jj 


Note that the right-hand side is in H2(R; L2(Q) x L2(&)“). By Theorem 6.2.1, we 
obtain 


u\ 0 divo 0 —divG 
(*) = dt v M (tv) 3r es 0 ) (rao (^) E ( 0 ) 


€ HLR; L(Q) x LAVIN L;,(R: dom ( s 2) )). 


Indeed, since the solution operator commutes with 0; , and the right-hand side lies 


in H2, it even follows that (£) € H2(R; La (Q) x Lo(Q2)?). From the equality 
r 


0 divo u\ | 0 — divG 
(ouma F a À )) (£) = à M, y) ( 5) + ( ) 


it follows that 


(ee a) (‘) € Hy R; L(Q) x L2(2)"). 


Hence, 


; -1 
() e (1+ I p pa [HI R; L(Q) x L(2)"] 


caca (( t, $) 
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grad 0 


O div u 0 
(samo Ge) C2) 0) 


Sincer € Hl (R; dom(divo)), by Corollary 12.2.3 and Theorem 4.1.2 we obtain 


where the resolvent is well-defined since ( j P3 is skew-selfadjoint. Also, we 


deduce that 


Yn ((r 4- G)()) 2 yaG(t) =g) (ER). 


Hence, (u, r 4- G) solves (12.2). 
Next we address the uniqueness result. For this we note that a straightforward 
computation shows 


a -i1 
v = 0 divo 0 — div G 
(je (mom) (ene (2) C9) 


which coincides with the formula for (u, r + G). oO 


The upshot of the rationale exemplified in the proof is that inhomogeneous boundary 
value problems can be reduced to an evolutionary equation of the standard form 
with non-vanishing right-hand side. The treatment of inhomogeneous Dirichlet data 
works along similar lines. 


12.4 Abstract Boundary Data Spaces 


Of course inhomogeneous boundary value problems can be addressed for other 
domains Q than the half-space IR^-! x R.o. Classically, some more specific 
properties need to be imposed on the description of the boundary 3 Q. In this section, 
however, we deviate from the classical perspective in as much as we like to consider 
arbitrary open sets Q C Rf. For this we introduce 


BD(div) = {q € H (div, 2) ; divg € dom(grad), grad div q = q}, 


BD(grad) = fu € H! (Q); gradu € dom(div), div gradu = u} : 


By Proposition 12.2.4 and Exercise 6.7, these spaces are closed subspaces of 
H (div, 2) and H! (Q), respectively, and therefore Hilbert spaces. Indeed, 


BD(div) = Ho(div, Q) LA divo 
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and 
BD(grad) = Hi (Q) re», 


Now, we are in a position to solve inhomogeneous boundary value problems, where 
the trace mappings y and yn are replaced by the canonical orthogonal projections 
TBD(grad) ANd ztgp(aiv) respectively; see Exercise 12.4. We devote the rest of this 
section to describe the relationship between the classical trace spaces introduced 
before and the BD-spaces. In the perspective outlined here, there is not much of a 
difference between Neumann boundary values and Dirichlet boundary values. The 
next result is an incarnation of this. 


Proposition 12.4.1 We have 
grad[BD(grad)] C BD(div) and div[BD(div)] € BD(grad). 
Moreover, the mappings 


gradgp: BD(grad) — BD(div), 


ut> gradu 
and 


divgp: BD(div) — BD(grad), 
qth divg 


are unitary, and grad&y = divgp. 


Proof Let à € BD(grad). Then grad € H (div, Q) and div grado = 4. This 
implies divgradó € dom(grad) and graddivgrad ó = gradø, which yields 
grado € BD(div). Thus, gradgp is defined everywhere; interchanging the roles of 
grad and div, we obtain divgp is also defined everywhere. We infer divgp sradgp = 
IBp(grad) and gradgp divgp = lpp(aiv) and thus gradgp is bijective with gradgyn = 
divpp. It remains to show that gradgp preserves the norm. For this we compute 


(gradgp $, gradgp P apris = (grad $, grad $) n (div) 
= (grad $, grad Ø) z (Qj + (div grad $, div grad 9) ,,, (oj 
= (grad $, grad $) joya + (6. 9) p, (o) 


= (e. P) dom(grad) = (¢, ?) BD(grad) , 


which implies that gradgp is unitary. Hence, divgp = gradgi = gradi. o 
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It is also possible to show an ‘integration by parts’ formula analogous to (12.1) for 
the abstract situation: 


Proposition 12.4.2 Letu € H!(Q) and q € H (div, Q). Then 


(div q, u) p, (oy + (q. grad u) joya = (diva zBp(divd. TBD(grad)! Jr (raa) 
= (Bp (dvd. gradgp TBD (erad)"! pp aiv) - 

Proof We decompose u = uo + uy and q = qo + q1 with uo € Hj (2), qo € 
Ho(div, $2), u1 = TBD(graa) u and q1 = TBD divyg. Then we obtain 
(div q, u) Lo) + (4, gradu) z (oya 
= (divo go, u)r (Q) + (div q1, u) p,(oy + (qo. grad u) teoa + (q1, grad u) p, (oa 
= (qo. — grad u) z (oa + (div q1, u) p, (o) + (qo. grad u) z coa + (qi, grad u) p, (gà 
= (div qi. U0) L(Q) T (div qi. ul)rL,(Q) T (qi. grad UO) p (Q)? + (qi. grad u) p, (gy 
= (a1. — grado uo) (od + (div q1, ui)p, (gy + lq, grado 40], oa + (q1, grad uj) p, (o4 


= (div qi, ui) p,(o) + (q1, grad u1) p, (gà 


= (div q1, u1) p, (o) + (grad div qi, grad u1) (Qd = (div q1, 41) BD(grad) . 


The remaining equality follows from divgy = gradgp by Proposition 12.4.1. o 


In view of Proposition 12.4.2 the proper replacement of yn appears to be 
divgp ztBp(div) instead of just ztgp(aiv). Next, we show the equivalence of the trace 
spaces for the half-space and the abstract ones introduced in this section. 


Theorem 12.4.3 Let Q := R^! x Ryo. Then y\|ppcerad: BD(grad) — 
HIP? (Rd-!) and Ynlgp(iv: BD(div) > HV? (R-!) are unitary mappings. 


Proof We begin with yn. We have shown in Theorem 12.2.2 that ygs|pp(div) 
is continuous and in Theorem 12.2.5 it has been shown that ('alBp(div))- | is 
continuous. Also the two norm inequalities have been established. 

The injectivity of y |Bp(graa) follows from ker y = Hy (Q) by Corollary 12.2.3. 
All that remains simply relies upon recalling that H!/?(R4~!) is isomorphic to 
(ker yt with the orthogonal complement computed in H 1 (Q). oO 


12.5 Robin Boundary Conditions 


The classical Robin boundary conditions involve both traces, the Dirichlet trace y 
and the Neumann trace yn. To motivate things, let us again have a look at the case 
Q = R¢! x Ryo. We consider the boundary condition for given q € H (div, Q) 
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andu € H!(Q) 
yaq +iyu = 0, 
in the sense that 
(mg) = (iyu, v) i-) (w E€ HRD). 


Note that this is an implicit regularity statement as yaq € H-/"^(R4-1) is 
representable as an L2(IR¢~!) function. The next result asserts that an evolutionary 
O0 div 
grad 0 
boundary condition fits into the setting rendered by Theorem 6.2.1. In other words: 


Theorem 12.5.1 Let Q = R4-! x Ryo. Then the operator A: dom(A) C 
O0 div 
grad 0 


equation with a spatial operator of the type ( ) with the above Robin 


Lo(Q)d*! — Lo(Q)0*! with A C ( ) with domain 


dom(A) = |. q) € H'(Q) x H(div, Q); yaq + iyu = o] 


is skew-selfadjoint. 


Proof Let (u, q), (v, r) € H! (Q) x H (div, Q). Then, by (12.1) we obtain 


» divY fu ( ( 0 div r) 
grad 0 / \q/’\r T qj Ngrad O / Vr 
= (divq, v) + (gradu, r) + (u, divr) + (q, grad v) = (yaq) (yv) + (nr) (yu))* 


If, in addition, (u, g) € dom(A), we obtain 


e O10 G5 0) OD) 
q r q grad 0 r 
= (yng) (Vv) + (yar )(yu))* = (—iyu, yv) p, ri-n + (r) (yu) 
= (yu, iy v) p,qga-1) + (yar )(yu))* = (yv + yar )(yu))*. 
Since for every u € D, we find g € T such that (u,q) € dom(A), 
y[P] € (yu; 3q € H(div, 2): (u, q) e dom(A)}. 
Thus, the set on the right-hand side is dense in H !? (R17 !). This in turn implies 


that (vu, r) € dom(A*) if and only if iyv + yar = 0, and in this case we have 
A*(v, r) = —A(v, r). This implies that A is skew-selfadjoint. a 
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Remark 12.5.2 The factor i in front of yu is chosen as a mere convenience in order 
to render the corresponding operator A in Theorem 12.5.1 skew-selfadjoint. It is 
also possible to choose f € L(H!?(8Q)) with — Re 8 > 0 instead of i. Then one 
obtains for all U € dom(A) and V € dom(A*) the estimates Re (U, AU) > 0 
and Re (V, A*V) > 0. Appealing to Remark 6.3.3, it can be shown that the 
corresponding evolutionary equation 


(ðr vM (dtv) + A)U = F 


for a suitable material law M as in Theorem 6.2.1 is well-posed. 


Next, one could argue that in the case of arbitrary €2, the condition 
VrBD(grad)t + divgp 7ztgp(di)q = 0 (12.3) 


amounts to a generalisation of the Robin boundary condition just considered. 
However, this is not true as the following proposition shows. 


Proposition 12.5.3 Let u € H!(Q), and q € H(div, Q). Moreover, we set 
k: BD(grad) > La (RIH) with «v = yv for v € BD(grad). Then yaq + iyu = 0 
if and only if 


divgp ztgp(div)d + ik*k IBD (gradu = 0. 


Proof We first observe that kztgp(grad)w = yw for each w € H l (2). 
Assume now that yag + iyu = 0 and let v € BD(grad). Then we compute, using 
Proposition 12.4.2 and (12.1) 


(iK*KTBD(erad U, V) pp grad) s (ik zt BD (grad), KV) L Ri- = (iyu, Y U) L,(R4-1) 
= —(Yaq)(y v) = (— divq, v) LQ) + (~q, grad v) z, (gy 


= (- divBD 7'Bp(div)d USD (grad) ; 


which proves one of the asserted implications. 
Assume that divgp 7ppqiv)¢ + ik * KY BD(grad) = 0 and let v e H! (R4-!). 
We take w € H! (Q) with yw — v and compute 


(Qnq)(v) = (div q, w) LQ) + (q, grad W) p (Qd 
= (divgp TBD(div)4; YBD(grad) W) ap erad) 
= (—ik " Kk TBD(grad)s TBD (grad) U/) Bp (grad) 
= (—ikztBD(grad). KBD (grad) W) p (gd 


= (-iyu, V) p, (Rd-1) , 
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which shows the remaining implication. o 


12.6 Comments 


The concept of abstract trace spaces has been introduced in [86] in order to study a 
multi-dimensional analogue for port-Hamiltonian systems. Also concerning differ- 
ential equations at the boundary (so-called impedance type boundary conditions), 
the concept of abstract boundary value spaces has been employed, see [91]. 

A comparison between abstract and classical trace spaces has been provided 
in [37, 115] particularly concerning H~'/*(R¢—'). A good introduction for trace 
mappings for more complicated geometries can be found e.g. in [5]. The trace 
operator can also be suitably established for H (curl, €2)-regular vector fields given 
that €2 is a so-called Lipschitz domain, see [18]. 


Exercises 


Exercise 12.1 Let $ € CX (R), f € L;(R^). Show that 
Pe fixe | p(x — y) f(y) dy 
R4 


belongs to H! (R7) and that grad ($ x f) = (grado) * f. If, in addition, f € 
H!(R^) = dom(grad), then grad($ x f) = 4$ * grad f, where the convolution 
is always taken component wise. 


Exercise 12.2 Let Q C R? be open. Let f € L2(Q) and denote by T € L;(R4) 
the extension of f by zero. Let v € Rf, t > 0 and define f; :— f(-+ tv)|g. 


(a) Show that f; — f in Lo(Q) ast > 0. 
(b) Let now f € H!(Q) and Q -- zv C Q for all t > 0. Show that fr > fin 
H!(Q)as x > 0. 


Exercise 12.3 Prove Theorem 12.2.1. 


Exercise 12.4 Let 2 C R^ be open, M: dom(M) € C > L(L2(Q) x Lo(Q)^) 
with sp (M) < vo for some vo € R, c > 0 such that for all z € Cred.) we have 
RezM(z) 2 c, v > max(vo, 0} and v Æ 0. Show that there exists a unique 


(2) som (C, 0 ))) 
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satisfying 
0 div v 0 
dtv M (drv) + = on Q, 
grad 0 q 0 
TBD(grad) V(t) = H(t) f for allt € R, 


for some bounded $ € C% (R) with inf spt@ > —oo and f € BD(grad). 


Exercise 12.5 Let Q = R7! x Ryo. Show that there exists a continuous linear 
operator E : H! (Q) — H! (IR^) such that E(Q)|o = $ foreach $ € H(Q). 


Exercise 12.6 (Korn's Second Inequality) Let Q = R?! x Ryo. Using Exer- 
cise 12.5 show that there exists c > 0 such that for all $ € H!(Q)7 we have 


Dll gio < c (lollo + lIGrad elz (ax) - 


Thus, describe the space of boundary values of dom(Grad). 
Hint: Prove a corresponding result for Q = Rf first after having shown that 
ce (R4) forms a dense subset of both H!(Q)¢ and dom(Grad). 


Exercise 12.7 Let Q C R? be open. Compute BD(curl) := Ho(curl, Q2) +H (eun) 
and show that curl: BD(curl) — BD(curl) is well-defined, unitary and skew- 
selfadjoint. 
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Chapter 13 (f 
Continuous Dependence PEE 
on the Coefficients I 


The power of the functional analytic framework for evolutionary equations lies in 
its variety. In fact, as we have outlined in earlier chapters, it is possible to formulate 
many differential equations in the form 


(0;M(0;) + A)U =F. 


In this chapter we want to use this versatility and address continuity of the above 
expression (or more precisely of the solution operator) in M (3+). To see this more 
clearly, fix F and take a sequence of material laws (M,,),,. We will address the 
following question: what are the conditions or notions of convergence of (M;), to 
some M in order that (U,), with Un given as the solution of 


(ðr Mn (8j) T A) Un = F 
converges to U, which satisfies 
(0;M(0;) + A)U = F? 


In the first of two chapters on this subject, we shall specialise to A = 0; that is, we 
will discuss ordinary differential equations with infinite-dimensional state space. To 
begin with, we address the convergence of material laws pointwise in the Fourier- 
Laplace transformed domain and its relation to the convergence of material laws 
evaluated at the time derivative. 
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13.1 Convergence of Material Laws 


Throughout, let H be a Hilbert space. We briefly recall that a sequence (75), in 
L(H) converges in the strong operator topology to some T € L(H)ifforallx € H 
we have 


Tux > Tx (n> oo). 


(Ta)n is said to converge in the weak operator topology to T € L(A) if for all 
x,y € H we have 


(y, Tax) > (y, Tx) (n> oo). 


We denote the set of material laws on H with abscissa of boundedness less than or 
equal to vo € R by 


M(H, vo) = (M: dom(M) — L(A); M material law, sp (M) < vo}. 


Remark 13.1.1 Let vo € IR, v > vo. Then M(H, vo) is an algebra and M(H, vo) > 
M +> M(8,) € L(L2,,(R; H)) is an algebra homomorphism which is one-to-one 
by Theorem 8.2.1. 


Definition Let vo € IR. A sequence (My)nen in M(H, vo) is called bounded if 


sup || M; loo, Cre>v « oo. 
neN 


Theorem 13.1.2 Let vj € R, (Mj), in M(H, vo) be bounded. Assume that for 
all z € Cgezy, the sequence (Mn (z)), converges in the weak operator topology 
of L(H) with limit M (z) and let v > vo. Then M € M(H, vo) and Mn (ðt v) > 
M (ð; v) as n — oo in the weak operator topology of L(L2,y(R, H)). 

If, in addition, (M, (z))s converges in the strong operator topology of L(A) for 
all z € Cgez y, then, as n — oo, Mn (rv) — M(d;,y) in the strong operator 
topology of L(L»,, (R, H)). 


Proof Let zy € Cres, r € (0, Rezo — vo). For x, y € H, by Cauchy’s integral 
formula, we deduce 


1 . M, 
iy, Ms (zg)x) = zi], o MGR a EN. 
271 JaB(z.r) 2-20 


As (Mg), is bounded, Lebesgue’s dominated convergence theorem yields 


(y, M(z)x)n 


am dz. 
27iJ3B(z,r) ZZO 


(y, M(zo)x) = 
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Since 


I. MCOx)Ig € [lll Iyl sup I Malloo,Crevyy — (z € CRe>v): (13.1) 


neN 


(y, M(-)x) g is holomorphic in a neighbourhood of zo. By Exercise 5.3 we obtain 
that M: Cres) — L(H) is holomorphic. In fact, the estimate (13.1) even implies 
that M € M(H, vo). 

If z € CRe>v and (M; (z)), even converges in the strong operator topology, then 
the limit is clearly M (z). 

The convergence statements for (M, (8;,,)), (in the weak and strong operator 
topology) are then implied by Fourier-Laplace transformation. o 


Remark 13.1.3 In Theorem 13.1.2, it suffices to assume that (M, (z))n converges 
only for z belonging to a countable subset of Cres, with an accumulation point in 
Cres vo’ 


The next statement is essential for the convergence statement for “ordinary” 
evolutionary equations. 


Proposition 13.1.4 Let (Tn)n be a sequence in L(H) converging in the strong 
operator topology to some T € L(H) with 0 € („en P (Tn), SUPpeN | T | « oo 
and ran(T) C H dense. Then T is continuously invertible and (T; Bs converges to 
T- in the strong operator topology. 


Proof We set K = sup,cw | p |. We show that T is continuously invertible first. 
For this, let x € H. Then 


falus | isa] < KILxl- KITxl (n oo). 


Hence, T is one-to-one and it follows that ran(T) C H is closed. Hence, 0 € p(T). 
For x € H we conclude 


as (n — oo). o 


rcx — r^s] = | 


p T,)T~'x| <K |a = T,)T~'x| >0 


We are now in the position to obtain the first result on continuous dependence. 


Theorem 13.1.5 Let vo € R, (M;), a bounded sequence in M(H, vo), c > 0 such 
that for all n € N and z € Cre>v we have 


Re zMn(z) > c. 
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If (Mn (Z))n converges in the strong operator topology for all z € CRre>w then for 
the limit M (z2) we have M € M(H, vo) with RezM (z) > c for all z € Cres. and 
for v > vo we have 


(di, v Mn (r v))  — (drv MQ9)) 


in the strong operator topology. 


Proof By Theorem 13.1.2, we observe M € M(H, vo). Let z € CRe>v. Then 
we have RezM(z) = limp+oo RezMn(z) > c and hence zM (z) is continuously 
invertible. Since 0 € („en E(ZMn(z)) and | (Ma)! | < l/c by Proposi- 
tion 6.2.3(b), we deduce by Proposition 13.1.4 applied to Tp = zM,(z) that 
(zM,(2)-! — (zM(z))~! in the strong operator topology. By Theorem 13.1.2, 
for v > vo we infer (atv Mn (ðv) > (iv M(a,v)) ! in the strong operator 
topology. o 


13.2 A Leading Example 


We want to illustrate the findings of the previous section with the help of an ordinary 
differential equation. Also, we shall provide an argument on the limitations of the 
theory presented above. Let (Q, X, u) be a finite measure space. 

Note that for V € Leos(u) with associated multiplication operator V (m) as in 
Theorem 2.4.3 we have that 


M:ze dz V(m)e L(L2(u)) 


is a material law with sp (M) = 0 unless V = 0 (in case V = 0 we have sp (M) = 
— co). The corresponding evolutionary equation is given by 


drvu + V(m)u = f. 


We want to study sequences of material laws of this form; that is, material 
laws induced by sequences (Vn)n in Loo(). First, we provide the following 
characterisation of the convergence of multiplication operators. We recall that for 
a Banach space X the weak* topology o (X’, X) on X’ is the coarsest topology such 
that all the mappings X’ > x’ f x'(x) (x € X) are continuous. 


Proposition 13.2.1 Let (V;), in Loo(u) and V € Loo (mu). Then the following 

statements hold. 

(a) Va (m) > V (m) in L(L»(p.)) if and only if V, — V in Loop). 

(b) V,(m) — V (m) in the strong operator topology of L(L2(2)) if and only if (Vn) 
is bounded in Los (ju) and V, — V in Lı (p). 
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(c) Vam) — V(m) in the weak operator topology of L(L2(t2)) if and only if 
V, — V in the weak* topology o(Loo(H), Liw). 


Proof 


(a) This is a direct consequence of Proposition 2.4.6. 
(b) Assume V, — V in Lı (u) and that (V), is bounded in Loo(u). Then (V4 — V), 
is also bounded in Loo (ju). For f € Loo(u) € L(u) we obtain 


IV.) — Và) flu, = f Va = VP LPP du 
Q 
< sup Vn — Vll, qo Ifo f IVa — VI du > 0. 
neN Q 


Since Loo (u) is dense in L2(u) and (V, (m) — V (m)), is bounded by Propo- 
sition 2.4.6, we obtain V,(m) — V(m) in the strong operator topology of 


L(La(u)). 
Now, let V, (m) — V (m) in the strong operator topology of L(L2()). Then 
(V, (m)), is bounded in L(L2(2)) by the uniform boundedness principle. Now 
Proposition 2.4.6 yields boundedness of (V,), in Loo (u). Moreover, since 1g € 
L»(u), we deduce V, = V,(m)le > V(m)fgo = V in Lo(p). Since L2(2) 
embeds continuously into Lı (u) we obtain V, > V in Lı (u). 
(c) The assertion follows easily upon realising that $ € Lı (jz) if and only if there 


exists V1, Y2 € La(u) such that $ = vivo. o 


With the latter result at hand together with the results in the previous section, we 
easily deduce the next theorem on continuous dependence on the coefficients. 


Theorem 13.2.2 Let (V,), in Loo (u) be bounded, V € Læ(u), and V, — V in 
L, (2). Then there exists v > 0 such that 


(arv + Vi(m)) ! — (drv + Vm) | 


in the strong operator topology of L (Loy (R; L2())). 
Note that the convergence statement can be improved, see Exercise 13.3. 


Proof By Proposition 13.2.1(b) we obtain V,(m) — V (m) in the strong operator 
topology of L(L2(w)). Note that for v > 1 + suppen || Valley we have 


Re(z4-V,(m) 21 (z € Cre>v, ne N). 


Now Theorem 13.1.5 applied to M, (z) = 1 + z7! V, (m) yields the assertion. o 
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Remark 13.2.3 Theorem 13.2.2 can be generalized in the following way. Let (Bn )n 
in L(A), B € L(A), B, — B in the strong operator topology. Then there exists 
v > O such that 


(8r, v + Bn) | => (div + B) 


in the strong operator topology of L (L2,v(R; L2())). 


In Theorem 13.2.2 we assumed strong convergence of the sequence of multiplication 
operators (V,,(m)),. A natural question to ask is whether the stated result can be 
improved to (V), converging in the weak* topology o (Loo (n), Li w) only. The 
answer is neither ‘yes’ nor ‘no’, but rather ‘not quite’, as we will show in the 
following. We start with a result on weak* limits of scaled periodic functions, 
which will serve as the prototypical example for a sequence converging in the weak* 
topology of Loo. 


Theorem 13.2.4 Let f € Lo; (R^) be [0, 1)^-periodic; that is, 
fC+H=f (eZ). 
Then 


fn) f , f(x) dx1pa 
[0,1) 


in the weak* topology e (Los (R^), Li (R*)) as n — oo. 


Proof Without loss of generality, we may assume Jo, Tz f(x)dx = 0. By the 


density of simple functions in Lı (R4) and the boundedness of ( f (n-))n in Loo (RI), 
it suffices to show 


i finx)dx — 0 (n> oo) 
Q 


for Q = [a,b] = [ai bi] x ... x [aq, ba] where a = (ai,...,aq), b = 
(bi, ..., ba) € R?. By translation and the periodicity of f we may assume a = 0. 
Thus, it suffices to show 


f f(nx)dx —0 (n> oo) 
[0,b] 
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for all b € (0, 00)”. So, let b = (bi, ..., bg) € (0, 00)”. Let n € N. Then we find 
zE Nd and ¢ c [0, 1)7 such that nb = z + t. We compute 


f f (nx) dx 
[0.5] 
1 
=- f(x)dx 
[0,nb] 
1 1 
=o f(x) dx + —; f (x) dx. 
[0.21] x [0,052] x ... X [0,54] n (zi zi ]x[0.5nb5]x ... x [0,54] 


We now estimate 


f(x) dx 


1 
< zf. |f QI dx 


| 
na (z1;z1+¢1]x[0,nb2]x...x[0,nb4] z1:Z1 +¢1]x[0,nb2]x...x[0,nb4] 


^ 

X — dx || f] r 

` nf J.pxpo;nbo]x.. x [0;nba] ue 
1 
c Mit -ba Iflg: 


Continuing in this manner and using z; < nb; forall j € {1,..., d}, we obtain 


f f (nx) dx alf f(x)dx 
[0,b] 


Since f is [0, 1)4-periodic and z € Nd we observe 


< 


Y bis 
+ Y —— 21 Flew: 


j=1 


d 
dx = j dx = 0. 
[fo x Hs ls F(x) dx 


Thus, 


pp Sei) NT 
<3 Lost) * 


j=l 


d. f (nx) dx 


which tends to 0 as n — oo. oO 


Remark 13.2.5 Note that Theorem 13.2.4 also yields 


fea 1 F(x) dxlo 
[0,54 
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in the weak* topology o (Loo (Q), L(€2)) for all 
non-zero Lebesgue measure. 


measurable subsets Q C IR with 


We now present an example which shows that weak* convergence of (V), does not 


yield the result of Theorem 13.2.2. 
Example 13.2.6 Let (Q, X, u) = ((0, 1), B((0, 


1)), Al(o,1)). For n € N let V, be 


given by V,(x) := sin(2ztnx) for x € (0, 1). Then, by Theorem 13.2.4, we obtain 


V, — Oin BE aat (0, 1), L1((0, 1))) asn — oo 
is continuously invertible as an operator in Lz, ( 


. Let v > 1. Then (3; + V, (m)) 
R; L2((0, 1))). Let f € C([0, 1) 


and denote f: t — 1,5) (t) f. Then f € L2, (| 
L,»(R; L2((0, 1))) of 


R; L2((0, 1))). The solution uy, € 


(div + Vn (m))un =f 


is given by the variations of constants formula; th 


at is, 


t 
un(t, x) = typ.) f exp ( — (t — s) sin(2znx)) ds f (x) (t € R, x € (0, D). 
0 


Thus, if a variant of Theorem 13.2.2 were true 
converge (in some sense) to the solution u of 


Of, vu = f; 


which is given by 


also in this case, (un)n needs to 


u(t, x) = lio, (tt f(x) (t €R,x e (0,1). 


However, by Theorem 13.2.4, for x € (0, 1) we deduce 


t t 
Í exp ( — (t — s) sin2znx)) ds > f J(-(t—s)ds (n —> oo) 
0 0 


in &(Los((0, 1)), L1((0, 1)) for each t > 0, where 


1 
J(s):— y exp (s sinzx)) 
0 


dx (sem) 
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denotes the 0-th order modified Bessel function of the first kind, cf. [1, p. 9.6.19]. 
Moreover, for o € CX (IR), A € B((0, 1)) and using dominated convergence we 
obtain 


(un, PLA) L, (R; L((0, 1) 


[o9] 1 t 
= A f f exp (— (t — s) sin(2znx)) ds f (x)* 14 (x) dxe(r)e ?" dt 
0 0 0 


oo 1 t 

>f f f J(—(t —s)) ds Fœ)" 14 (x) dxg(De 2" dt 
0 0 0 

= (X, 914), (gu L2(0,1)) 


with 
t 
u(t, x) = tia | J(-(t — s)) ds f (x) (t € R, x € (0, 1)). 
0 


Since (u,), is bounded in L5,(R; L2((0, 1))) and, by Lemma 3.1.9, the set 
lo14;: A € B((0,1), e € CC? (R)] is total in Lo, (R: L2((0, 1))), we infer 
Un — ü weakly in L2, (R; L2((0, 1)) as n — oo. In particular, © +Æ u. 
Furthermore, i is not of the form 


t ~ ~ 
Í exp ( — (t — s)V(x)) ds f (x) 


for some V € Loo ((0, 1)) and hence, we cannot hope for i to satisfy an equation of 
the type 


(ay + Vim))a = f. 


As we shall see next, in the framework of evolutionary equations it is possible to 
derive an equation involving suitable limits of (V4), and f as a right-hand side. 


13.3 Convergence in the Weak Operator Topology 


In this section, we consider a particular class of material laws and characterise 
convergence of the solution operators of the corresponding evolutionary equations 
in the weak operator topology. The main theorem that will serve to compute the 
limit equation satisfied by # in Example 13.2.6 reads as follows. 
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Theorem 13.3.1 Let H be a Hilbert space, (Bj), a bounded sequence in L(H) and 
v > suppen ll Bull. Then (O + Bn)'), converges in the weak operator topology 
of L(L2,)(R; H)) if and only if for all k € N the sequence (BE), converges in the 
weak operator topology of L(H). In either case, we have 


oo 
(By + Ba)! Y (- 8:1 Ceap 
k=0 


in the weak operator topology of L(L»,, (IR; H)), where Cy € L(H) denotes the 
weak limit ar (BE)n fork € N and Co = lg. 


Remark 13.3.2 In the situation of Theorem 13.3.1, let BF — Cy in the weak 
operator topology for all k € N. Let L :— sup,c.wl|B,l, v > 2L, and f € 
Lao ,(R; H). By Theorem 13.3.1, if (9j, + B,)u, = f forall n € N, then 
(Un)n converges weakly in L2,(R; H) to some element 7 € L2 „(R; H). In 
order to determine the differential equation satisfied by 7, we make the following 
observations: by weak convergence, 


Cl < lim inf | 5| x. 


Hence, since 9,1 


, < 1 (see Sect. 3.2) we infer that 
2,v 


converges in L(L» , (R; H)) and 


»(-9$)c|«» a| Ie < DO = L 


k=1 


tv 
k=1 k=1 


Hence, since Cy = 1g we deduce that b3 ut ( — d Ck is boundedly invertible 
by the Neumann series. Thus, we obtain 


oo " t oo oo " t 
>> (- a) cı) u = mitn (E) cı) ü. 
k=1 


t=1 k=1 


Before we prove Theorem 13.3.1 we revisit Example 13.2.6. 
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Example 13.3.3 (Example 13.2.6 Continued) By Theorem 13.3.1, we need to 


compute the limit of (sin* (Q2zn-)), in the weak* topology of Loo((0, 1)) for all 
k € N. By Theorem 13.2.4, we obtain for all k € N 


1 
lim sin*(2zn-) = f sin’ (27) d£ 10,1) 
n—oo 0 


(2m)! 


Gn? LO.) k = 2m for some m e N, 
0, k odd, 


in (Loo (0, 1)), L1((0, 1))). Hence, un — ù weakly, where i satisfies 


~ —2 : ~ 
ves (- D r BBs) was 


l=1 m=1 


for v > 2 by Remark 13.3.2. 


Proof of Theorem 13.3.1 Before we prove the equivalence, we make some obser- 


vations. Since v > sup, en || Bn|| =: L, by a Neumann series argument we deduce 
that 
DX k > k 
= -1 -1 —1)k pka-1 
(8i, + Bn) = 0 (- 4) Br) à, y = (-à4) B,0, v- 
k=0 k=0 


The series E ( — 3/1) BÀ ay is absolutely convergent in L(L» , (IR; H)). Also 
note that for M,: CRe>L 3 Zt uo C DEBE we have M, € M(H, v). 

Assume now that (BK )n converges in the weak operator topology to some C; for 
all k € N. A little computation reveals that as n — oo, 


S qud 
M,e) > J. (-2) Ck- = M(z) (x € Cre>L) 
k—=0 Z Z 


in the weak operator topology, where the series on the right-hand side converges in 
L(H) since 


Cell < liminf | BK| < L^. ken). 


Moreover, since v > L, the sequence (M,,), is bounded in M(H, v) and thus, 
M € M(H, v) and 


Mn (ðt, v) > M (ði v) 


in the weak operator topology by Theorem 13.1.2. 
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Now, we assume that (rv + B. converges in the weak operator topology. 
Then (M, (8;,,)), converges in the weak operator topology. Let k € N. We need 
to show that for all $, v € H the sequence (o. Bk y) yn is convergent to some 
number cx,¢,y as n —> oo. The Riesz representation theorem then yields the 
existence of Cy € L(H) with (6, Cyy) = ci,$,y. So, let 6, Y € H. Moreover, 
we consider the functions m, and hy given by 


mn (z) = Y coe. Biv) (z € BO, 1/L), n €N) 


k=0 
and 


oo 


1 
hs) = (Ø, Ms GV) Xi) (o. Bi), e Cei n EN). 


k=0 


Clearly, m; and ^; are holomorphic on their respective domains for each n € N and 
the sequences (75), and (hy), are uniformly bounded on compact subsets (in other 
words they form normal families). Moreover, 


my(z) = m (7) (z € B(1/(2L), 1/QL)). n e N). 


We aim to show that the coefficients of the power series of m, converge as n tends 
to infinity. The proof will be done in two steps. In step 1, we will prove that the 
sequence (hy), converges to a holomorphic function h: CRe>ų — C uniformly 
on compact sets. Then, in the second step, we will use this to deduce that (m), 
also converges uniformly on compact sets and prove the assertion with the help of 
Cauchy's integral formula. 


Step 1: By Proposition 5.3.2, (M, (im + v)), converges in the weak operator 
topology of L(L2(R; H)). For f, g € L2(R) we thus obtain that 


( Cf. ha m + v)g) ras ), = (C£. Ms Gm + )gV) rq. n ),, 


is convergent. Thus, using L2(R) - L2(R) = L4(IR), we obtain that 


V:Lji(R)Surc lim (J hn (it + v)u(t) 2 ec 
n—oo R 
defines a linear functional, which is continuous, since 


sup E | Mn Gt + v)|l rua = sup IMs Gm + v)l rir, m < o9 
ncN tem neN 
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by boundedness of (B,),. Hence, since Lı (RY = Loo(R), we find a unique 
h € Los (R) with 


lim f h Git + v)u(t) dt = Í h(t)u(t) dt (ue LR). 
n— oo R R 


We now show that every subsequence (hp, )x of (Ay), has a subsequence (Any, ) 
which converges locally uniformly to a holomorphic function ^: Cpe, — C 
such that h(1- +v) = h a.e., and that this implies that the limit A does not 
depend on the subsequences. Then we conclude that (hy), itself converges 
locally uniformly to h. 

So, let (A, ) be a subsequence of (hn). By Montel’s theorem (see [104, Theorem 
6.2.2]), we find a subsequence (ny, )i of (h,,)y such that hn, > hasl > 
oo uniformly on compact subsets of Cresz for some holomorphic function 
h: CRe>z — C. In particular, we obtain 


lim hn, Gt + v)g(t) dt = a h(üt + v)e(t) dt (e € Cc(R)) 
100 JR l R 

by dominated convergence and hence, h(it + v) = h(t) for almost every t € R. 
This shows that the limit ^ is independent of choice of the subsequences (hn, )x 
and (ny, )i. Indeed, if h: Caes r — C is the limit of another subsubsequence of 
(hn)n as above, then h---v) =h= h(-4-v) a.e. Since h and h are holomorphic, 
the identity theorem yields h=h. 

Now, assume for a contradiction that (h,),, does not converge locally uniformly 
to h. Then we find a subsequence (hy, )x of (An)n, a compact set K C Cre>L 
and € > 0 such that 


|l hl. 2E KEN). (13.2) 


However, the subsequence (hy, )x has a subsequence (hny )ı which converges 
locally uniformly to A, contradicting (13.2). Thus, (An )n itself converges locally 
uniformly to h, and, in particular, hn — h pointwise on Cres L. 

Step 2: By what we have shown in Step 1, the sequence (mj),ew converges 
pointwise on B(1/QL), 1/QL)). Since (mj), is also uniformly bounded on 
compact subsets of B(0, 1/L), we derive that (m), converges uniformly on 
compact subsets of B(0, 1/L) by Vitali's theorem (see [104, Theorem 6.2.8]). 
Choosing 0 « r < 1/L, we thus obtain by Cauchy's integral formula 


1 n 
ess, eco [Mea 


271 B(O,r) Z 


Thus (B®); converges in the weak operator topology as n — oo. o 
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13.4 Comments 


The problems discussed here are contained in [133, 138] for both the weak and 
the strong operator topology. The case of differential-algebraic equations has been 
invoked as well. 

The appearance of memory effects; that is, the occurrence of higher order integral 
operators due to a weak convergence of the coefficients has been first observed 
by Tartar and can, for instance, be found in [113]. The limit equation, however, 
is described by a convolution term rather than a power series of integral operators. It 
is, however, possible to reformulate these resulting equations into one another, see 
[135]. 

The last characterisation of weak convergence in Theorem 13.3.1 was formulated 
for the first time in [89]. 


Exercises 


Exercise 13.1 Let (V), in Loo(R®) and V € Ls, (R). Characterise convergence 
of V,(m) — V(m) in the strong operator topology of L(L2(R@)) in terms of 
convergence of (V,), similar to as was done in Proposition 13.2.1. 


Exercise 13.2 Show that there exists an unbounded sequence (V,), in Loo((0, 1)) 
and V € Lo ((0, 1)) with V, — V in L;((0, 1)). 


Exercise 13.3 Let (Q, X, jz) be a finite measure space, (V,) a bounded sequence 
in Læ(u) and assume that V, — V in Lı(u) for some V € Lalu). Show that 
there exists v > 0 such that 


(rv + Vim) ! > (8, + V(m)) ! 


in the strong operator topology of L(Lz,,(R; L2()), H} (R; L2(u))). 


Exercise 13.4 Let D = (U) ez [n + 1/2, n + 1], V, :— 1p(n-). For suitable v > 0 
compute the limit of 


(rv + V. (m) !), 


in the weak operator topology of L» (R; L»((0, 1))). 


Exercise 13.5 Let H be a Hilbert space, c > 0 and c € B, = B; € L(H) for all 
n € N. Characterise, in terms of convergence of (B, ), in a suitable sense, that 


(rv B5) !), 
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converges in the weak operator topology. In the case of convergence, find its limit 
and a sufficient condition for which there exists a B € L(H) such that 


(&,,B,) ! > (3,8) 1 


in the weak operator topology. 


Exercise 13.6 Let H be a Hilbert space. Show that Bry) = {Be L(H); 
|| B|| < 1} is a compact subset under the weak operator topology. If, in addition, H 
is separable, show that B; (7) is also metrisable under the weak operator topology. 


Exercise 13.7 Let H be a separable Hilbert space, (B), in L(H) bounded. Show 
that there exists a subsequence (B,,)x of (Bn)n, a material law M: dom(M) > 
L(H) and v > 0 such that given f € L2 ,(IR; H) and (ux), in Lo, , (R; H) with 


ðt vlk + Bn, uk = f (ke N), 


we deduce that (ug)g converges weakly to some u € L2, (R; H) with the property 
that 


0; vM (ðr, v)u = f. 
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Chapter 14 ® 
Continuous Dependence PEE 
on the Coefficients II 


This chapter is concerned with the study of problems of the form 
(8i, v Mn (ðr, v) + A) Un, =F 


for a suitable sequence of material laws (Mn), when A # 0. The aim of this 
chapter will be to provide the conditions required for convergence of the material 
law sequence to imply the existence of a limit material law M such that the limit 
U = lima Un exists and satisfies 


(rv M (8j) t A) U — F. 


Additionally, for material laws of the form M, (3i, v) = Mon + a Min it will be 
desirable to have the respective limit material law satisfy M (ð; v) = Mo + any Mı 
for some Mo, Mı € L(H). This cannot be expected (as we have seen in the guiding 
example in the previous chapter) if A is a bounded operator, the Hilbert space H is 
infinite-dimensional, and the material law sequence only converges pointwise in the 
weak operator topology. It will turn out, however, that if A is "strictly unbounded" 
then a suitable result can hold, even if we only assume weak convergence of the 
material law operators. 


14.1 A Convergence Theorem 


The main convergence theorem of this chapter will be presented next. 
Theorem 14.1.1 Let H be a Hilbert space, vo € R, (My), in M(H, vo) and M € 
M(H, vo). Assume there exists c > 0 such that for all n € N we have 


RezM,(z22c (ze CRe- v). 
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Let A: dom(A) € H — H be skew-selfadjoint and assume dom(A) —> H 
compactly. If M a(z) > M(z) asn — œ in the weak operator topology for all 
z € Cresiy, then 


(8, M, +A) | > (& M) A) | 


in the strong operator topology of L(L» (IR; H)) for each v > vo. 
For the proof of this theorem, we need a lemma first. 


Lemma 14.1.2 Let H be a Hilbert space, A: dom(A) C H — H skew- 
selfadjoint, c > 0, (T5), in L(H) with Re T, > c for all n € N, and T € L(A). 
Assume dom(A) <> H compactly and T, — T in the weak operator topology. 
Then 0 € nen p (Ta + A) N p(T + A) and 


(Int A) > (T+ Ay! 


in the norm topology of L(H). 


Proof From Re T, > c it follows that 0 € p(T, + A) (n € N) and ((T, + A) ), 
is bounded in L(H). Indeed, since B := T, + A satisfies ReB = ReT, 2 c 
and dom(B) = dom(A) = dom(B5*) due to the skew-selfadjointness of A, 
Proposition 6.3.1 yields the assertion. Moreover, since 


A(T, + Ay 1 2 1- Ta (Ta +A)! 


for all n € N, it follows that ((Tn + A) D, is also bounded in L(H, dom(A)) by 
the boundedness of (7T,), in L(H). Due to the convergence of (75); to T, it follows 
that Re T > c, and thus, (T + A)~! € L(H, dom(A)). Before we come to a proof 
of the desired result, we will prove an auxiliary observation. 


Claim: for all (fy), in H weakly converging to f, we have (T, + A)! f, > 
(T + A)! f in the norm topology of H. 


For proving the claim, let ( f;), in H be weakly convergent to some f. Consider 
Un ‘= (Ta + A) | fy. Then (uj), is bounded in dom(A), since (T, + A) !), 
is bounded in L(H,dom(A)) and (f,;), is bounded in H. Hence, there exists 
a subsequence (u;,)y which weakly converges to some u in dom(A). Since 
dom(A) <> H compactly, we infer un, — u in the norm topology of H. Hence, in 
the equality 


Tn, Un; + Aun, = Jar» 


as Ta, — T in the weak operator topology and un, — u in H, we may let k — oo 
and obtain for the weak limits 


Tu + Au — ff; 
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that is, u = (T + A)! f. Having identified the limit, a contradiction argument 
(here a so-called ‘subsequence argument’, see Exercise 14.3) concludes that (u;); 
itself converges weakly in dom(A) and strongly in H to u. Thus, the claim is proved. 

Next, assume by contradiction that ((Tn + A) !), does not converge in operator 
norm to (T + A)~!. Then we find an £ > 0 and a strictly increasing sequence of 
integers, (ng), and a sequence of unit vectors ( f;,); in H such that 


| AX" f = C +A fin | > e (14.1) 


By possibly taking another subsequence, we may assume without loss of generality 
that ( In) , converges weakly to some f € H. By the claim proved above, we 


deduce (Th, +A)! fa > (TAY! f and (TA)! f, > (TAUF, 
both in the norm topology of H as k — oo. Thus, we may let k — o in (14.1), 
and obtain the desired contradiction. H 


Proof of Theorem 14.1.1 By Theorem 13.1.2 it suffices to show that for all z € 
CRe- v, 


(Mn) +A)! > (GM()9- A)! (n > oo) 


in the strong operator topology. This, however, follows from Lemma 14.1.2 applied 
to Ty = zMn(z). oO 


Remark 14.1.3 Note that we only used convergence in the strong operator topology 
in the proof of Theorem 14.1.1. However, the assertion in Lemma 14.1.2 is about 
convergence in the norm topology. The reason that we cannot assert the convergence 
claimed in Theorem 14.1.1 in the norm topology is that the compact embedding of 
dom(A) < H only works locally for fixed z, and not uniformly in z. This situation 
can, however, be rectified. We refer to Exercise 14.1 for this. 


14.2 The Theorem of Rellich and Kondrachov 


In order to apply Theorem 14.1.1, we need to provide a setting where the condition 
on the compactness of the embedding is satisfied. In fact, it is true that H! (Q2) 
embeds compactly into L2(Q) given Q C R^ is bounded and has ‘continuous 
boundary’, see e.g. [5, Theorem 7.11]. In this chapter, we restrict ourselves to a 
proof of a less general statement. 

A preparatory result needed to prove the compact embedding theorem is given 
next. 


Proposition 14.2.1 Let I C R be an open, bounded, non-empty interval. Then 
the mapping H'(R) > f œ> f|; € H!(I) is well-defined, continuous and onto. 
Moreover, there exists a continuous right inverse H!(I) > H! R). 
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For the proof of this proposition, we need an auxiliary result first. 


Lemma 14.2.2 Let Q C RR? be open and connected. Moreover, letu € H'(Q) with 
gradu = 0. Then u is constant. 


We leave the proof of this lemma as Exercise 14.2. 


Proof of Proposition 14.2.1 The mapping H!(R) > H!(I), f — f|; is readily 
confirmed to be continuous. It remains to prove that it is onto. Let Z = (a,b), 
u € H! (I) and define the function v by 


t 
v(t) af ðu(s)ds (t € (a, b)). 


Clearly, v € L2((a, b)) and we compute for each o € C7? ((a, b)) 


b t * b eb 
bries | (/ duis) ds) voa | f gy’ (t) dt ðu(s)* ds 


= — (ðu, P) p, (a,b) - 


This shows v € H'((a, b)) with àv = du. Hence, by Lemma 14.2.2 there exists a 
constant c € C with u = c + v. We now define f by 


0 ifft c«a—lort-b-4 1, 

ct -- c(1— a) ifa-—l<t<a, 
fO= 

u(t) ifa <t <b, 


—(c + v(b)t + (cr wb))lctb) ifb<t<b+l. 


We then easily see that f € H! (R) and clearly f l(a,b) = u. In order to see that 
u > f is continuous, we need to establish that the value c depends continuously on 
u. This, however, follows from the estimate 


1 b A 1 
|c| = =a (J eP) < Tena "leb + vll roca.) 
= ^ = 


1 
< Tena Milles + (b — a) ðu] L a,b) 
P J2 max{1, (b — a)} Iul " 
SO Illu " 

Jb —a@ H(a,b) 
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Theorem 14.2.3 Let I C R be an open bounded interval. Then HI) > L(I) 
compactly. 


Proof By Proposition 14.2.1, we find a continuous mapping E: H! (1) > H! (R) 
such that for all u € H! (I) we have E (u)|; = u. Moreover, by Exercise 4.3 the 
mapping H!(IR) — C!/?(R) is continuous. Thus, 


HDS gu qq e CŒ > c), 


is a composition of continuous mappings, where the last mapping is the restriction to 
I. Since C!? (I) — C(I) compactly by the Arzelà-Ascoli theorem, and C(I) — 
L(I) continuously, we infer H!(I) — La(1) compactly. o 


We now have the opportunity to study the limit behaviour of a periodic mixed type 
problem. 


Example 14.2.4 (Highly Oscillatory Problems) Let sı,s2: R — [0,1] be 1- 
periodic, measurable functions. Then for v > 0, we set 


m. sı(nm) 0 1 — sı (nm) (0) 09 
ee Lo ( 0 oa) u ( 0 i= os] i Es o) , 


where 0 = div and 09 = grado are regarded as operators in L2((0, 1)) with 

respective domains H'((0, 1)) and Hy (0, 1)) Then, by Theorem 14.2.3, the 

operator A :— (; o) satisfies the assumptions of Theorem 14.1.1. Moreover, 
o 


Theorem 13.2.4 implies that the remaining assumptions of Theorem 14.1.1 are 
satisfied. Hence, we deduce that (S 9 converges in the strong operator topology 
on L(L»,,(R; L2((0, 1)))) to the limit 


1 1 i 
1- 
à. Jo 5] ? " Ja 51 1 4 (5 3 
0 hh 52 0 1— iF Ky) do 0 


Next, we aim to provide an application to more than one spatial dimension. For this, 
we will also need a corresponding compactness statement. This is the subject of the 
rest of this section. 


Theorem 14.2.5 (Rellich-Kondrachov) Let Q C R4 be open and bounded. Then 
Hy (Q) —. L2(&) compactly. 


Proof Without loss of generality (by shifting and shrinking of Q and extending by 
0), we may assume that Q = (0, 1)“. We carry out the proof by induction on the 
spatial dimension d. The case d = | has been dealt with in Theorem 14.2.3. Assume 
the statement is true for some d — 1. Using that Cg°((0, 1)4) is dense in Hy (0, 1)), 
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we infer the continuity of the injection 


R: Hg ((0, 7) > H' (R; L2((O, 0475) N L2(R; Hg (0, 0475) 
$ e (th (wh o(t,o))), 


where we identify $ with its extension to R by 0. The range space is endowed with 
the usual sum scalar product. 

Let ($,), be a weakly convergent nullsequence in Hy (Q0, 1)4). In particular, 
(Rén), is bounded in H! (R; L2((0, pé and hence, it is also bounded in 
Cb (R; L2((0, 15 by Theorem 4.1.2 (and Corollary 4.1.3); that is, 


sup Pn (t, 2I p, (0,1171) « oo. (14.2) 
te[0, 1], neN 


Let f € L2((, 17). Then ($n, f)n given by 
Qn. f E (Ont), f) pq, 471) 


is a weakly convergent nullsequence in H ! ((0, 1)). We obtain by Theorem 14.2.3 
that gn, ; — 0 in L2((0, 1)) as n — oo. By separability of L2((0, 1)4~!) we find 
D C L2((0, 134-5) countable and dense, a subsequence (again labeled by n) and a 
nullset N C R such that $,, f(t) > 0 for all t € R\N and f € D as n > oo. 
By (14.2), we deduce n, (t) — O for allt € R\N and f € L2((0, 14^!) 
as n — œ, or, in other words, $,(t,-) — 0 weakly in L2((0, pc-5 for each 
t € RAN asn — oco. 

Next, we show that there exists a nullset N C N4 C R such that $,(r, -) > 0 
in L2((0, 1)47) for all t € RV Mj. For this, since (Ró), in L2 (R; Hd (0, 147!) 
is bounded, we find a nullset N € Nj C R such that ($5 (t, -)), is bounded 
in HÈ((0, ^7!) for all £ € R \ Ni. Let t € R X Ni. Then there exists a 
further subsequence (Øn, (t, -))x which converges weakly in Hy ((0, p By the 
induction hypothesis, ($5, (f, -))n, converges strongly in L2((0, DiS, and since 
we have already seen that it is a weak nullsequence in L2((0, DID), we derive 
on, (t, -) — 0 in L2((0, He. By a subsequence argument we derive that 


$,(,-) > 0 


in L2((0, 1775) for allt € R \ Nj. 
Now, for n € N we deduce 


1 
Ike con) f. Wnts Me (e ion dr 


where we have used dominated convergence, which is possible due to (14.2). o 
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14.3 The Periodic Gradient 


In this section we investigate the gradient on periodic functions on R7. Throughout, 
we set Y := [0, i". 


Definition (Periodic Gradient) We define 


CRW) = {dlrs ee CPR), oco = 6 ez] 


and 
grad, v: C£? (Y) € L(Y) > Loy? 
dt grad $. 
Moreover, we set div; :— — grad? „ and grad, := — div; = grad, oo- 


Remark 14.3.1 The operators just introduced can easily be shown to lie between 
the operator realisations we have introduced in earlier chapters. Indeed, it is easy to 
see that 


divo € div; and grad, C grad, 
and, consequently, we also have 
grad, C grad and div; C div. 
The corresponding domains for the operators grad, and div; will be denoted by 
H} (Y) and H;(div, Y), respectively. 
For the next results, we define the periodic extension operator. For $ € L2(Y)” 
we put 


pe (x +k) = x) 


for almost every x € Y and all k € Z4. 
We start with the following two observations. 


Lemma 14.3.2 Let f € L2(Y) and (oy) be a 5-sequence in Cz? (R^) (cf. Exer- 
cise 3.1). Define 


Sk = (Pk * foe)ly (k € N). 


Then fk € CP (Y) for each k € Nand fy — f in Lo(Y) ask > oo. 
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Proof lt follows as in Exercise 3.2 that px * fpe is in C?^. Moreover, one easily sees 
that px * fpe is [0, 1)¢-periodic, and hence, f, € CY) for each k € N. For the 
convergence we observe 


(px * (Ly 50,0 fpe)) (X) = fka) (c € Y, EN). 


Moreover, by Exercise 3.2 we have px * (Ly+3(0,1) fpe) > Ly+B00,1) fpe in L2 (R4) 
as k — oo, and thus, 


fk = (Pk * (Ly+B0,1)fpe))ly > Ay+sonfpdly =f (k—09) inL). O 
Lemma 14.3.3 Ce (Y)? is a core for div;. 
Proof First we note that CP) C dom(div;). To see this, for @ € Cry), We 
cry we compute 

(grado, V); (ya = f (grad (x), Y(x)}ga dx = -f $ (x)* div Y (x) dx 

Y Y 
= ($, — div V); y, 

by integration by parts (note that the boundary values cancel out due to the 


periodicity of $ and V). Now, let q € dom(div;) and (px), be a ó-sequence in 
C? (RI). For k € N we define 


qk = (Pk * qpe)lv. 
and obtain qx € cz qn and qx > q in Lo(Y)7 as k — oo by Lemma 14.3.2. It 
is left to show that div qx — div; q in L2(Y) as k — oo. For doing so, we show 


that div qg; = (ox * (div; q)pe)lv. which would then yield the assertion again by 
Lemma 14.3.2. So, let k € N and $ € Cry). We compute 


(aw ead Orson =f (f. prar — 3) dy, grado) dx 
Y R4 K4 
= i ex) J lage (x — y), grado (y dx dy 
R4 Y 
= Í px Cy) i (dpe(x), (grad $)pe x + y))a dx dy 
R4 Y-y 


= Í pi? f (q(x), (grad d)pe (x + y) dx dy 
R4 Y 
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= 1 e) f (aco. (grad ópe - + Y))(X))yea dx dy 
= -f zy (div; g(x), Ppe(x + y))ga dx dy 
Rd Y 


Z= L Pky) Í. ((div; q)pe(x — y), dbpe(X)) ea dx dy 
= — ((ox * (div; q)pe)lv. $) y) > 


where we have used periodicity as well as ópe(- + y) € Cr (Y). oO 


Remark 14.3.4 The proof of Lemma 14.3.3 reveals that every q € ker(divy) can be 
approximated by elements in C "a (Y y N ker(div;). 


Proposition 14.3.5 Let Q C R4 be open, bounded, u € Hi Y )andq € 
H;(div, Y). Then upe|o € H'(Q), qpel € H (div, Q) and 


grad (upe|o) = (grad; u) „lQ and div (qpela) = (div; 4),, lo. 
Proof Let first ọ € Cr (Y). Then by definition pe € C% (R) and we easily see 
grad $pe = (grad @)pe = (grad, P)pe- 


Moreover, since $2 is bounded, we infer dpe € H 1(Q). By definition of HAY ) we 
find a sequence (x) xen in Cy Q) such that ø — u in Lo(Y) and grad, dx > 


grad, u in L2(Y)4 as k oo. Since 
L(Y) > Lo(Q), f e fpe 


is bounded due to the boundedness of X2, we also derive $x pe — Upe in L2(€2) and 
(grad, k)pe > (grad, U)pe in L2(Q)4 ask — oo. By what we have shown above, 
we infer 


grad $k, pe = (grad, Qk)pe > (grad, U)pe (k — oo) 


in Ly(Qy, and thus, upe € H(Q) with grad upe = (grady U)pe by the closedness 
of grad. The proof for g follows by the same argument with Lemma 14.3.3 as an 
additional resource. o 


The extension result just established yields the following compactness statement. 


Theorem 14.3.6 (Rellich-Kondrachov II) The embedding H} (Y ) — L(Y) is 
compact. 


230 14 Continuous Dependence on the Coefficients II 


Proof Let ($5), be a bounded sequence in Hi Y ). Let Q C R be open and 
bounded such that Y C Q. By Proposition 14.3.5, we deduce that (n.pela),, is 
bounded in H!(Q). Let y € CV (Q2) with y = 1 on Y. Then (Von. pe), is bounded 
in Hj (2). By Theorem 14.2.5, we find an L2(Q2)-convergent subsequence. This 
sequence also converges in L2(Y). Since y = 1 on Y, we obtain the assertion. O 
Next, we provide a Poincaré-type inequality for the periodic gradient. 


Proposition 14.3.7 There exists c > 0 such that for all u € Hy (Y) 


un fu 
Y 


In particular, ran(grad;) C Lo(YY is closed, ker(grad.) = lin{ly} and the 
operator 


<c | grad, 
Lx(Y) 


u| LY): 


grady : H} (Y) N (1y)^ — ran(grad.) 


is an isomorphism. 
Proof 'The proof is left as Exercise 14.4. o 


We are now in a position to formulate the particular example we have in mind. 
Problems of this type with highly oscillatory coefficients are also referred to as 
homogenisation problems. We refer to the comments section for more details on 
this. 


Example 14.3.8 (Homogenisation Problem for the Wave Equation) Let c > 0, 
a: R? — K4*4 be bounded, measurable, a(x) = a(x)* > c forall x € R^. 
Furthermore, assume that a is [0, 1)4-periodic. Let v > 0, f € Lo», (IR; Lo(Y)) and 
for n € N consider the problem of finding un € L»,, (IR; L2(Y)) such that 


9? pun — div; a(nm) grad, un = f. (14.3) 
We have already established that there exists a uniquely determined solution, 
un. Employing the same trick as in Sect. 11.3, we shall rewrite (14.3) using 


Un :— Of,yUn, the canonical embedding ty: ran(grad,) — La (Y)! as well as 
qn = —ğa(nm)iyi grad, un to obtain 


l 0 0 divy ly Un f 
(». ? (upon i (. grad, 0 is m (4) . 


Note that we have used that ((Sa(nm):;) : ran(grad,) — ran(grad,) is continuously 
invertible and strictly positive definite (uniformly in n); see Proposition 11.3.5. Also 
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* 
note that ca(nm)ur is selfadjoint. As in Exercise 11.3 we see that (a grady) = 
— div; t4. Thus, the operator 


1 0 
s” = | ə -1 | + 
t,v P (Gam) na 0 


is well-defined and bounded in L5 ,(R; Lo(Y) x ran(grad,)). We aim to find the 


limit of (S), as n — oo. For this, we want to apply Theorem 14.1.1. We readily 
see using Theorem 14.3.6 and Exercise 14.5 that 


0 divg Ug 
A := 
(. grad, 0 ) 


satisfies the assumptions in Theorem 14.1.1. Thus, it is left to analyse 


((cfa(nm)tz)~'),,. This is the subject of the next section. For this reason, we 
define 


Ay i= (Sa(nm)ez) (n € N). 
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In this section, we shall apply our earlier findings to higher-dimensional problems. 
Again, we fix Y :— [0, 14 as well as i4: ran(grad,) <> L2(Y)4, the canonical 
embedding. Before we are able to present the central result of this section, we need 
a preliminary result. 

Throughout, let a: R? — K4*47 be measurable, bounded and [0, 1)^-periodic 
such that Rea(x) > c for each x € IR? for some c > 0. 


Lemma 14.4.1 Let € € K. Then there exists a unique vg € Lo(YY with ve —E E 
ran(grad,) and a(m)vg € ker(div;). 


Proof Take w € H} Y) such that 
-1 
grad, w = —ly (Zamu) ua(m)é = —iugasi;a(m)é. 


This is possible, since the right-hand side belongs to ran(grad,) by definition. We 
put vg :— grad, w + £. Then vg — & € ran(grad,) and we have 


ia (m)vg = ğa(m) (grad, w + £) = ža (m) (—teantza(m)é + £) 


= —i£a(m)ugasua(m)é + ğa (m) = 0. 
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The latter gives a(m)vg € ran(grad,,)~ = ker(divy). For the uniqueness, we assume 
v € ran(grad,) with a(m)v € ker(div;). Then 


Ga(m)u)izv = ca(m)v = 0, 


which implies LU — 0 since ld (m); is invertible. Thus v = 0. Oo 


The previous result induces the linear mapping 
dhom: Kj4 5 Er I avg € K4, 
Y 


where ve € Lo(Y y? is the unique vector field from Lemma 14.4.1. 
Remark 14.4.2 We gather some elementary facts on ahom. 


(a) We have (a*)hom — B In particular, if a is pointwise selfadjoint then so 
is hom. Indeed, let £, & € K^ and vg and v; € L2(Y)? be the corresponding 
functions for a* and a, respectively, according to Lemma 14.4.1. Then there 
exist we, we € dom(grad,) with ve — £ = grad, we and v; — ¢ = grad, we. 
We compute 


(@ hom. the = Í (aus) O2, vrO) — grady we hea dy 
H Í ((a*ve) ©), Ve) ea dy 
- few) (y), grad; we(y))ga dy 
= J vO), (avc) Oga dy — (a" vg, grad; wc), ya 
=j: vg (y), (avc) ga dy 


= [ grad, we(y) + &, (av;) ga dy 


= Í E E = (E, home) Ke - 


(b) Re apom is strictly positive definite. As above, one shows 


Re (£, ahomé)4 = re f (ve. awra dy Fe fuelo E € K^ 
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and since the right-hand side is strictly positive if & Z 0 by Lemma 14.4.1, we 
derive the assertion. 


The construction of @hom now allows us to formulate the main result of this section. 


Theorem 14.4.3 We have 
= =j 
an = (Gans) => (cSanomes) =: Ahom (n — oo) 


in the weak operator topology of L(ran(grad,)). 


The proof of Theorem 14.4.3 requires some more preparation. One of the results 
needed is a variant of Theorem 13.2.4 for L2(Y). However, it will be beneficial to 
finish Example 14.3.8 first. 


Example 14.4.4 (Example 14.3.8 Continued) The operator sequence (S$), con- 
verges in the strong operator topology of L(L»,, (R; L(Y) x ran(grad,))) to the 


following limit 
1 0 0 divy Ug 
0, T 
tv (o M (| grad, 0 


Lemma 14.4.5 Let f : R? — K be measurable and [0, 1)4-periodic. Let C R* 
be open, bounded and assume f|y € L2(Y). Then 


fin) > (f f)to 


—1 


weakly in L2(Q) as n — oo. 


Proof Due to the boundedness of Q we find a finite set F C Z4 such that Q = 


Uzer k + Y. Thus, by periodicity, it suffices to restrict our attention to the case 
when Q = Y. We define 


X= k R? > K; fis [0, 1) -periodic, f|y € La] 


endowed with the norm || f x :— || f |v ll, (y;. It is not difficult to see that X is a 
Hilbert space. For n € N, we define T,: X — L2(Y) by T, f :— f (n-). Then, for 
all n € N, T, is an isometry. Indeed, for f € X, we compute 


1 1 
| iret aso zs f root ay = Gn! [ IEOR ay =I IR ay 


where we used periodicity again. Recall that S(Y) denotes the simple functions on 
Y and consider 


D:={f €X; fly esq. 
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Then D is dense in X. Also, if h € D, then h € Lo RD). By Theorem 13.2.4, we 
note 


(Tah, 8) LY) = (h(n-), 8) LY) => VD e) m (n => oo) 
2 


for all g € Lo(Y) € L(Y). Hence, T,h > Th weakly in L2(Y) as n — co, where 
for f € X, we define Tf = lp ft» € L(Y). 
Next, if f € X, h € D and g € L2(Y), then 
Inf — Tf, eg) < Inf — Trh, g)| + sh — Th, g)| + (Th — Tf, g)| 
<S If — hlxllglir;q + |(Tarh — TA, g)| 
t IZel If — Alx- 


Hence, for € > 0, by density of D in X, we find ^ € D such that 


If — ^lxllgliz o + ITee Ilf — hl S 


t3] 0o 


Then, we find no € N so that for all n > no, |(T4h — Th, g)| < &/2 resulting in 
(Inf — Tf, g)| & &. o 


Lemma 14.4.6 Let (qn)n and (rn), be weakly convergent sequences in a Hilbert 
space H with weak limits q,r € H, respectively. Moreover, let X C H be a closed 
subspace andı: X — H the canonical embedding. Assume that 


qn € X for eachn € N and (črn), is strongly convergent in X. 


Then 


um (rm.qu)g = (C, q)y - 
Proof Since .*: H — X is continuous it is also weakly continuous, and thus, 
Črn > Ur (n — oo) 
strongly in X. For 1 € N we compute 
Cadel = (rn, u*qn)g e i"qu)y — (r, Pals. 
Since X is a closed subspace, it is also weakly closed and thus q € X which yields 
lër, “a)y = inq). Oo 


The next theorem is a version of the so-called ‘div-curl lemma’. 
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Theorem 14.4.7 Let (qn)n and (r5), be weakly convergent sequences in L2(Y)4 to 
some q,r € L2(¥)4, respectively. Assume that 


gn € ran(grad,) for each n € N and (dira) is strongly convergent in ran(grad,). 
n 


Then 
Í ARR E r TTE f E E T 


for all € CX (Y) asn — oo. 


Proof Let o € CX(Y), n € N. Since qn € ran(grad,), we find a unique w, € 
Hj(Y) with wn € (1y)- = ker(grad,)> such that 


grad, Wn = qn. 


Moreover, since grad, : Hj Y) NA {1y} > ran(grad,) is an isomorphism by 
Proposition 14.3.7, we infer that (wn)n is a weakly convergent sequence in Hj (Y) 
and denote its weak limit by w € H} (Y). By Theorem 14.3.6, we deduce w, > w 
strongly in L2 (Y )4. Moreover, note that (@Wn)n weakly converges to pw in H} (Y). 
In particular, grad, (dwn) > grad, ($w) weakly in L(Y)4. Forn € N, we compute 


Í (rn (x), qn (x))ga $ (x) dx = (Tn, qa) pyya = (rn, (grad; Wn)) 1 cya 


= (rn, grad; (Wn), (ya m (rn, Wn grad, 9), yi 2 


Now, the first term on the right-hand side of this equality tends to 
(r. grad, ($w)),. yya by Lemma 14.4.6 applied to X = ran(grad,), which is closed 


by Proposition 14.3.7. The second term tends to (r, w grad, 4) by strong 


L(Y)! 
convergence of (w,), and weak convergence of (rn)n in La (Y ee Thus, we obtain 


Í (rax). qn Go) a $ G0) dx > (r. grad; ($w)) ya — (r, w grad; $)p ay 


= [e aca $(x)dx (n oo). H 


We will apply the latter theorem to the concrete case when r, = a(nm)q, in 
order to determine the weak limit of (a(nm)qn)n. 
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Lemma 14.4.8 Let (qn), and (a(nm)gn), be weakly convergent in L2 (Y)! to some 
q and r, respectively. Assume that 


qn € ran(grad;) for each n € N and (Zaman) is strongly convergent in ran(grady). 
n 


Then r = anom4. 


Proof Let & € K’ and choose v := Ve € L(Y)! according to Lemma 14.4.1 for 
a* instead of a; that is, v — & € ran(grad,) and a*(m)v € ker(div;). For n € N, we 
define v, := Upe(n-) € La (Y). Next, let g € Cy (Q). Then we compute 


(a*(nm)vp, grad, Brig = f ems. grad, £C]ya dx 


1 * 
zf, (y)Upe(y), (grad, g) (y/n)),, dy 


1 
mE f. (a*(y)vpe(y), (grad C/1)) O))ga dy. 


In order to compute the last integral, we employ Lemma 14.3.3 and Remark 14.3.4 
to find a sequence (x) zen in Qe N ker(div;) such that œk — a*(m)v as 
k — œ in L(Y). The latter implies (Øk)pe > a* (m) vpe as k > oo in Lo(n yy? 
for each n € N and div(¢x)pe = O for all k € N by Proposition 14.3.5. Thus, 
we obtain with integration by parts (note that the boundary terms vanish due to the 
periodicity of g and g) 


1 
(a*(nm)vn, grad, Bb m (a* (m) pe, (grad 8C/n)) p yy 


lo 
= -TT lim (Ope (grad 80/0) ya — 0. 
Since Cr (Y) is a core for grad}, we infer that a* (nm)v, € ran(grad;)^ and hence, 
va" (nm)vs =0 (neN). 


Moreover, we have a* (nm)v, > is a*v = (a*)homé weakly in L2(Y)7 as n — oo 
by Lemma 14.4.5. Thus, by Theorem 14.4.7 applied to qn and r, :— a*(nm)v,, we 
deduce that for all 6 € CY (Y) 


Jim. Í (a* (nx)vn (x), qn @))yea (x) dx = Í ((a nom. 4(X)) a GO dx. 


On the other hand, vn — (Sy v)1y = &lly weakly in La (Y)! asn — oo by 
Lemma 14.4.5, where ds v = É follows from v — Ẹ € ran(grad,). Thus, we can 
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apply Theorem 14.4.7 to qn :— v, and ry ‘= a(nm)qy and obtain for all ¢ € C2°(Y) 
f, la*(no)w G9, qs GO) 6 GO dx = Í (os GO, a(n)qy GO) H) dx 
> [ Ero 
as n — oo. Thus, we have 
Í (a homi 40) a 608) dx = Í, (E, rga $) dx 


for each @ € CX (Y). Hence, we infer 


(&, r GO) = ((a nome. q Œ))ga = (E, anomg CO) 


for almost every x € Y, where we have used Remark 14.4.2(a). Since the latter 
holds for each £ € K4, we deduce r = Ahom4 - oO 


Proof of Theorem 14.4.3 Let n € N and for u € ran(grad.) we put qn ‘= anu. 
We need to show that (gy), weakly converges to anomu. For this, we choose 
subsequences (without relabeling) such that both (qn), and (a(nm)q,), weakly 
converge to some q and r, respectively. By definition, we have qn € ran(grad,) and 
ia (nm)qn = u for each n € N. Hence, by Lemma 14.4.8, we deduce anomq = F. 
As ran(grad.) is closed, it is also weakly closed, and hence, q € ran(grad,). Thus, 
we have 


Ldhomu;d = Lr, 
or equivalently 
q = ühomlz. 
Now, since u = ča (nm)qn > ur weakly, we infer 
q = ühomU. 


A subsequence argument now yields the claim. o 


14.5 Comments 


The theory of finding partial differential equations as appropriate limit problems 
of partial differential equations with highly oscillatory coefficients is commonly 
referred to as ‘ʻhomogenisation’. The mathematical theory of homogenisation goes 
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back to the late 1960s and early 70s. We refer to [11] as an early monograph 
wrapping up the available theory to that date. 

The usual way of addressing homogenisation problems is to look at static 
(i.e., time-independent) problems first. The corresponding elliptic equation is then 
intensively studied. Even though it might be hidden in the derivations above, 
the ‘study of the elliptic problem’ essentially boils down to addressing the limit 
behaviour of a, as n — oo; see [37, 132]. Consequently, generalisations of the 
periodic case have been introduced. The periodic case (and beyond) is covered in 
[11, 21]; non-periodic cases and corresponding notions have been introduced in 
[108, 109] and, independently, in [70, 71]. 

An important technical tool to obtain results in this direction is the div-curl 
lemma or the notion of “compensated compactness’. In the above presented material, 
this is Theorem 14.4.7; the main difficulty to overcome is that of finding a limit of 
a product ((qn, r;)), of weakly convergent sequences (qn), , (r5), in L2(Q2)? for 
some open Q C R?. It turns out that if (curl qn), and (div rn), converge strongly 
in an appropriate sense, then fa (qn, rn) @ converges to the desired limit for all 
$ € Cz? (Q). In Theorem 14.4.7 the curl-condition is strengthened in as much as we 
ask qn to be a gradient, which results in curl g, = 0. The div-condition is replaced 
by the condition involving ^ which can in fact be shown to be equivalent, see [130]. 
The restriction to periodic boundary value problems is a mere convenience. It can 
be shown that the arguments work similarly for non-periodic boundary conditions, 
and even with the same limit, see [113, Lemma 10.3]. 

There are many generalisations of the div-curl lemma. For this, we refer to [17] 
(and the references given there) and to the rather recently found operator-theoretic 
perspective, with plenty of applications not solely restricted to the operators div and 
curl, see [80, 130]. 

We shortly comment on the term “compensated compactness’. In general, one 
cannot expect for two weakly convergent sequences (q,), and (r4), in L2(Q)3 
that the sequence of their scalar product (qn, rn) to converge to the scalar product 
of the limits. If, however, either (qn)n or (r5), are bounded in a space compactly 
embedded into L5(Q2)?, then either of those sequence converge in norm in L2(Q)3 
and limy—+o0 (qn, Tn) = (lim; qn, liMn-+00 rn) follows. However, even though 
neither Ho(curl, Q) nor H (div, Q) are compactly embedded into L2(Q)?, one 
can still conclude that for bounded sequences (gy), in Ho(curl, Q) and (r4); in 
H (div, Q) we have 


lim. (qs. rn) = ( lim qn, lim y). 
n—oo n—oo n— oo 

Thus, one might argue that the respectively missing compactness of the embeddings 
of Ho(curl, Q) and H (div, Q) into L2(Q)? is somehow ‘compensated’. Following 
the core arguments in [130], one might also argue that the deeper reason for the 
convergence of the scalar products is more closely related to (general) Helmholtz 
decompositions. 
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The way of deriving the homogenised equation (i.e., the limit of aj) is akin to 
some derivations in [21, 128]. Further reading on homogenisation problems can also 
be found in these references. The first step of combining homogenisation processes 
and evolutionary equations has been made in [135] and has had some profound 
developments for both quantitative and qualitative results; see [23, 42, 136, 138]. 


Exercises 


Exercise 14.1 Under the same assumptions of Theorem 14.1.1 show 


| (Grn FA)! - Gc MOL FA) az 


Exercise 14.2 Let Q C R be open and £ > 0. We define the set 


L(L2 (R; H)) 


Qe = (x € Q; dist(x, AQ) > €}. 


(a) Let (bx) cen in COP (R4) bea ó-sequence (cf. Exercise 3.1) and u € H! (Q). We 
identify each function on Q by its extension to IR7 by 0. Prove that for k € N 
large enough, k * u € H! (Q) with 


grad(óy * u) = Qk * gradu on Qe. 


(b) Use (a) to prove Lemma 14.2.2. 


Exercise 14.3 Prove the ‘subsequence argument’: Let X be a topological space and 
(Xn)n à Sequence in X. Assume that there exists x € X such that each subsequence 
of (x4), has a subsequence converging to x. Show that x, — x as n — oo. 


Exercise 14.4 Let Ho, Hı be Hilbert spaces and C: dom(C) € Ho — H; bea 
closed linear operator such that dom(C) <> Ho compactly. Let Prec): Ho — Ho 


denote the orthogonal projection onto the closed subspace ker(C)+. Prove that there 
exists c > 0 such that 


Vu € dom(C) : l Perou | Ho <c Cul] gr, : 


Apply this result to prove Proposition 14.3.7. 


Exercise 14.5 Let Ho, Hı be Hilbert spaces. Let C: dom(C) € Ho — Hj be 
closed and densely defined. Assume that dom(C) N ker(C ts Ho compactly. 
Show that, then, dom(C*) N ker(C*)+ — Hı compactly. 
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Exercise 14.6 Let v > 0, Q = [0, DË, 5 € Lo; (R) be I-periodic, 0 < s < 1, and 
a as in Example 14.3.8. Show that (uy), in L2,,(R; L2(Y)) satisfying 


92 ,s(nm)un + 0;,y(1 — s(nm))u, — divg a (nm) grad, Un = f 


for some f € L2,,(R; L2(Y)) is convergent to some u € L2,(R; L2(Y)). Which 
limit equation is satisfied by u? 


Exercise 14.7 Let (o); be a nullsequence in [0,1] and let a be as in Exam- 


ple 14.3.8. Show 
ðv 0 0  divg ty 
+ * 
O dhom le grad, 0 


Orv 0 s 0 divg tg 
An * 
0 Op, yon ls grady 0 


in the strong operator topology. Show that if f € Lz, (R; L2(Y)1), where 
L(Y) = ló € L(Y); Js ọ = 0} for some small enough u > 0, we have 


anv 0 0 divy ly f 
; u (R; Lo(Y d.)). 
r ML C gd, 0 o) € Peu (Rs 200 x ran(grad;)) 
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Chapter 15 ® 
Maximal Regularity od 


In this chapter, we address the issue of maximal regularity. More precisely, we 
provide a criterion on the ‘structure’ of the evolutionary equation 


(a MO) +A) U =F 


in question and the right-hand side F in order to obtain U € dom(8;,, M (8;,,)) A 
dom(A). If F € L2 (R; H), U € dom(8;,, M (8;,,)) N dom(A) is the optimal 
regularity one could hope for. However, one cannot expect U to be as regular since 
(ðr, M (0;,») + A) is simply not closed in general. Hence, in all the cases where 
(dr, M (dtv) + ^ is not closed, the desired regularity property does not hold for 
F € L2,,(R; H). However, note that by Picard's theorem, F € dom(9; ,) implies 
the desired regularity property for U given the positive definiteness condition for the 
material law is satisfied and A is skew-selfadjoint. In this case, one even has U € 
dom(9;,,) (1dom(A), which is more regular than expected. Thus, in the general case 
of an unbounded, skew-selfadjoint operator A neither the condition F € dom(9;,,) 
nor F € L2,,,(R; H) yields precisely the regularity U € dom(9; , M (8;,,)) ldom(A) 
since 


dom(8;,,) N dom(A) € dom(3;,, M (8;,,)) N dom(A) € dom(9;,, M (ðr, v) + A), 


where the inclusions are proper in general. It is the aim of this chapter to provide an 
example case, where less regularity of F actually yields more regularity for U. If one 
focusses on time-regularity only, this improvement of regularity is in stark contrast 
to the general theory developed in the previous chapters. Indeed, in this regard, one 
can coin the (time) regularity asserted in Picard's theorem as “U is as regular as 
F". For a more detailed account on the usual perspective of maximal regularity 
(predominantly) for parabolic equations, we refer to the Comments section of this 
chapter. 
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15.1 Guiding Examples and Non-Examples 


Before we present the abstract theory, we motivate the general setting looking at a 
particular example. Traditionally, in the discussion of partial differential equations 
and their classification, people focus on regularity theory. Thus, one finds the non- 
exhaustive categories ‘elliptic’, ‘parabolic’, and ‘hyperbolic’. Since we do not want 
to dive into the intricacies of this classification much less their regularity, we only 
name some examples of the said subclasses. Laplace's equation from Chap. 1 
falls into the class of elliptic PDEs, the heat equation is a paradigm example 
of a parabolic equation and Maxwell’s equations or the transport equation are 
hyperbolic. 

Since we predominantly treat time-dependent equations and elliptic PDEs 
usually are time-independent, we only look at examples for hyperbolic and parabolic 
equations more closely. As for the hyperbolic case, we consider the transport 
equation next and highlight that any 'gain' in regularity as hinted at in the 
introduction of this chapter is not possible. 


Example 15.1.1 We define 3: H!(IR) C L2(R) > L2(R),¢ > ¢'. Then, by 
Corollary 3.2.6, 0* = —9; that is, ə is skew-selfadjoint. We consider for v > 0 the 
operator 


Orv +0 


in L2,(R; L2(R)). Then, by Picard’s theorem, O € nom + a); that is, 
Cm +a p € L(L2, (R; L2(R))). Next, consider the functions 


u: (t, x) IR. (te " h(x — t) 
f: (5x) e Ir. @d - te ‘h(x — t) 


for some h € L2(R). Then it is not difficult to see that u, f € L2, (IR; L2(R)). If 
h € CX (R), then 


u € H| (R; H' (R)) € dom(9;,, + 9) 
and 
(8r, y + 0)u = f. 


If ^ € L2(R) \ H! (R), then one can show that u € dom (8r. v T9) (A. -9)Ju — f 
and 


u € dom(0;,,) N dom(9). 
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For this observation, we refer to Exercise 15.1. Thus, being in the domain of 9;,, + 0 
does not necessarily imply being in the domain of either dom(9; ,) or dom(0). 


The last example has shown that we cannot expect an improvement of regularity 
for the considered transport equation. In fact, it is possible to provide an example 
of a similar type for the wave equation (and similar hyperbolic type equations 
including Maxwell’s equations). Thus, in order to have an improvement of regularity 
one needs to further restrict the class of evolutionary equations. We now provide a 
guiding example, where we discuss an abstract variant of the heat equation. 


Example 15.1.2 Let £2 be the space of square summable sequences indexed by n € 
N. We note that £2 is isomorphic to L» (sx), where #y is the counting measure on N. 
We introduce m: dom(m) € £2 — £2 the operator of multiplying by the argument. 
Then, m is an unbounded, selfadjoint operator. Next, we consider the operator 


aa (oo) tlont v) 


on L2,» (IR; £2). Then, Picard’s theorem applies and we obtain 


oeo( (12) (09) (27). 


For f € L2, (IR; £2) define 


(9-(.9«09«(7) (9 


Then u € dom(9;,;) O dom(m) and q € dom(m). We ask the reader to fill in the 
details in Exercise 15.2. 


Remark 15.1.3 The last example is in fact an abstract version of the heat equation 
on bounded domains. We refer to [90, Section 2.2.2] for a corresponding reasoning 
for the Schródinger equation. 


Let us compare the two different examples, the transport equation and the abstract 
parabolic equation. From the perspective of evolutionary equations; that is, looking 
at equations of the form 


(8, Mo + Mi + A)U =F, 


for the transport equation we have Mo = 1 and Mı = O. In the case of the 
abstract parabolic equation, Mo has a nontrivial kernel, which is compensated in 
Mı. Moreover, the decomposition of kernel and range of Mo is comparable to the 
block structure of A. Thus, we may hope for an improvement of regularity as in 
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Example 15.1.2 if these abstract conditions are met. This observation is the starting 
point of parabolic evolutionary pairs to be defined in the next section. 


15.2 The Maximal Regularity Theorem and Fractional 
Sobolev Spaces 


In order to be able to formulate the main theorem of this chapter, we need the notion 
of fractional Sobolev spaces. For this, we recall from Example 5.3.4 and Sect. 7.2 
that we already dealt with fractional powers of the time-derivative. For a, v> 0, we 
thus consistently define 


ary = Cs m + v)” Ly, 


with maximal domain in L5,, (IR; H), where we agree with setting £o := F. Note 
that in this case, using Proposition 7.2.1, 0 € p(d%,) given v > 0. Hence, the 
following construction yields Hilbert spaces; for this also recall that (-, -) 4 denotes 
the graph inner product of a linear operator A defined in a Hilbert space. 


Definition Let o, v > 0. Then we define 


Hj (R; H) := (dom(ay’,), Cf. g) > (Orv f. 8) Lav: m) 
for v > 0 and 
Hg R: H) = (Lt € LR; H); Ff € domm). (f, 8) > (F f, Fe)» ). 
Lemma 15.2.1 For alla, v > 0 the space H? (IR; H) is a Hilbert space. Moreover, 
HY (R; H) — La. (R; H) continuously and densely. 
Proof We only show the claim for v > 0. By Fourier-Laplace transformation, the 
claim follows if we show that 


(im + v)*: dom((im + v)*) € Lo(R; H) > Lo(R; H) 


is densely defined and continuously invertible. For this, we find n € N and £ € 
[0, 1) such that a = n + £. It is easy to see that (im + v)” = (im + v)" (im + v). 
Thus, continuous invertibility readily follows from the continuous invertibility of 
(im + v) and (im + v)? (for the latter, see also Proposition 7.2.1). For the case when 
H = K, it follows from Theorem 2.4.3 that (im + v)* is densely defined. Thus, it 
follows from Lemma 3.1.8 that (im 4- v)* is densely defined also for general H. O 


In order to state our main theorem, we introduce the notion of parabolic pairs. 
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Definition Let M: dom(M) € C — L(A) be a material law, A: dom(A) C 
H — H ando € (0,1]. We call (M, A) an (a-)fractional parabolic pair if the 
following conditions are met: there exist v > max(0, sp (M)} and c > 0 such that 


RezM(z) 2c (z € Cresy), 


and moreover, we find a closed subspace Ho € H, Hi = Hy. C: dom(C) € 
Ho — H; closed and densely defined, and Moo € M (Ho; v), N € M(H; v) such 
that 


M) = es ) Mz N(G) A= (è 2 


and 
Rez *Moo(z) >c" (z € Cres) 
for some c/ > 0, and Cresy > z > zl-*Mog(z) € L(Ho) is bounded. A 1- 
fractional parabolic pair is called parabolic. 
Remark 15.2.2 
(a) If (M, A) is a-fractional parabolic and f-fractional parabolic with the same 
decomposition H = Ho ® Hj, then o = f. Indeed, assume that a < f. Then 


zl P Moo(z) = z* Fz! Moo(z) > 0. (Iz| > oo, z € Cre>v) 


contradicting the real-part condition. 
(b) If (M, A) is a-fractional parabolic, then there exists jJ, > v such that for all 
Le Cresp 


Rez!-# (Moo) d CINQ) »dJ/2 (15.1) 


for some c’ > 0, where Noo(z) ‘= Ui N (z)um € L(Hpo). Indeed, this follows 
from the fact that z * Noo(z) — 0 as Rez — oo. 


The main theorem of this chapter is the following: 


Theorem 15.2.3 Let o € (0, 1] and (M, A) be a-fractional parabolic (with H = 
Ho ® H; and C from Ho to H1) and assume that (15.1) holds for all z € Cre. for 


some v > max(0, sp (M)). Let f € Lo,,(R; Ho) and g € He” (m; Hi). Then the 
solution (u, v) :— (3s „M (ðt v) + A F, g) € Lo, (R; H) satisfies 

u € H? (R; Ho) N HZ? (R; dom(C)) 

v € H?" (R; Hj) N La, (R; dom(C*)). 
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More precisely, 


—1 
(vM O) +A): La, (R; Ho) e H2? (R; Hi) 


— (H? R; Ho)NH?’ (R; dom(C)))e( H2"? (R; Hi)», (R; dom(C*))) 


is continuous. 
Example 15.2.4 (Heat Equation) Let us recall the heat equation from Theo- 
rem 6.2.4. For €) C R7 open, we let a € L(L2(Q)4) such that 


Rea >È c 


in the sense of positive definiteness. It is not difficult to see that 


PM 1 0 O0 divo 
Oaz !J'Vgrad 0 i 
is parabolic; with the obvious orthogonal decomposition of the underlying Hilbert 
space. Let f € Lo.) (R; L2(€2)). Then 


-1 
0 Z 10 0 0 0 divo f 
() mp l 3 i M E e 0 ) (5) 


particularly satisfies the regularity statement 
0 € Hy R; Lo(Q)) N L2, (R; H'(Q)) and q € L»,, (R; Ho(div, Q)). 


The next example deals with a parabolic variant of the equations introduced in (7.3) 
and (7.4) describing fractional elasticity. We modify the equations at hand by 
considering o c [1, 2]. 


Example 15.2.5 (Parabolic Fractional Viscoelasticity) Let Q C IR" open and recall 
the differential operators Div and Grado from Sect. 7.1 defined in the spaces 
LADI and La (Q), respectively. Let c > 0 and D € L(Lx(Q)]a), p-—p*e 
L(La(Q2)?). For v > 0 and f € La. (R; L5(Q2)) consider the problem of finding 
u: R x Q — R4 such that 


9, ,p9, vu — DivT = f (15.2) 
T = Dd%, Grado u, (15.3) 
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for some o € [1, 2), where o > c and Re D È c in the sense of positive definiteness. 
We rewrite the system just introduced by using v :— 0/",,u to (formally) obtain 


9, 0), * v — DivT = f 
T = D Grado v. 


Note that y :— 1 + (1 — o) € (0, 1]. Thus, using the selfadjointness and positive 
definiteness of p as well as Proposition 7.2.1, we infer 


Re(z'p) 2 v'c (z € Cre>y). 


Consequently, applying Proposition 6.2.3(b) to a — D, we get that 


" zlo 0 0  —Div 
0 z !p-!J'N—Grady 0 


is y -fractional parabolic. In consequence, the solution (v, T) of 


a, (9. o 0 +( 0 Eu v S 
"AS 0. Ss — Grady 0 T 0 


additionally satisfies the following regularity properties 


v € HY (R; L(Q)^) n HY” (R; dom(Grado)), 
T € HIP" (R; Lo( QQ") La, (R; dom(Div)). 
Rephrasing this for u = ð; p v, we even have 


u € H,(R; L2(2)“) n Hy t”?(R; dom(Grado)), 


which, since a/2 < 1, particularly implies that the equations (15.2) and (15.3) are 
equalities valid in L2 , (IR; L2(Q)“) and L»,, (R; LADA), respectively. 


15.3 The Proof of Theorem 15.2.3 


The decisive estimate in connection to the proof of Theorem 15.2.3 is contained 
in the following statement. For the entire rest of the section, we shall denote the 
norm and scalar product in H? (R; K), K some Hilbert space, by || - || and (-, Jo. 
respectively. 
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Lemma 15.3.1 Let Ho, Hı be Hilbert spaces, C: dom(C) € Ho — H; densely 
defined and closed. Let a € [0, 1, Mj: dom(M;) € C > L(Hj) material laws 
for j € (0, 1}, v > max{sp (Mo) , Sp (M1), O} with 


Cresv 2 z > z' Molz) € L(Ho) 
bounded. Assume there exists c > 0 such that for all z € CRez v 


RezMo(z) 2c, ReMi(z 2c, Rez ' *Mpq(2) > c. 


Let f € L2 (R; Ho, g € He? (Rm; Hi) as well as u € H! (R; dom(C)) and 
ve H} (R; dom(C*)). Assume the equalities 
dt,» Mo(d;,y)u — C*v = f, 


v + Mi(8j,,)Cu = g. 


Then 

lul? + Cul? + lvl + Cru, 

<2 ( + (neni 2) (2+ =) | (Ifi + Metis) 
with mı := ||M1|loo,Cpe., and mo = lz > zl-* Mo (z) latra: 


Proof We compute 


€[|Cull2 n € cllCulla. + c Hull 
/ / / 


< Re(Mi(ài,,) Cu, Cu), + Re (3, v Mo(ð:, v)u, u) 


a/2 a/2 


= Re (g — v, CU) 9/2 + Re (3; v Mo(ð;, v)u, M 


< [18 lla/2 lCullaj2 + Re (ðr v MoC; v)u — C*v, u), j 
2 2 
= ligllay2 lCullay2 + Ref f, (8%) (Av)? u), 


S IIs llas2 llCulla2 + If lo Wella» 
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where we used that 
|)? (Bev)? ulo = | Cim + vy? Gm $v)? u| Rn 


(—im + v)%/? 
- (im + v) (im + v)“ u 


L2 (R; Ho) 


< || Gm + v)* ulr; qu Ao) = lullo- 
Moreover, 
c llull? < Re (315% Mol») 9fu, au). 
= Re (ð, „Mo (ðr, v)u, 32,4), 
= Re (f + C*v, fu), 
< If lo lulle + Re((22,)" v. 87 Cu). 


< If llo lulle + Nvllay2 Cuyo 
= I fllo lulla + |g — M1 8r, v)Cu |j, Cula 


< If lo lule + Whee lICulla;2 + m: Culler 


< (1+ 2) Ofo lule + lislay2 Culler): 
Thus, we obtain for e > 0 
c (Iuli + ICull2 2) 


< (24+ zt) (ILF llo lula + llglla/2 || Cul «/2) 


1 mı 1 
S5 (2+ =) (: (uri E Igll2,2) +e (u1 E icu) 


Choosing ¢ = c?/(2c + mı) and subtracting the term involving u and Cu on both 
sides of the inequality, we deduce 


5 (ned + 125) < 5 (2+ =) = (n1 tea) 


= + (2+ Y (unii + tet.) 
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and therefore 
2 mi 2 
(lul? + Cul.) < E + z) (ird te). 
Finally, we compute 
1 2 2 2 
5 lvl < llellz;o + [Mi Gs.) Cu|; 2 
2 2(2 m 2 2 
< lela + (2+7) (ai + Meta) 
and 


1 
5 VCS < arv Mo uS + IF 


2 
< |o" Mowe yu + FI 
< mj lli + IF lo 
(2 mV 2 2 2 
<m (2+) (0AN + slka) + IN. " 


The next preliminary finding is a refinement of the surjectivity statement in Picard's 
theorem. 


Proposition 15.3.2 Let H be a Hilbert space, M: dom(M) € C > L(H)a 
material law, v > sg (M), with v > 0, and A: dom(A) € H — H skew- 
selfadjoint. Assume there exists c > 0 such that for all z € Cres» we have 


RezM(z) 2 c. 


Let B € [0, 1]. 


(a) The inclusion 
(ð: vM (ð; v) + A) [H2(R; dom(A))] € H? (R; H) 


is dense. 
(b) Let Ho € H be a closed subspace and H; := Hs Then 


(div M (9,») + A) [H2 (R; dom(A))] € L2, (R; Ho) € HË (R; Hi) 


is dense. 


15.3 The Proof of Theorem 15.2.3 253 


Proof 


(a) Since HÌ (R; H) is dense in HË (R; H) (this is a consequence of 
Lemma 15.2.1), it suffices to show the claim for 6 = 1. Next, by Picard’s 
theorem, for f € dom(d;,), we obtain u = (ð: vM (v) + A) fe 
dom(9; v) N Lay (R; dom(A)). In particular, it follows that 


(rv M (rv) + A) [Hy R; H) La, (R; dom(A))] € L»,,(R; H) 
is dense. Multiplying this inclusion by 9; , ut we infer that 
(ð: vM (ð; v) + A) [H7 (R; H) N HJ (R; dom(A))] € H} (R; H) 
is dense. Hence, for f € H1 (R; H), we find (un)n in H? (R; H) A 
H} (R; dom(A)) such that f, := (ðr, v M (ðr, v) + A) Un —> fin H} (R; H) 
asn — œ. Next, fore > 0, (1 + Eð, v) lu € H2X(R; dom(A)) given 
uc HÌ (R; dom(A)). Moreover, (1 + 60:4) f — fin H, (R; H) as e — 0, 


by Lemma 9.3.3(b) and the fact that any commutes with (1 + Bu) 5. Thus, 
we compute fore > 0 and n € N 


| (8..M 69.) + A) A+ eðr) un = f|. 
< [a 3,97! - a e o7! r] e [a emo! r l, 
«Is - fh [amar - f| > 0 


as n — oo and £ — 0, which concludes the proof of (a). 


(b) By (a), it suffices to show that 


— 


HP (R; H) = HË (R; Ho) 6 HË (R; Hi) € Lo,,(R; Ho) © HP(R; Hi) 


is dense (note that the first equality follows from the fact that H 5 u => 
(uo, u1) € Ho ® H; is unitary). The desired density result thus follows from 
Lemma 15.2.1. oO 


Next, we shall proceed with a proof of our main theorem in this chapter. 
Proof of Theorem 15.2.3 For i, j € {0,1} we set Nij(z) :— v, N (2)un;- Let 
Cf. 8) € (8M (av) + A)[ H2(R; dom(C) e dom(C*))]. Defining 


(u, v) = (8r, M Qr) + A) (f, 8) € H2(R; dom(C) 6 dom(C*)), 
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we have 


dt v Moo (ðt, v)u + Noo(d;,y)u — C*v = f — Noi (ðr, v)v, 
Ni (95,,)v + Cu = g — Nio (ðr )u. 


Since Re z M (z) 2 c, we infer 
Re N11 (ðv) 2 c 
Thus, by Proposition 6.2.3(b), we deduce that Mj (9;,,) :— Nu (8;,)7! satisfies the 
real-part condition imposed on Mı in Lemma 15.3.1. Moreover, since (M, A) is 
a-fractional parabolic, 
Mo(z) = Moo(z) + z ^! Noo) 

fulfills the real part and boundedness assumptions in Lemma 15.3.1. Introducing 

f: f — Noi (ôr v)v € Hy(R; Ho)  L2,.(R; Ho) 

Z := Mi(8,,)8 — Mi (ðr v)Ni0(ð;, v)u € Hy (R; Hi) € H? (R; Hj), 


we get 


9, vMolðr v)u — C*v = F, 
v + Mı (4,,»)Cv = g. 


Thus, using Lemma 15.3.1, we find « > O in terms of Mo, Mı and the positivity 
constants such that (recall that mı := ||Mi loo cs...) 


lul? + Cull + Moli; + |C*v | 


«(Flo + 12122) 


2 2 2 2 2 2 2 2 
< 2x (FIZ + INIZ cr, Hl +m? ella; + mt INIZ cs lell2/2) 


1 
2e (Vf llo + IIIS, cs. rollo + mi lalay + 2m5 IN MS cs... (£ lelle + — lllo )) 
for all £ > 0, where in the last estimate, we used 


luli; = (au, au). = (ue, ORD OR u) < Nalo Well 
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Hence, choosing € > 0 small enough and using that (3; vM (Orv) + A) is 


continuous from L» , (IR; H) into itself, we find «' > 0 such that 


2 
lul? + Cull + loli, + | C*v]2 < «(SIR + lgl), 


which establishes the assertion (using the density result in Proposition 15.3.2(b)). 
Oo 


15.4 Comments 


The issue of maximal regularity (in Hilbert spaces for simplicity) is a priori 
formulated for equations of the type 


u'-- Au = f, 


where f lies in some L»((0, T); H ) and A is an unbounded operator in H. 
The question of maximal regularity then addresses, whether a solution u to this 
equation exists and satisfies u € L2((0, T); dom(A)) n H! ((0, T); H). In Hilbert 
spaces, whether or not this question can be answered in the affirmative solely 
relies on the properties of A. Hence, one shortens this question to whether A 
‘has maximal regularity’. The present situation is conveniently understood: A has 
maximal regularity if and only if — A is the generator of a holomorphic semigroup, 
see [33, Theorem 2.2] and [105, Lemma 3,1]. One major example class is the class 
of operators that are defined with the help of forms, see [5] for an introductory 
text. People then studied the situation of time-dependent A. It has then been shown 
in various contexts and under suitable conditions on the (smoothness of the) time- 
dependence of A, whether A has maximal regularity or not. For this, we refer to 
[2, 8, 30] for an account of possible conditions. The evolutionary equations case, 
which is addressed for the first time in [88] in the time-independent and in [123] 
for the non-autonomous case, is different in as much as the focus of the underlying 
rationale is shifted away from the spatial derivative operator towards the material 
law. The proof of Theorem 15.2.3 outlined above is the autonomous version of 
[123]. 
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Exercises 


Exercise 15.1 Consider the situation of Example 15.1.1. 


(a) Show that O € o(8;,, +0) for all v > 0. Next, let u be as in Example 15.1.1 
and show that u ¢ dom(9; , ). 
(b) Let v > 0 and show using Picard's theorem that 


10 0 9 
0 ú : 
Zu F N+ ) 


Show that there exist f, g € L2,,(R; L2(R)) such that for 


("7)= (0963) Q) 


and 


69-63-63) €) 


we have u f, ug € dom(d;,y). 


Exercise 15.2 Let u and q be defined as in Example 15.1.2. Show that u € 
dom(9;,,) and q € dom(m) by explicit computation (not using Theorem 15.2.3). 
Hint: Find an ordinary differential equation satisfied by u. Use the explicit solution 
of this ordinary differential equation to show the claim. 


Exercise 15.3 Let a > 0 and v > 0. Show that 


Av: dom(9/4 ^!) € HER) > HER) 


uc Or yu 


is densely defined closable with continuous invertible closure. 


Exercise 15.4 (Local Maximal Regularity) Let Ho, Hı be Hilbert spaces, 
a € L(A) be such that Rea > c for some c > 0. Furthermore, let 
C: dom(C) € Ho — H; be densely defined and closed. Let T > 0. Show 
that for every f € Lo( (0, T); Ho) there exists a unique u € H!( (0, T); Ho) N 
L»( (0, T); dom(C*aC)) with u(0) = 0 such that 


u(t) + C*aCu(t) = f(t) (ae.t € (0, T). 
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Hint: Reformulate the equation satisfied by u into an evolutionary equation, apply 
Theorem 15.2.3. 


Exercise 15.5 Let Ho, Hı be Hilbert spaces, a € L(H1) be such that Rea > c for 
some c > 0. Furthermore, let C: dom(C) € Ho — H; be densely defined and 
closed. Let 7 > 0. Define 09: dom(d9) C Ly( (0, T); Ho) > L»( (0, T); Ho) 
with dou = u’ and 


dom(ao) = fu € H'((0, T): Ho); u0) — 0]. 


Show that for u € H! ( (0, T); Ho) the point-evaluation u(0) = 0 is well-defined. 
Then show that ðo + C*aC is continuously invertible and closed as an operator in 
L2( (0, T); Ho). 

Hint: For the first part use Theorem 12.1.3. For the second part, apply the result of 
Exercise 15.4. Show that in the situation of the previous exercise, there exists x > 0 
independently of f and u with 


It us o. 7); La ((0,7:domcac)) S 1 sor); no): 


Exercise 15.6 Recall Maxwell’s equations from Theorem 6.2.8: 


& 0 o 0 0 —curl 
a 
add D °) i K o Y Ea 0 ) 


in Loy (R; L3(Q)3 x Ly(Qy) with £, 4,0: Q — R3x3 satisfying the following 
property: there exist c > 0 and vo > O such that for all v > vo we have 


ve(x)+Reo(x) 20, u(x)2c (xe). 


By Theorem 6.2.8, for v > vo and jo € L2, (IR; L>(Q)3), there exists a unique pair 
(E, H) € L2, (R; L2(Q)®) such that 


69-6269 C7) (3) 


Assume there exist open sets Q9, Q1 C Q such that Qo C Q; C Qj, € Q with 
spt jo(t) € Qo for a.e. t € IR. Moreover, jo € Hi” (R; Lx(Q1))). Furthermore, 
assume £ = 0 on Qj. Show that t +> H (t)|oy € HI (R; L2(Qo)%). 


Exercise 15.7 Let Ho, Hı be Hilbert spaces, a, b € L(Hj) be such that Reb > c 
for some c > 0. Furthermore, let C: dom(C) € Ho — H; be densely defined 
and closed. Let f € L2(R; Ho) with infspt f > —oo. Show that for v > 0 large 
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enough, there exists for a unique u € H? (R; Ho) N dom (C* (a+ ba;,,»)C) satisfying 
92 u + C* (a + bð, ,)Cu = f. 


Hint: Use the substitution w :— ð; „u and q :— —(a + bd;,,)Cu to reformulate the 
equation in question as an evolutionary equation. Then apply Theorem 15.2.3. 
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Chapter 16 A) 
Non-Autonomous Evolutionary us 
Equations 


Previously, we focussed on evolutionary equations of the form 
(8.8, +A) U =F. 


In this chapter, where we turn back to well-posedness issues, we replace the material 
law operator M (8;,,), which is invariant under translations in time, by an operator 
of the form 


M+ aN, 


where both M and N are bounded linear operators in L5 ,(R; H). Thus, it is the 
aim in the following to provide criteria on M and M under which the operator 


9; y.M 4-.N -- A (16.1) 


is closable with continuously invertible closure in L»,, (IR; H). In passing, we shall 
also replace the skew-selfadjointness of A by a suitable real part condition. Under 
additional conditions on M and V, we will also see that the solution operator 
is causal. Finally, we will put the autonomous version of Picard's theorem into 
perspective of the non-autonomous variant developed here. 

In order to get grip on the domain of the anticipated operator sum, we need to 
assume a commutator condition of the coefficient operators and the time-derivative. 
Thus, the replacement for the assumption of the coefficient to be a "material 
law operator" (i.e., a bounded analytic function of the time-derivative) is to be 
evolutionary and to have a bounded commutator with the time-derivative (in a 
suitable sense). Since we proved in Theorem 8.2.1 that bounded analytic functions 
of the time-derivative are exactly the ones that are causal and autonomous (and 
evolutionary), one may view the following theorem as a direct generalisation of 
Picard's theorem in the way that “autonomous” is dropped. 
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16.1 Examples 


In principle finding examples for the non-autonomous theory is relatively simple. 
The prototype case focusses on time-dependent multiplication operators. In order 
to illustrate our findings below, we shall revisit the heat equation and Maxwell's 
equations. 


Non-Autonomous Heat Equation 
Let Q C R4 be open and a: R x Q > IR^*4 bounded and measurable. Assume 
there exists c > 0 such that 

Rea(t,x) 2c (ae.(t,x) e Rx 2). 


Then the non-autonomous variant of the equations describing heat conduction are 


dt vO + divog = Q 
q(t, x) =a(t, x)grad0 (t,x) ((t, x) e R x Q2). 


The resulting block operator matrix 


3 10 n 0 0 4 0 divo 
=» T0 Oa! grad 0 


is then closable and continuously invertible in L2, (R; La (Q) x L2(Q)4) for all 
v > 0 by Theorem 16.3.1. 


Non-Autonomous Maxwell’s Equations 
Let 2 C R? be openande,u,o0: Rx Q > R?*3 bounded and measurable. Assume 
that £ and u are Lipschitz continuous w.r.t. the temporal variables uniformly in 
space; that is, there exists L > 0 such that 
le(s, x) — e(t, x) gos + la(s, x) — olg <LIt—s| (st € ox e Q). 


Assume e(t, x)! = e(t,x) and u(t, x)! = u(t,x) for allt € R, x e Q. 
Furthermore, assume there exist c, vo > O such that for all v > vo we have 


At, x) 2 c, and ve(t, x) + 56) +Reo(t,x)>c ((tx)eRmR x). 


Then it will not be difficult to see that the operator 


e(m;, my) 0 o(m;,m,) 0 0 -—curl 
0 
id ( 0 umr, ea) D ( 0 o) T i 0 ) 
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is closable and continuously invertible in L2,y(R; La (Q)? x La(2)°) forall v > vo 
by Theorem 16.3.1; see also Exercise 16.1. 


16.2 Non-Autonomous Picard’s Theorem—The ODE Case 


Let H be a Hilbert space and v > 0. In this section we will focus on the ODE-case 
first, which is modelled by A = 0 in (16.1). 


Theorem 16.2.1 Let M, M',N € L(L2,(R; H)) with M, N causal and 
Re M > 0. Assume 


M8, , € dry M — M' 


and 
Re(¢, (3v M +N) ¢) 2 c (9. d) 
for some c > 0 and all ¢ € dom (8, M). Then 
0€ p(jvM+N), 
|@ M +AT] € 1/c, and (d „M +N)! is causal. Moreover, 


Re(¢, (dv M +N)” d) 2 c(6.0) (p € dom((a,.M+N)*)). 


Remark 16.2.2 The only non-trivial condition in Theorem 16.2.1 is the commutator 
condition 


Mary € dy M — M'. 


This condition is satisfied for multiplication operators induced by a Lipschitz 
continuous function, see also Exercise 16.1. 


We leave the proof of 0 € o (dr M +N ) and the norm estimate as Exercise 16.4. 
For the proof of causality, we need some preparations. The first result will also be 
of some value in the next chapter. It deals with a reformulation of causality for 
resolvents. 


Proposition 16.2.3 Let 5: dom(B) € L2, (R; H) > L2, (R; H) be linear, 0 € 
p(B), and assume that there exists c > 0 such that for all € dom(B) we have 


Re (6, Bd) r, (gn) 2 c (6. 9) Ly, (RH) - 


262 16 Non-Autonomous Evolutionary Equations 


Then the following two statements are equivalent: 


(i) Bo! is causal. 
(ii) For all $ € dom(B) and all a € R we have 


Re (155,416. BO), e: m 2 C cosa. $),, e; H)’ 


Proof (i)=>(i): Let f € L5. (R; H) anda € R with spt f € [a, oo). Then, using 
(ii), for 9 := B-! f € dom(B) we have 


0 = Re(1cosa19. f), qu jy = Re (Ii-co,a19, BO), (gs. jj 
2 
2 c(1.oo.2]ó. $)L, Rm =e [Loa | Lj, (R: H) * 


which yields spt C [a, oo). Thus, B~! is causal. 
>i): Let a € R, @ € dom(B), and f := Bd. Then $, := Bo eaa € 
dom(B) and, using causality of B-!, we obtain 


lCaaé:— ioa doof = Lco, f (eap. 
We thus compute 


Re (11-5516. Bó]; (as) = Re (Loot: Sr, œa) = Relbt: Loo), nun) 
= Re ($1, Bói) 1, (gi) 2 c ($1, PI) L, (RH) 
> c|1osi I uu =e] Losses em 
= c(1%,a]ĝb, Plt H) 3 


where in the last estimate we used that multiplication by 1(—o,a] is a contraction. 
oO 


Lemma 16.2.4 Let B: dom(B) € L2,(R; H) — L2,(R; H) be linear. Let 
à, u € p(B) be contained in the same connected component of p (B). Assume that 
(u — B)-! is causal. Then (A — B)~! is causal. 


Proof Let Z be the connected component of p (I5) shared by both u and 4. Define 


M = In €Z;VaecR: 1(—oo,4] 6n) (n — B) I3 sso = Leow am (0 — 81] 
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Then, u € M. Next, we show that M is open and closed in Z. For this, let yo € M. 
By Proposition 2.4.1, we have B (yo, r) € p(B) with r :— 1/|\(no — B)-!|. As 
B (no, r) is connected, we infer B (o, r) € Z. Furthermore, from Proposition 2.4.1, 
we infer for n € B (no, r) that 


oo 
(n — B) ! = Y (no — 9 (m — B) 5. 
k=0 
Hence, since no € M, we obtain for all a € R, 


1o, 9n) — BY“! = 1-c0,a)(m) Y C0 — 0) (mo — B)! 
k=0 


= 


= Y o — m 100,05 m) (Co — 8) 
k=0 


= $ m — m) ossa (m) (0 — BYD css am) 
k=0 


= Too. (m) $ (0 — 1) (no — B) 0** casa 0n) 
k=0 


= 1,1 (m)(n — B) 1 ooa (m). 


Thus, B (o, r) € M and M is open in Z. Next, let (7,), be a sequence in M, 
convergent to some n € Z. For n € N the equality 


1 —00,a]() (nn — B) ! = dos m) — B) doom) (a E R) 


as well as the continuity of (- — B)~! imply that n € M. Hence, M is closed. We 
infer M = Z from the connectedness of Z and, thus, A € M. oO 


Lemma 16.2.5 Let v € Rand M € L(L2,,(R; H)) be causal. If there exists c > 0 
such that 


Re (6, M¢)7, (gu) Z E (O: PL mm) ($ € Lo, (R; H)), 


then M! is causal. 
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Proof We have 0 € p(M) by Proposition 6.2.3(b). In particular, we obtain for all 
a € Rand $ € L5, ,(R; H), using causality of M, that 


Re (155,46, Md),, (RH) = Re(1co416. Loca Mó), qu. H) 
= Re (1-516. l-o, M 1 (00.416) p, (jr) 
=Re (L(—co, a? MY (~c0,a1?)1, Rm) 
> c(1coc]. Loo.) 1 RM 
zr E 


which yields causality of M~! by Proposition 16.2.3 applied to B = M. Oo 
Lemma 16.2.6 Let M,N, M' € L(L2 (R; H)). Assume 


My © 8; M — M’ 


and 
Re (ó, (9, M 4-6) >c (p,p) (H € dom(,,)). 
Then 
gi In € [0,09) ; (& (M+) +N)! causal} 
is closed. 


Proof As it was mentioned before, the proof of 0 € p (3s „(M + n) + N) forn € 
[0, oo) is postponed to Exercise 16.4. For all n € [0, oo) and @ € dom(0;,,) we 
have 


Re (6, (r CM +) N06) > cp, p)  ( € dom(à,,)). 


Note that this inequality to hold for all $ € dom(0;,,) is sufficient for it to hold 
for all $ € dom(9;,, (M + 7)). Indeed, this is a consequence of dom(d;,,,) being 
a core for 0;,,(M +), which is easily seen (see also Lemma 16.3.3). Hence, by 
Proposition 16.2.3, n € Z if and only if 


Re (155,410. (Or, (M + n) + NO) > c (lca, H) ($ € dom(9, ,)). 


Before we show closedness of Z, we shortly recall that integration by parts yields 
foralla € R 


1 
Re (1( 55,4], 94,06) = 3 IE? e?"* + v (lcw, p) ($ € dom(4,,)). 
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In order to show that Z is closed, let (7), be a sequence in Z, convergent to some 
n € [0, co). Then we compute for all a € IR and $ € dom(8;,,) and n € N 


Re (1(-55,410, (8r. v (M F n) F N) 6) 
- Re(1( 55,4]9, (d CM +n) + N) $) -- Re (1(-o5,416, 9; (n — TM 


1 
> ¢(1co,al?, 6) + 50 — m) lé (a)? exp -2va) + (n — m)v (155419. 9). 
Letting n — oo, we infer 
Re (1(—co,a1: (3, CM + m +N) 6) > c(1oo416. $) 


for @ € dom(9; ,). Hence, n € Z. oO 


Proof of Theorem 16.2.1 Keeping Exercise 16.4 in mind, we only need to show 
that the solution operator (3r „M +N )—! is causal. 
By Lemma 16.2.6, it suffices to show that for all n > 0, 


r V CM + n) a Aye 


is causal. Hence, we may assume that 0 € p(M) and, using Lemma 16.2.5, that 
M7! is causal. In this situation, it remains to show that 


(9, M +N) = M7! Ov + NM! 
is causal. As M7! is causal, it furthermore suffices to show causality of 
(ry - I7 


where K := MM7! is causal. Using Re.M > 0 and the inequality assumed for 
0,» ME + N, we conclude that (9; + u + K) is continuously invertible for all 
H > O0. Since any is causal, Lemma 16.2.4 yields that (3; + n)! is causal. From 
Re(à;,, + u) > v + p it follows that | (3j, + 1)! | < 1/(v + u). Hence, we find 
p > O such that || (3j, + 4)! K| < 1. Thus, 


Orv +u +E! = (1+ Qus E 1071 K) s +u)! 


oo 


= Y ED Gy + TIK) (8s + wT? 
k=0 


is causal as a composition of causal operators. Finally, Lemma 16.2.4 implies 
causality of (3; v + IC)! as desired. o 
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Let H be a Hilbert space. In Sect. 4.2, we have already discussed the notion of 
uniformly Lipschitz continuous mappings. Here we concentrate on linear uniformly 
Lipschitz continuous mappings, which we call evolutionary as a short hand: 


Definition Let vo € R. A mapping 


M: SQ; H) > () L2 (R; H) 


vvo 


is called evolutionary (at vo) if it is linear and uniformly Lipschitz continuous 
(at vo); that is, for all v > vo, the mapping M: S.(R; H) € Lo,(R; H) > 
L2, (R; H) is linear and continuous. Moreover, its continuous extension to the 
whole of L2,» (R; H), denoted by M”, satisfies sup, ,, |. Vt" || < oo. 

The set of all evolutionary mappings is defined as 


Sev (H, vo) = 4 M: SORS; H) > () L2 ,(R; H); M evolutionary at vo 


v2vo 


We have seen that material law operators are evolutionary (see Theorem 5.3.6 
and the concluding lines of the proof). In the non-autonomous version of Picard's 
theorem (Theorem 6.2.1), evolutionary mappings will replace the notion of material 
law operators. Hence, we allow for an explicit time-dependence in the coefficients. 
Recall from Lemma 4.2.5(a), that M” is causal and independent of v in the sense 
of Lemma 4.2.5(c). 
The non-autonomous version of Picard's theorem now reads as follows. 


Theorem 16.3.1 Let u € R, M, M',.N € S&«(H, u), Re.M" zOforallv > u 
and A: dom(A) € H — H be closed and densely defined. Assume that there exists 
c > O such that the following conditions are satifsfied: 


(a) M" Oru € 8j, . MP" — (A), 
(b) for all v > wand ó € dom(0;,,) we have 


Re (9, (dry M" +N”) $)L, RH) > c ($, $) L (mp): 
(c) for all x € dom(A) and y € dom(A*) we have 
Re (x, Ax)g > 0 and Re(y, A*y),, > 0. 
Then for all v > max{, 0}, v Æ 0, the operator 


ðM” +N” +A: HIR; H) N Lo, (R; dom(A)) € Lo, (R; H) > Lo,,(R; H) 
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is closable and its closure is continuously invertible. Moreover, with S, € 
L(La,,(R; H)) being the inverse of this closure, ||Svlpqz,; mg) < 1/6 Sv is 
eventually independent of v and S, is causal. 


Remark 16.3.2 


(a) Itis a consequence of Theorem 16.3.1 that the mapping 


S: $(R; H) > (^) L2v(R: H) 
veh 


f o (VL MPEENUEA | f 


is evolutionary. 

(b) It will follow from the techniques used in the proof of Theorem 16.3.1, that a 
similar results holds without the assumption of evolutionarity for the operator 
coefficients. We refer to the formulation in Exercise 16.5 and ask the reader to 
provide a proof for this. 


The proof of the non-autonomous version of Picard's theorem requires some 
preparations. Being still a linear theory, the well-posedness result is—similar to the 
autonomous version of Picard's theorem— based on Proposition 6.3.1. Furthermore, 
we need some results on the interaction of the time derivative and the non- 
autonomous coefficients. Thus, for the next lemma, we introduce the commutator 


[A, B] := AB — BA 
for two linear operators A and B on its natural domain 
dom(A B) N dom(B A). 


Lemma 16.3.3 Let v € R, M,M’,N € Sey(H,v). Fore > 0 small enough, 
denote S; :— (1 + €0;,y)71. 


(a) AM” dv € 8j, ,. M" — (Ar), then for all € > 0 we have 


[3i vM”, Se] = £ðt,v Se( M^)” Se € L(L2, v (R; H)). 


In this case, we also have that [9u M”, Se] —> 0 in the strong operator 
topology of L(L2 (R; H)). 

(b) We have that [.N, Se] — O0 as e — O in the strong operator topology of 
L(L2, (R; H)). 
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Proof 
(a) Lete > O and ¢ € dom(9;,,). Then 


Ld; M”, Selo = 0; v CM" Se = SeM”)o 
= ðt v Se (Cl + £3) M” — M” (1 + £ðr,v)) Seb 
= £i v Se M)" Se, 
which shows the first equality. Since S; — 1 as e — O in the strong operator 
topology and £; v Se = (1— Se) — 0 as € — Oin the strong operator topology, 


we infer the convergence statement in (a). 
(b) This statement follows from Sẹ — 1 in the strong operator topology. o 


Lemma 16.3.4 Let u € R, M, M',.N € Sey(H, u) and A: dom(A) C H > H 
be closed and densely defined. Assume M” dı u C 8, u M” — (M^). Then for all 
v2pu 


(9, M” +N?” + A)* = (dr M" + .N)* + A* = CMP)*ür, + (QN)* + A*. 


Proof Let v > u. It is not difficult to see that M” ð; ,, C t, uM” — (mM’)" implies 
M” Ory € ðt y M" — (M), see Exercise 16.2. 

Let g € dom (dr v M” LAU A)*). For € > 0 small enough, we define Sẹ := 
(1 + £8; ,)7! as well as gs :— S7 g. For u € dom(9; ,.M" + N” + A) we compute 


(r vM +N” + A)u, ge) 
= (Se (ðr M” +N” + Au, 8) (16.2) 
= (r, u M” +A” + A)Seu, g) = (lð vM”, Se]u + AN”, Selu, g)- 


We read off that gs € dom ((8,,, M” +. NY + A)*) and 


(ðr M”? +N” + AP*ge 
= S (ðr M” +N” + A)*g — [di M", Sel*g — IN", Se]*8g. 


By Lemma 9.3.3, we infer that g; — g weakly as € — 0. Similarly, we obtain 
S7 (8, M” =N” +A)" g + [div M”, Sel*g—IN”, Sel*g > (Or MP +N” + A)*2 


weakly as € — 0. Next, we show that gs € dom(A) for all € > 0. For this, we 
realise that gs € dom(9;',) = dom(90;,,) and, thus, revisiting (16.2), we infer 


(Au, 8c) = — ((@r M" +.N”)u, ge) + (Or M +N” + A)Seu, 8) 
= (Eð M”, Selu, 8) = (LV, Selu, 8) 
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= — (u, (MP)*87, + (N")*) ge) + (u, SE (Orv MP +N” + A)*g) 
mn (u, [3 M”, Se]*g + LN”, S.]*g) s 


Since HI (R; H) 9 L2, (R; dom(A)) is dense in L2, (R; dom(A)), we read off 
that gs € dom(A*). Thus, since ge € dom(07,) anyway, we obtain by the first 
statements in Theorem 2.3.2 and Theorem 2.3.4 that 


(ðs y M” +A” + A)* ge = (M”)* OF Be F (N”)* ge F A* ge, 


which together with the above convergence result shows the assertion. o 


Lemma 16.3.5 Let u,v € R, u Z v. Let Sp € L(L2 (R; H)) as well as S, € 
L(L2, a(R; H)) be causal and D C L2, (R; H) A L2, (R; H) dense in Lo, (R; H) 
such that Sy = S, on D. Then Sy = Sy on L2 (R; H) N L2, (R; H). 

Proof Let f € L» (R; H)A L2, (R; H). By density of D, we may find a sequence 
(fa)n in D such that f, — f in L2, (R; H). Leta € R. Then l(-oo4] fn — 
1 (~co,a) f in L2, (IR; H) N L2, (R; H). Since both S, and S, are causal, we infer 
forn € N that 


Teo," 1 -56,4] fn = 1(—00,a1S" fn = 1 (—c0,a)8” fn = 1(-oo,4]S 1 (00, a] fn- 


Letting n — oo, we deduce that both the left-hand side as well as the right-hand 
side converge in L» 1o: (R; H). Consequently, we infer, using causality again that 


1(-oo,4]5" f = L(—00,a) "1 (—00,a) f = Loo,4]5" l(—oo,4]f = 1-00, aS" f. 


This equality holds for all a € R, thus S” f = S” f and the assertion follows. o 
The following lemma is proved in the (easy) Exercise 16.7. 


Lemma 16.3.6 Let Ho, H be Hilbert spaces. Let B: dom(B) € Ho > H be 
closed and densely defined. Let V be a Hilbert space such that V — dom(B) 
continuously and densely. If D C V is a dense subspace, then D is a core for B. 


Proof of Theorem 16.3.1 Define B = 3M” + N” + A with dom(B) = 
H} (R; H) A L2, (R; dom(A)). By the last equality in Lemma 16.3.4, we have 
dom(B*) > HIR; H) N L2, (R; dom(A*)). Hence, B* is densely defined and, 
therefore, by Lemma 2.2.7, B is closable. Next, we want to apply Proposition 6.3.1 
to B := B. For this, we let $ € dom(B) and compute 


Re ($, BG) = Re(ó, (8, M" +N” + A)) 
>c (p,p) + Re (o, AQ) > cio, o). 
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Since dom(B) is acore for B, we deduce 


Re (ġ, Bd) > c(ġ, p) ($ € dom(B)). 


Using Lemma 16.3.4, we obtain D := dom ( (di M” + Nv)" )NL2,y (R; dom(A*)) 
is acore for B*. Using Theorem 16.2.1, we estimate for all w € D that 


Re (y, B*y) = Re(w, (drv M" 4-.N")* Y + A*V) 2 cty, y). 
Hence, 
Re(y, B*y) 2 c (V, V) (y € dom(B*)). 


Thus, Proposition 6.3.1 applies and we deduce that 0 € p(B) and | Bo! l < 1/c. 

Next, since (ð; M" + N”)7! is causal by Theorem 16.2.1, using Proposi- 
tion 16.2.3 for $ € H} (R; H) A L2, (R; dom(A)) = dom(B) we obtain for a € R 
that 


Re (1( 55,410. Bo) = Re(1 55,40. (9j, M” +N” + A)Q) 
= Re(1( 55,416, (Or M" +.N”)G) o + Re(1 55,419. 1-00, a] 4) 
> c(l 56. $) + Re(1. 55,40. A1( 55,419) > c (1. 55,40. 4). 


The inequality Re(1( 55,419, Bo) 2 € (156,416. $) carries over to all $ € 
dom(B) using that dom(B) is, by definition, a core for B. Again appealing to 
Proposition 16.2.3 we obtain that B^! is causal. Finally, in order to show that S, 
is eventually independent of v, we want to apply Lemma 16.3.5. Since we have 
shown that for all v > n > n, the operators S, and S, are continuous and causal, it 
remains to construct a set U € L5. ,(R; H)n L2,,(R; H) dense in L2,, (R; H) such 
that S, = S, on U. We put 


U :— (ðs M" + N” + A[C?* (R; dom(A))], 


which is evidently a subset of L2,(R; H). Observe that C7? (R; dom(A)) € 
La n(R; H) N L2 (R; H). Moreover, M” = M” as well as N" = N” on 
L2, (R; H) Lo, (R; H). Thus, both M” and N” leave Lo, 4,(R; H) Lo, (R; H) 
invariant, by Lemma 4.2.5. Hence, since A|ce (R; dom(A)) | C CXR; H), we 
infer that U C L» ,(R; H) N L2, (R; H). 

Finally, by Lemma 9.4.1, C9 (R; dom(A)) is dense in L2, (R; dom(A)) N 
Hl (R; H). We now apply Lemma 16.3.6 to Cz? (R; dom(A)) C V:-Loy 
(IR; dom(A)) N H (R; H) and B to get that C7? (R; dom(A)) is a core for B. Since 
B is surjective, this implies that U = B[c? (R; dom(A))] C L2 (IR; H) is dense 
which yields the assertion. o 
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16.4 Comments 


Traditionally, non-autonomous equations have been dealt with—similar to the 
autonomous case—by mimicking techniques and results from non-autonomous 
ordinary differential equations. In consequence, the fundamental solution is the 
central object of attention, which finds itself in the concept of so-called evolution 
families (U (t, s))r>s or propagators, see e.g. [53, 112]. Similar to the autonomous 
case, one is interested in the initial value problem 


u(t) + A()u(t) 0, t0, 
u(0) — uo, 


for a given parameter dependent operator family (A(t)); of unbounded operators. 
The solution is then given by u(t) = U (t, 0)uo. In applications, for instance to 
parabolic equations, A(t) = — div a(t) grad. 

One is then interested in whether (A (1)); gives rise to an evolution family. There, 
the main issue is to understand the behaviour of the possibly different domains 
of A(t) for any given t. Focussing on inhomogeneous problems rather than initial 
value problems, we again are changing the perspective in the case of evolutionary 
equations. The presented time-space perspective entirely dispenses with the possible 
domain issues and requires only mild regularity conditions of the coefficients. In 
particular, as it has been demonstrated for the heat equation in Sect. 16.1, we merely 
require boundedness and measurability for a, whereas for Maxwell’s equations we 
need Lipschitz continuity for the coefficients £ and u. 

The first result on the well-posedness of non-autonomous evolutionary equations 
has been found in [92]. In this source, the focus was on multiplication operators 
as coefficients and Lipschitz continuity of the operator coefficients with respect to 
time was assumed. The method of proof has been used to generalise this to the 
commutator assumption presented here, see [137, 138]. Theorem 16.3.1 also has a 
nonlinear analogue. This can be found in [122]. For an autonomous well-posedness 
result for nonlinear evolutionary inclusions we also refer to Chap. 17. 


Exercises 


Exercise 16.1 Let V: R — R be Lipschitz continuous. 


(a) Let p € C£? (R). Show that @V € H| (IR) with bounded derivative. Show 
that there exists a bounded measurable function V’ such that V(t) — V(0) = 
[o V'(Odr. 
(b) Let V be bounded. Show that V (m) is evolutionary at 0 and that 
V (m)"àj,, € drv V (m)" — V'(m)". 
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(c) In the situation of (b), show that for $ € dom(0;,,), we have 


1 
Re 9. ài, V (m4) = v (b, Vim)g) + 7 ($, Và). 


Exercise 16.2 Let H be a Hilbert space, u € IR. Let M, M’ € Sey(H, u). Assume 
that 


M^" dtu € 3t uM” — (MP)". 
Show that then for all v > u we have 
M” div € 9, M" — CMP)". 
Exercise 16.3 Let H be a Hilbert space, v, c > 0, M € M(H, v). Assume that 
RezM(z) 2 c. 
Show that then 
Re (ð; vM (i,))0. L00410) > c |L ssa [^ 


for all $ € dom(9;,,) and a € R. 


Exercise 16.4 In the situation of Theorem 16.2.1, show that 0 € o(9; M +N) 
and ||; nM 4- 7! | < 1/c. 
Hint: Show Re (3; „M + N)* Z c first. 


Exercise 16.5 Prove the following ‘non-causal’ version of Theorem 16.3.1: Let H 
a Hilbert space, v € R. Let M, M',.N € L(La.,(R; H)) and A: dom(A) € H > 
H be closed and densely defined. Assume that there exists c > 0 such that the 
following conditions are satifsfied: 


(a) 8s, y € 9; v. M — M', 


(b) for all o € dom(9;,,) we have 
Re ($, (rM +N) P) n. Z 6 (D 9) 1, m 
(c) for all x € dom(A) and y € dom(A*) we have 
Re (x, Ax) 7 > O and Re(y, A*y) y > 0. 
Then 


9, M +N + A: Hy) (R; H) D L2,,(R; dom(A)) € L2, (R; H) > L2, (R; H) 
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is closable and its closure is continuously invertible. Denoting the respective inverse 
by S, we have IS ll riis cR; B) x 1/c. 


Exercise 16.6 Without using Theorem 16.3.1 or Exercise 16.5 show that if M € 
M(H, v) and N € Sey(H, v) satisfy 


Re(9, (drv M (drv) -.N')9) > clp, 0) (H € dom(à;,,)) 


for some c > O0, then 0 € p(t vM (8j, v) +N” + A), for all skew-selfadjoint 
A: dom(A) € H > H. 

Hint: Compute the adjoint of 9, M (8) +N” + A with the help of Theorem 6.2.1 
and Theorem 2.3.2. 


Exercise 16.7 Prove Lemma 16.3.6. 
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Chapter 17 ® 
Evolutionary Inclusions od 


This chapter is devoted to the study of evolutionary inclusions. In contrast to 
evolutionary equations, we will replace the skew-selfadjoint operator A by a so- 
called maximal monotone relation A C H x H in the Hilbert space H. The resulting 
problem is then no longer an equation, but just an inclusion; that is, we consider 
problems of the form 


(u, f) € drv M (Orv) + A, (7.1) 


where f € L2,(R; H) is given and u € La5,,(R; H) is to be determined. This 
generalisation allows the treatment of certain non-linear problems, since we will 
not require any linearity for the relation A. Moreover, the property that A is just a 
relation and not neccessarily an operator can be used to treat hysteresis phenomena, 
which for instance occur in the theory of elasticity and electro-magnetism. 

We begin to define the notion of maximal monotone relations in the first part 
of this chapter. In particular, we introduce the notion of the so-called Yosida 
approximation of A and provide a useful perturbation result for maximal monotone 
relations, which will be the key argument for proving the well-posedness of (17.1). 
For this, we prove the celebrated Theorem of Minty, which characterises the 
maximal monotone relations by a range condition. The second section is devoted 
to the main result of this chapter, namely the well-posedness of (17.1), which 
generalises Picard's theorem (see Theorem 6.2.1) to a broader class of problems. 
In the concluding section we consider Maxwell’s equations in a polarisable medium 
as an application. 
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17.1 Maximal Monotone Relations and the Theorem 
of Minty 


Definition Let A C H x H. We call A monotone if 
V(u,v), (x, y) e A: Re(u—x,v—y) 2 0. 
Moreover, we call A maximal monotone if A 1s monotone and for each monotone 
relation B C H x H with A C B it follows that A = B. 
Remark 17.1.1 Let A C H x H bea monotone relation. 


(a) It is clear that A is maximal monotone if and only if for each x, y € H with 
V(u,v) € A: Re(u—-x,v—y) 20 


it follows that (x, y) € A. 

(b) From (a) it follows that A is demiclosed; i.e., for each sequence ((%n, Yn))neN 
in A with x, — x in H and y, — y weakly or x, — x weakly and y, — y in 
H for some x, y € H as n — oo it follows that (x, y) € A (note that in both 
cases we have (u — Xn, v — yn) > (u — x, v — y) for each (u, v) € A). 


We start to present some first properties of monotone and maximal monotone 
relations. 


Proposition 17.1.2 Let A C H x H be monotone and X > 0. Then the following 
statements hold: 


(a) The inverse relation (1 + XA)! is a Lipschitz-continuous mapping, which 
satisfies |A -- X4) ! |, 4 < 1 

(b) If1-- XA is onto, then A is maximal monotone. 

Proof For showing (a), we assume that (f, u), (g, x) € (1 + àA)! for some 


f.g,u,x € H. Then we find v, y € H such that (u, v), (x, y) € A andu - Av = f 
as well as x + Ay = g. The monotonicity of A then yields 


lu — xl? 2 Re(f -g-A(v — y), u — x) < Re (f - gu — x) < lf — gll llu —xll- 


If now f = g, then u = x. Hence, (1 + 4A)! is a mapping and the inequality 
proves its Lipschitz-continuity with [a TAAy! luis <1. 

To prove (b), let B C H x H be monotone with A C B and let (x, y) € B. 
Since 1 + AA is onto, we find (u, v) € A C B such that u + Av = x + Ay. Since 
(1 4- AB)7! is a mapping by (a), we infer that 


x= (1+AB)!(x Ay) = (1 +AB) (uc Av) =u 


and hence, also v = y, which proves that (x, y) € A and thus, A = B. oO 
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Example 17.1.3 Let B: dom(B) € H — H be a densely defined, closed linear 
operator. Assume Re (u, Bu) > O and Re (v, B*v) > O0 for all u € dom(B) 
and v € dom(B*). Then B is maximal monotone. Indeed, the monotonicity 
follows from the linearity of B and by Proposition 6.3.1 the operator 1 + B is 
continuously invertible, hence onto. Thus, the maximal monotonicity follows by 
Proposition 17.1.2(b). In particular, every skew-selfadjoint operator is maximal 
monotone. Moreover, if M: dom(M) € C — L(A) is a material law such that 
there exist c > 0, vo 2 sp (M) with 


Re(zM(26.0) 2 cll? ($ € H,z € Caes). 


then 0; „M (ðt v) — c is maximal monotone for each v > vo. 


Our first goal is to show that the implication in Proposition 17.1.2(b) is actually an 
equivalence. This is Minty's theorem. For this, we start to introduce subgradients 
of convex, proper, lower semi-continuous mappings, which form the probably most 
prominent example of maximal monotone relations. 


Definition Let f: H — (—oo, co]. We call f 


(a) convex if for all x, y € H, à € (0, 1) we have 


fax t (0 — 2y) € Af X) +d — 2) FO). 


(b) proper if there exists x € H with f(x) « oo. 
(c) lower semi-continuous (l.s.c.) if for each c € R the sublevel set 


[f &c] - Ix eH; fx) <c} 


is closed. 
(d) coercive if for each c € R the sublevel set [f < c] is bounded. 


Remark 17.1.4 If f: H — (—09,09] is convex, the sublevel sets [f < c] are 
convex for each c € R. Hence, if f is convex, l.s.c. and coercive, the sets [f < c] 
are weakly sequentially compact (or, by the Eberlein-Smulian theorem [50, theorem 
13.1], equivalently, weakly compact) for each c € R. Indeed, if (xn)nen is a 
sequence in [f < c] for some c € R, then it is bounded and thus, posseses a 
weakly convergent subsequence with weak limit x € H. Since [f < c] is closed 
and convex, Mazur's theorem [50, Corollary 2.11] yields that it is weakly closed 
and thus, x € [f < c] proving the claim. 


Definition Let f: H — (—oo, co] be convex. We define the subgradient of f by 
af ={@,y)eHxH;WeH: flu) 2 f(x) +Re(y,u—x)}. 


Remark 17.1.5 Note that u œ> f(x) + Re(y, u — x) is an affine function touching 
the graph of f in x. Thus, the subgradient is the set of all pairs (x, y) € H such 


278 17 Evolutionary Inclusions 


that there exists an affine function with slope y touching the graph of f in x. It is 
not hard to show that if f is differentiable in x, then (x, y) € 0f if and only if 
y — f'(x) (see Exercise 17.1). Thus, the subgradient of f provides a generalisation 
of the derivative for arbitrary convex functions. 


Proposition 17.1.6 Let f: H — (—co,0o] be convex and proper. Then the 
following statements hold: 


(a) If (x, y) € Of, then f(x) < oo. Moreover, the subgradient ðf is monotone. 

(b) If f is Ls.c. and coercive, then there exists x € H such that f(x) = 
infuse f (u). 

(c) Leta 2 0,x, y € Hand g: H > (—0oo,co] with g(u) := 5 u — yl? + fu) 
foru € H. Then g(x) = infyex g(u) if and only if (x, a(y — x)) € Of. 

(d) Leta > O and y € H. If f is Ls.c., then g: H — (—0o0,00] with g(u) = 
$ lu — yl? + f(u) foru € H is convex, proper, L.s.c and coercive. In particular 
1 4-a0f is onto and hence, df is maximal monotone. 


Proof 


(a) If (x, y) € Of we have f(u) > f(x) + Re (y, u — x) for each u € H. Since 
f is proper, we find u € H such that f(u) < oo and hence, also f(x) < oo. 
Let now (u, v), (x, y) € df. Then we have f(u) > f(x) + Re(y, u — x) and 
f(x) 2 f(u) + Re(v,x —u) = f(u) — Re(v,u — x). Summing up both 
expressions (note that f(x), f(u) « oo by what we have shown before), we 
infer 


Re(y—v,u — x) <0, 


which shows the monotonicity. 

(b) Let (xn)nen in H with f(x,) > inf,eg f(u) = d. Note that d € R, since 
f is proper. Without loss of generality, we can assume that x, € [f < d + 1] 
for each n € N and by Remark 17.1.4 we can assume that x, — x weakly as 
n — oo for some x € H. Let e > 0. Since x, € [f < d + e] for sufficiently 
large n € N, we derive x € [f € d+] again by Remark 17.1.4 and so, 
f (x) < d + € for each £ > 0, showing the claim. 

Assume that g(x) = inf,eg g(u) and let u € H. Since f is proper, so is g and 
thus, we have g(x) < oo, which in turn gives f(x) < oo. Let à € (0, 1] and set 
w := Au + (1 — A)x. Then the convexity of f yields 


(c 


— 


A(fa) — fx) 2 fw) — fa) 
= g(w) — g(x) + zu — yl? = lw — yII?) 


o 
> x - yl? — Iw — yIP) 
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a 
= lx yl? — lA — x) +x — yl? ) 


a 
= 5(— 2ARe(u X,X — y) X? llu xl? ). 


Dividing the latter expression by à and taking the limit à — 0, we infer 


æ Re (u — x, x — y) < f(u) — f@), 


which proves (x, a(y — x)) € Of. 
Assume now that (x, a(y — x)) € df. For each u € H we have 


Ix — yl? — 2Re (y — x, u — x) = ly ^x — (u — x)? — llu — x|? < Jw — yl? 


and thus, 
fa) > f(x) +Re (aly —x),u—x) > f(x) + =( lx — yl? — lu — yl), 


which shows the claim. 
(d) We first show that there exists an affine function h: H — R with h < f. For 
this, we consider the epigraph of f given by 


epi f = (x, B) E€ H x R; fœ) < Bj. 
Since f is convex and l.s.c., one easily verifies that epi f is convex and closed. 
Moreover, since f is proper, epi f ZZ Ø. Let now z € H with f(z) < oo and 


n < f(z). Then (z, n) € (H x R) \ epi f and by the Hahn-Banach theorem we 
find w € H and y € R such that 


Re (w, z) + yn < Re(w,x) + yp 
for all (x, 8) € epi f. In particular 
Re (w, z) + yn < Re (w, x) + yf (x) 
for each x € H and since this holds also for x = z, we infer y > 0. Choosing 
h(x) := 1 Re (w,z —x)-F m for x € H, we have found the asserted affine 


function. 
Using this, we have that 


gu) > = lu — yl? +a) (u€ H) 
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and since the right-hand side tends to co as ||u|| — oo, we derive that g is 
coercive. Moreover, g is convex, proper and l.s.c. (see Exercise 17.2) and thus, 
there exists x € H with g(x) = inf;eg g(u) by (b). By (c), (x, a(y — x)) € Of 
and thus, (x, y) € 1+ a8f. Since y € H was arbitrary, 1 + ðf is onto and so, 
df is maximal monotone by (a) and Proposition 17.1.2(b). o 


We can now prove Minty’s theorem. 


Theorem 17.1.7 (Minty) Let A C H x H maximal monotone. Then 1 4- XA is onto 
for all X > 0. 


Proof Since XA is maximal monotone for each à > 0, it suffices to prove the 
statement for A = 1. Moreover, since A — (0, f) is maximal monotone for each 
f € H, it suffices to show 0 € ran(1+ A). For this, define fA: H x H — (—oo, oo] 
by (note that A Z @ by maximal monotonicity) 


fa(u, v) = sup (Re (u, y) + Re (v, x) — Re (x, y) i (x, y) € A}. 


As a supremum of affine functions, we see that f4 is convex and l.s.c. Moreover, 
we have that 


falu, v) = — inf {— Re (u, y) — Re (v, x) - Re (x, y) ; (x, » € A} 
= —inf{Re (x — u, y — v) ; (x, y) € A} + Re (u, v) 
for each u, v € H and since A is maximal monotone, we get by using Remark 17.1.1 


inf {Re (x — u, y — v) ; (x, y) eA) 208 (uv)eA 
«€ inf {Re (x — u, y — v) i (x,y) e A}=0 
and so 
inf {Re (x — u, y — v) i (x,y) EA} <0 (u,veH). 
In particular, we get fa (u,v) > Re (u,v) for each u,v € H and fa(u,v) = 
Re (u, v) if and only if (u,v) € A. Thus, fa is proper since A # Ø. By 


Proposition 17.1.6(d) we obtain that O € ran(1 + f4) and thus, we find (uo, vo) € 
H x H with ((uo, vo), (—uo, —vo)) € afa. Hence, by definition of 3 f4, 


falu, v) > fa(uo, vo) + Re ((—uo, —vo), (u — uo, v — vo)) 


= fa(uo, vo) + lluoll? + lvo? — Re (uo, u) — Re (vo, v) 


for all (u, v) € H x H. In particular, using that fA(u, v) = Re(u, v) for (u, v) € A 
we get 


0 > fa(uo, vo)-- lluoll" +llvoll?—Re (uo, w) —Re (vo, v) -Re(u, v) | ((u, v) € A). 
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Taking the supremum over all (u, v) € A, we infer 


0 > fa(uo, vo) + lluoll? + llvoll? + fa(—uo, —vo), 
> Re (uo, vo) + lluoll? + llvoll^ + Re (—uo, —vo) = luo + voll” 
Thus, uo + vo = 0 and instead of inequalities, we actually have equalities in the 


expression above. Thus, f4(uo, vo) = Re(uo, vo) and so, (uo, vo) € A. From 
ug + vo = O it thus follows that 0 € ran(1 + A). o 


Next, we show how to extend maximal monotone relations on a Hilbert space H 
to the Bochner-Lebesgue space L2 (u; H) for a o-finite measure space (Q, A, u). 
The condition (0, 0) € A can be dropped if u (Q) < oo. 


Corollary 17.1.8 Let A C H x H maximal monotone with (0, 0) € A. Moreover, 
let (Q, A, u) be a o -finite measure space and define 


ALH) = {(f, 8) € Lalu; H) x Lous H); (FM, gM) EA Ge Qae.)}. 


Then Aj ,(y; H) is maximal monotone. 


Proof The monotonicity of Aj; p) is clear. For showing the maximal monotonic- 
ity we prove that 1 + Az,(y:4) is onto (see Proposition 17.1.2(b)). For this, let 
h € Lo(u; H) and set f (t) = A+ A)- (A(t)) foreach t € Q. Note that f is well- 
defined by Theorem 17.1.7. Since (1 + A)~! is continuous by Proposition 17.1.2(a) 
and h is Bochner-measurable, f is also Bochner-measurable. Moreover, using that 
(0,0) € 1+ A and |a +A)! m < 1, we compute 


[iro auo < f wor? ane < o 

Q Q 

and so, f € Lo(u; H). Thus, h — f € Lo(u; H), which yields (f,h — f) € 
AL5(u; H) and so, h € ran(1 + Ar,(yu; p). oO 
17.2 The Yosida Approximation and Perturbation Results 


We now have all concepts at hand to introduce the Yosida approximation for a 
maximal monotone relation. 


Definition Let A C H x H be maximal monotone and A > 0. We define 
Ay 571 (1 - (1+ 1A)-") 


The family (Aj), 50 is called Yosida approximation of A. 
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Since for a maximal monotone relation A C H x H the resolvent (1 + AA)! is 
actually a Lipschitz-continuous mapping (by Proposition 17.1.2(a)), whose domain 
is H (by Theorem 17.1.7), the same holds for A}. We collect some useful properties 
of the Yosida approximation. 


Proposition 17.2.1 Let A C H x H maximal monotone and X > 0. Then the 
following statements hold: 


(a) For all x € H we have (a +124)! (x), A (x)) € A. 
(b) A; is monotone and || Ax ly; S 1. 


Proof 


(a) For all x € H we have that (a + XA) (x), x) € 1 4- AA, and therefore, 
(d 7 14) 1G), A; (x)) € A. 
(b) Let x, y € H. Then we compute 


X Re (Aix) — Aa (9), x — y) 
= [x = yl? — Re(Q 14) 6) — 0:24)! 9). x — y) 
> lx = yl? — |a exax7te) - +24) 109] s = »l 
>0 
by Proposition 17.1.2(a) and hence, A; is monotone. Moreover, 
Re (Ai (x) — Aa (y), x — y) 
= Re (Ax (x) — Ax), (AA)! (3) — + AA ()) 
t AIAxQ) — 4)? 
> X|Ax00 — AOI? , 


where we have used (a) and the monotonicity of A. The Cauchy-Schwarz 
inequality now yields || Aj |lLip S i, oO 


We state a result on the strong convergence of the resolvents of a maximal monotone 
relation, which we already have used in previous sections for the resolvent of 9; y. 
For the projection Pc (x) of x € H onto a non-empty closed convex set C C H, 
recall Exercise 4.4 and that y = Pc (x) if and only if y € C and 


Re (x — y,u — yj)y SO eC). 
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Proposition 17.2.2. Let A C H x H be maximal monotone. Then dom (A) is convex 
and for all x € H we have (1+A)7!(x) > Piona) as à — 0+, where Piona 


denotes the projection onto dom (A). 

Proof We set C := conv dom (A). Then C is closed and convex. Next, we prove 
that (1 + AA) (x) > Pc(x) as X — 0+ for all x e H. Solet x € A and 
set xj :— (1 + XA)-l(x) for each à > 0. Then we have A;(x) = +(x — xa) 
and hence, using Proposition 17.2.1(a) and the monotonicity of A, we infer 


Re (xs, — u, i(x — X4) — v) > 0 for each (u, v) € A. Consequently, we obtain 


lx? € Re (x, — u, x) + Re (xy, u)—ARe(x,—u,v) ((u,v) €A). (172) 


In particular, we see that (x, ),+0 is bounded as A — 0 and so, for each nullsequence 
we find a subsequence (Ay)n with An — O such that x,, — z weakly for some 
z € H. By (17.2) it follows that 


Izl? < Re (z — u, x) +Re(z,u) (u € dom (A)). 
It is easy to see that this inequality carries over to each u € C and thus 
Re (z—u,z—x) < 0 for each u € C which proves z = Pc(x) and hence, 


X4, — Pc(x) weakly. Next we prove that the convergence also holds in the norm 
topology. From (17.2) we see that 


? « Re(Pc(x) —u,x) +Re(Pc(x),u) (u € dom(A)) 


lim sup | XA, 
n—oo 


and again, this inequality stays true for each u € C. In particular, choosing u = 
Pc (x) we infer lim supp oo | xx, 3 X || Pc GO, which together with the weak 
convergence, yields the convergence in norm (see Exercise 17.3). A subsequence 
argument (cf. Exercise 14.3) reveals x, — Pc(x) in H asi — 0. 

It remains to show that dom (A) is convex. By what we have shown above, we have 
(1 4- 4A)7! (x) — x as à — 0 for each x € C and since (1 4- 4A)! (x) € dom (A) 
for each A > 0, we infer x € dom (A). Thus, C € dom (A) and since the other 
inclusion holds trivially the proof is completed. o 


We conclude this section with some perturbation results. 


Lemma 17.2.3 Let A C H x H be maximal monotone and C: H — H Lipschitz- 
continuous and monotone. Then A + C is maximal monotone. 


Proof The monotonicity of A + C is clear. If C is constant, then the maximality 
of A + C is obvious. If C is non-constant we choose 0 < À < he Then for all 
Ap 


f € H the mapping 


ur (1 +AA)! (f — ACQD) 
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defines a strict contraction (use Proposition 17.1.2(a) and dom((1 + XAy- I =H 
by Theorem 17.1.7) and thus, posseses a fixed point x € H, which then satisfies 
(x, f) € 1+A(A+C). Thus, A+ C is maximal monotone by Proposition 17.1.2(b). 

Oo 


We note that the latter lemma particularily applies to C = B, for a maximal 
monotone relation B C H x H and X > 0 by Proposition 17.2.1(b). 


Proposition 17.2.4 Let A, B C H x H be two maximal monotone relations, c > 0 
and f € H. For X > Owe set 


xy = (c+ A + BIP). 
Then f € ran(c + A + B) if and only if sup; „o || Bx (x) || < oo and in the latter 


case x) — x as à — O with (x, f) € c + A + B, which identifies x uniquely. 


Proof Note that x, is well-defined for à > 0 by Lemma 17.2.3, Theorem 17.1.7 
and Proposition 17.1.2. 
For all à > 0 we find y; € H such that (xj, y,) € A and cx; +y,+ Ba (x3) = f. 
We first assume that there exist x, y, z € H such that (x, y) € A, (x, z) € B and 
cx + y +z = f. Thus, we have 


elx — xi) = ya + Baa) yz, 


which gives 


0x clx, — xl? = Re (y — yy, xa — x) + Re (z — B} (x1), xi — x) 


< Re (z — Bi (x1), x, — x) 
= Re (z — Ba), 1 + XB) G3) — x) + Re (z — B, 65), AB.) 
< Re (z — Bi (x1), XBi (x1.)) 


where we have used the monotonicity of A in the second line and the monotonicity 
of B as well as Proposition 17.2.1(a) in the last line. The latter implies 


|B. Gadi? < Re (z, Ba 03)) 
and the claim follows by the Cauchy-Schwarz inequality. 


Assume now that K := sup;.o || Bi (x3)|| < oo and let u, à > 0. As above, we 
compute 


e (Yn — Yas Xa — Xp) + Re(By (Œp) — Ba 1), xi — xy) 


e (Bu (x4) — Bx). xa — xy) 
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= Re (By (x) — Bi G5), (+ AB) 65) — (1 + uB)! (xp) 
+ Re (By (xy) — Bi 3). XBi (3) — wBy(x,)) 
< Re (By (x4) — BG), ABA (x4) — WBy (xy) 
«20.4 i) K?. 
Thus, for a nullsequence (A;);ew in (0, oo) we infer that (x;,)5ew is a Cauchy 
sequence whose limit we denote by x. Since (By, (x1, ))neN is bounded, we can 


assume, by passing to a suitable subsequence, that By, (x;,) — z weakly for some 
z € H. Then 


a Hip Gy) -x| < |x, = x| + Jan Ban Ead 2 0. (> 00) 


and since ((1 + An BY 1 (33,), Bi,(x1,) € B for each n € N by Proposi- 
tion 17.2.1(a), the demi-closedness of B (see Remark 17.1.1) reveals (x, z) € B. 
Moreover, 


Yan = f — Ban (Xan) — cxi, > f —z— cx = y (n oo) 


weakly and hence, by the demi-closedness of A, we infer (x, y) € A, which 
completes the proof of the asserted equivalence. By a subsequence argument (cf. 
Exercise 14.3) we obtain the asserted convergence (note that x = (c + A + By! (f) 
is uniquely determined by f). o 


To treat the example in Sect. 17.4 we need another perturbation result, for which we 
need to introduce the notion of local boundedness of a relation. 


Definition Let A C H x H and x € dom (A). Then A is called locally bounded at 
x if there exists 5 > O such that 


A[B(x, 5)] = {y € H ; dz € Bix, 5): (z, y) € A} 


is bounded. 


Proposition 17.2.5 Let A C H x H be maximal monotone such that 
intconvdom(A) 4 ©. Then intdom(A) = intconvdom(A) = intdom (A) 
and A is locally bounded at each point x € int dom (A). 


In order to prove this proposition, we need the following lemma. 


Lemma 17.2.6 Let (Dn)nen be a sequence of subsets of H with D, € Dny+1 


for each n € N and D = Unen Dn. If intconv D ¥ Ø, then intconvD = 
LJ, ew int conv Dy. 
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Proof Set C :— intconv D. By Exercise 17.4 we have C = conv D. Since (Dn) nen 
is increasing we have conv D = Unen conv D, and hence, C C Unen conv D, C 
C. Since C is a Baire space by Exercise 17.5, we find no € N such that 
intconv Dno Z Ø and hence, int conv D, # Ø for each n > no. Hence, conv Dy = 


int conv D, for each n Z no by Exercise 17.4. Thus, 


C= U conv D, = U intconv D, = U int conv Dn. 
neN neN neN 


Finally, since U, en int conv D, is open and convex, we infer C = U, en Int conv Dn 
by Exercise 17.4. o 


Proof of Proposition 17.2.5 We first show that A is locally bounded at each point 
in int conv dom (A). For this, we set 


An = {(x,y) € A; ixl yl <a} @eN). 


n € N. Since intconvdom (A) 4 2, Lemma 17.2.6 gives intconv dom (A) = 
UJ, ew intconv dom(A,). Thus, it suffices to show that A is locally bounded at 
each x € intconvdom(A,) for each n € N. So, let x € intconvdom(A,) for 
some n € N. Then we find 6 > O such that B[x,ó] C convdom(A;). We 


show that A[B(x, 5)] is bounded. So, let (u,v) € A with |u — x|| < $ and 
note that u € convdom(A,) C B[0,n]. Then for each (a,b) € A, we have 


Re (u — a, v — b) Z O and thus 


Then dom(A) = Unen dom(A,) and dom(A,) C dom(An+1) for each 


Re (a — u, v) = Re (a — u, v — b) + Re (a — u, b) 
< Re(a—u,b) < 2n? (a € dom(A,)). 


Clearly, this inequality carries over to each a € conv dom(A,). If v 4 0 we choose 


a := zr" +u € Blu, 3] C B[x, 6] € convdom(A,), and obtain 


4n? 
lvl] < EX 


which shows the boundedness of A[ B(x, $)]. 

To complete the proof we need to show that intdom(A) = intconvdom(A) = 
int dom (A). First we note that dom (A) is convex by Proposition 17.2.2 and hence, 
conv dom (A) = dom (A). Now Exercise 17.4(b) gives 


int dom (A) = intconvdom (A) = intconvdom (A). 


To show the missing equality it suffices to prove that int conv dom (A) € dom (A). 
So, let x € intconv dom (A). Then x € dom (A) and hence, we find a sequence 
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((Xn, Yn))neN in A with x, — x. Since A is locally bounded at x, the sequence 
(Yn) nen is bounded and hence, we can assume without loss of generality that yn —> 
y weakly for some y € H. The demi-closedness of A (see Remark 17.1.1) yields 
(x, y) € A and thus, x € dom (A). a 


Now we can prove the following perturbation result. 


Theorem 17.2.7 Let A, B C H x H be maximal monotone, ( int dom (A)) N 
dom(B) 4 9. Then A + B is maximal monotone. 


Proof By shifting A and B, we can assume without loss of generality that (0, 0) € 
ANB and0 € (intdom (A))Ndom(B). We need to prove that ran(1 + A + B) = H. 
So, let y € H and set 


x= (1+A4A+B) O) (o0) 
Since (0,0) € A N B, and |a +A+ B) |i, X 1, we infer that ||x,|| < Ily 
for each A > 0. For showing y € ran(l + A + B) we need to prove that 
sup, 50 || Ba(x,) || < oo by Proposition 17.2.4. By definition we find y; € H 
such that (x4, ya) € A and y = x, + ya + Bı (xı) for each A > O0. Since A is 
locally bounded at O € intdom (A) by Proposition 17.2.5 we find R, ó > O with 
B(0, ô) € dom (A) and 

V(u, v) € A: |u|| <ô => lull € R. 


For à > 0 we define u, := "D^ if yj Æ 0 and uj := 0 if y; = 0. Then |u| € 


2 < ô and thus, u, € dom (A). Hence, there exist vj € H with (uj, va) € A and 


|v, || < R for each A > 0. The monotonicity of A then yields 


0 € Re (ya, — vi, x1 — Uy) 


= Re (y1, x4) — Re (ug, xi) — Re (ya, ua) + Re (uy, uy) 


ô 
< Re (y — x4 — Ba (x1), x1) — Re (ya, ua) + R ||yll + he 
ô 
€ Re (y, x3) — Re (ya, ux) + R ||yll + A 
2 ô 
< lyf — Re (yn, ux) + R Ilyll + 5: 


where we have used the monotonicity of B; and B; (0) = 0 in the fourth line. Hence, 
we obtain 


ô ô 
5 llyall = Re (ya, ua) < III + R Hl + 35 


which shows that (y,), +0 is bounded and thus, also sup, o | B; (xa) || < oo. oO 
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17.3 A Solution Theory for Evolutionary Inclusions 


In this section we provide a solution theory for evolutionary inclusions by general- 
ising Picard’s theorem (see Theorem 6.2.1) to the following situation. 

Throughout, we assume that A C H x H is a maximal monotone relation with 
(0, 0) € A. Moreover, let M: dom(M) € C — L(H) be a material law satisfying 
the usual positive definiteness constraint 


dvo > sp (M), c > 0Vz € Cred, $ € H : Re ($, zM(0) > clio . 
Then for v > max(vo, 0}, v Z 0, we consider evolutionary inclusions of the form 


(u, f) € dtu M (Orv) + Ar, (RH): (17.3) 
where Ar, , (m; p) is defined as in Corollary 17.1.8. The solution theory for this kind 
of problems is as follows. 


Theorem 17.3.1 Let v 2 max{vo,0}, v z 0. Then the inverse relation 


So = (Ov MO) F An, Rm) is a Lipschitz-continuous mapping, 


dom(S,) = L2,(R; H) and ||\Svlltip S L, Moreover, the solution mapping 
Sy is causal and independent of v in the sense that S,(f) = Sy(f) for each 
f € L2, (R; H) L2,,(R; H) and u > v > max(vo, 0], v z 0. 


In order to prove this theorem, we need some prerequisites. We start with an 
estimate, which will give us the uniqueness of the solution as well as the causality 
of the solution mapping Sy. 


Proposition 17.3.2. Let v > max{vo, 0], v Æ 0, and 
(u, f), (x, 8) € Q4 M (8,9) + AL, (gi H)- 


Then for all a € R 


1 
[Leca u — Dl, < z [Lewa lf- g)|| Ioi 


Proof By definition, we find sequences ((un, fn))neN and ((Xn, 8n))neN in 
ð , M (drv) + Ar, ,(R;H) Such that un > u, Xn > x, fn > f and gn > g 
as n — oo. In particular, for each n € N we find vn, y, € Lo, ,(R; H) such that 
(Un, Un), (Xn, Yn) € AL», (R:H) and 


9; , M (0;,y)un + Un = fn; 
0; v M (Ət, v) Xn + yn = 8n. 
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Since (0,0) € A, we infer (l(—oo,a]tn, L(—oo,a]Un). (1 —oo,a]Xn. l(—oo,.4])5) € 
AL; ,(R: H) and hence, we may estimate 


Re (1-554) (fn — 8n), Un — Xn) 
= Re(1,-55,419;,» M (8r y) (un — Xn), Un — Xn) 
+ Re (1(—o,a] Un — l1 (-oc.a] Yn: 1—o0,a]n — esa gitn) 
> Re (155,419), v M (ðr, v) (un — Xn), Un — xn). 


where we used Corollary 17.1.8. Moreover, since z œ> (zM (z))~! is a material law, 
(ðs vM (8j)! is causal. By Proposition 16.2.3, for @ € dom(0;,, M (8;,,)) we have 


Re(1( 55,4101, M (81,0), 4) 2c Leva" . Thus, we end up with 
Re {1 (~c0,a] (fn — gn), Un — xn) 2c [Loa] n = xn)” , 


which yields 


1 
|| L—c0,a] (Un = xn) | E p ear (fa aa gn) | . 


Letting n — oo, we derive the assertion. o 


Next, we address the existence of a solution for (17.3) for suitable right-hand sides 
f. For this, we provide another useful characterisation for the weak differentiability 
of a function in L2, (R; H). 


Lemma 17.3.3 Let v € R, u € L2,(R; H). Then u € dom(;,») if and only if 
SUPO<ALho 1 Tau — u|| < œ for some ho > Q. In either case 


1 
Pi —u)— ðu  (h — 0) 


in L2 ,(R; H). 


Proof For h > 0 we consider the operator Dj: L2, (R; H) > La2,,(R; H) given 
by Dav = iv —v).lfve C? (R; H) we estimate 


1 1 h 
IDs vl? =f pyi l|v(t +h) — v(t) ||? e?" dt = Í po jl v'(t +s) ds e "t dt 
1 h 1 h 
< 1 J [ve 3p dse ?"' qr = F ] [va +s) e7 dt ds 


«en vp. 
By density of p: (R; H) in H} (R; H) we infer that 


sup ||Dr ll LIR: mro, (RH) & € - 
0ch«l 
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Moreover, for v € cl (R; H) it is clear that Dav > v' in L2, (R; H) ash > 0 by 
dominated convergence. Since (Dj; )o<n<i is uniformly bounded, the convergence 
carries over to elements in Hl (R; H), which proves the first asserted implication 
and the convergence statement. 

Assume now that supo. 4, 1 Tau — ul| < oo for some ho > 0. Choosing a 
suitable sequence (Ay)ncn in (0, ho] with hn — O0 as n — oo, we can assume 
that (Thy t — u) — v weakly for some v € L5,,(R; H). Then we compute for 
each @ € CX (R; H) 


(v, $) 


1 —2vt 
m Í (ult + hn) — u(t), 6(0) e 7" dr 


1 
n—00 JR 


= dim f > (o. $(t — haje $())e?" dt 


n—oo R An 


Í (u(t), —9 (t) + 2v$ (t) e ?" dt = (u, 97,4), 
R 


which—as Co°(R; H) is a core for ar » (see Proposition 3.2.4 and Corol- 
lary 3.2.6)—shows u € dom(877) = dom(9;,,). o 


Proposition 17.3.4 Let v > vo and f € dom(9; ,). Then there exists u € dom(ð; v) 
such that 


(u, f) € dr, v M (ðt, v) F AL (R; H)- 


Proof We recall that B := 3; , M (0;,,) —c is maximal monotone by Example 17.1.3. 
Let à > O and set 


ux = (c + B + (Ar,,mm),) (0 = (drv MO) (Ar mm),) (Pf). 


We remark that (AL, R: m) = (A)r R: H) (see Exercise 17.6). Hence, we have 
Th (ALa R: H)), = (ALa R: 8), t for each h > 0. Thus, we obtain 


Thua = (d M Qv) + (Ar, mm),) a f) 


and so, due to the monotonicity of B and (A Ly (R; Hn) ea 


1 
[ni = wall < c It f — FI. 


Dividing both sides by h and using Lemma 17.3.3, we infer that u) € dom(0;,,) and 


1 1 1 
a = lim — — < -= sup -= |t} f — = K 
[aroma = fim c Imun = ua < 7 sup g leaf — fl 
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and hence, 


sup | (Ar; a7); (ua) | = sup | f — d vM Qus | < IFI + K |M Qs) |. 
A>0 A>0 


Proposition 17.2.4 implies uj — u as à — O and (u, f) € 0;,»M(0;,v)+AZ, (RH): 
Moreover, since (ð vua)a>0 is uniformly bounded, we can choose a suitable 
nullsequence (A;),sew in (0,00) such that 0; vua, — v weakly for some v € 
L2,)(R; H). Since 8;,, is closed and hence, weakly closed (either use ae = y OF 
Mazur's theorem [50, Corollary 2.11]) again), we infer that u € dom(9;,). oO 


We are now in the position to prove Theorem 17.3.1. 


Proof of Theorem 17.3.1 Let v > vo. Since 0;,,M(d;,,) — c is monotone (Exam- 
ple 17.1.3), the relation ð „M (ð v) + Az, ,(R;H) — c is monotone and thus, 
(ðr vM (01,0) + Ar, R: Hy)! defines a Lipschitz-continuous mapping with smallest 
Lipschitz-constant less than or equal to L, Since this mapping is densely defined by 


Proposition 17.3.4, it follows that Sy = (3r „M (dtv) + AL, (R: H) N is Lipschitz- 
continuous with II Sv ll rip < 1 and dom(S,) = L2, (R; H). Moreover, S, is 
causal, since for f,g € L2 (R; H) with Loaf = (-oo4]g for some 
a € R it follows that L(—oo,a)Su(f) = 1(—co,ajSv(g) by Proposition 17.3.2. 
Thus, the only thing left to be shown is the independence of the parameter v. 
So, let f € Lo (R; H) N L2,,(R; H) for some vy) € v < pw. Then we find a 
sequence (n)nen in Cl (R; H) with ġn — f in both L2, (R; H) and L2, (R; H). 
We set un = Sy(n) € L2 (CR; H) and since 0 = S, (0), we derive that 
infsptu, > infsptøn > —oo by Proposition 17.3.2. Thus, un € L2, (R; H) and 
since un € dom(d;,,) by Proposition 17.3.4 and spt 0;,,un C sptun, we infer that 
also ðs vun € L2,.(R; H), which shows un € dom(9;,,) and 3s pun = 9f,vUn by 
Exercise 11.1. By Theorem 5.3.6 it follows that 


0; v M (dt v )un = M (Ət v)ðt, vun = M (Ət v)ðt, i un 
= M (8r, 4.) 0t, uun = dr, uM (Or, )un. 
Since we have (un, @n — ðv M (ði v)un) € AL,(R:H) it follows that (un, bn — 


dt uM (ðt u)un) € AL; ,(R; H) by the definition of AL; ,(R; H) and thus, un 
Su ($5). Letting n — oo, we finally derive S (f£) = Sv(f). a 


17.4 Maxwell's Equations in Polarisable Media 


We recall Maxwell's equations from Chap. 6. Let 2 C IR? open. Then the electric 
field E and the magnetic induction B are linked via Faraday's law 


dtv B + curlg E = 0, 
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where we assume the electric boundary condition for E. Moreover, the electric 
displacement D, the current j, and the magnetic field H are linked via Ampére's 
law 


dtv D + jc — curl H = jo, 


where jo is a given external current. Classically, D and E as well as B and H are 
linked by the constitutive relations 


D = £E, and B = uH, 


where &,41 € L(L2(Q)*) model the dielectricity and magnetic permeability, 
respectively. In a non-polarisable medium, we would additionally assume Ohm's 
law that links je and E by je = c E witho € L(L2(Q)?). In polarisable media 
however, this relation is replaced as follows 


[El < Ep je=oE 
(17.4) 
IEI = Eo > 34 2 0: je = (O+AE, 


where Eo > O is the called the threshold of ionisation of the underlying medium. 
The above relation is used to model the following phenomenon: Assume that the 
medium is not or weakly electrically conductive (i.e., o is very small) but if the 
electric field is strong enough (i.e., reaching the threshold Eo), the medium polarises 
and allows for a current flow proportional to the electric field. Such phenomena 
occur for instance in certain gases between two capacitor plates, where the gas 
becomes a conductor if the electric field is strong enough. 

Our first goal is to formulate (17.4) in terms of a binary relation. For this, we set 


B= f(u, v) € r9 x L2(Q)*; Mul < Eo, Re (u, v) = Eo lvl}. 


Lemma 17.4.1 Letu, v € Lo(Q)?. Then (u, v) € B if and only if 
(llul| < Eo) and (||u|| < Eo => v = 0) and (|lu|| = Eo => 34 2 0: v = Au). 
Proof Assume first that (u, v) € B. Then ||u|| < Eo by definition. Moreover, 
Eo |vl| = Re (u, v) < luli lvl 
and hence, if ||u|| < Eo it follows that v = 0. Moreover, if ||u|| = Eo we have 


equality and thus, u and v are linearly dependent; that is, we find A41, A? € C with 
À1À2 Æ 0 such that A1u + A2v = 0. Note that A» Æ 0 since u Æ 0 and hence, we get 
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v = àu with À := -i. We then have 
0 < |A|E$ = ||v|| Eo = Re (u, v) = Re à lul? = Rea Ez, 


which shows 0 € Red = |A| and thus, A > 0. The other implication is trivial. oO 


The latter lemma shows that (E, je) satisfies (17.4) if and only if (E, jc — o E) € B, 
or equivalently (E, je) € o + B. Thus, we may reformulate Maxwell's equations in 
a polarisable medium Q as follows 


(2) 5) (on) * (60) C, 97) 


To apply our solution theory in Theorem 17.3.1, we need to ensure that 


B -—curl BO 0 —curl 
= = 17. 
(2, 0 ) (^ » i e 0 ) pun 


defines a maximal monotone relation on L7()® x L2(Q)°. This will be done by the 
perturbation result presented in Theorem 17.2.7. We start by showing the maximal 
monotonicity of B. 


Lemma 17.4.2 We define the function I : L3(2)? — (—oo, oo] by 


oo otherwise. 


M $ if lul] < Eo 


Then I is convex, proper and l.s.c. Moreover, B = 0I. In particular, B is maximal 
monotone. 


Proof This is part of Exercise 17.7. o 


Proposition 17.4.3 The relation A given by (17.5) is maximal monotone with 
(0,0) € A. 


Proof Since B is maximal monotone by Lemma 17.4.2, it is easy to see that 


BOY. : iu 
& o) is maximal monotone, too. Moreover, by definition we see that O € 


intdom(B) and thus, O € intdom & o) = intdom(B) x La(Q)?. Since 


clearly 0 € dom ee and NE is maximal monotone (see 
curlh O0 curl) 0 


Example 17.1.3), the assertion follows from Theorem 17.2.7. oO 
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Theorem 17.4.4 Let e, u, o € L(Lo(Q))) with e, u selfadjoint. Moreover, assume 
there exist vg, c > 0 such that 


ve+Reo 2candu 2c (vÈ vo). 


Then for each v > vo we have that 


TAE 2) " M y " ( B Eo 
Ou 00/ eur O 77, mr 


is a Lipschitz-continuous mapping with dom(S,) = L2,)(R; Lo(Q)9) and 
lSylliip € L, Moreover, S, is causal and independent of v in the sense that 
Sv(f) = Sy(f) whenever v, n > vo and f € L»,,(R; L2(Q)®) N L2, R; L2(Q)®). 


—1 


Proof This follows from Theorem 17.3.1 applied to M (z) := E o) +z! k 3 
u 


and A as in (17.5). u 


17.5 Comments 


The concept of maximal monotone relations in Hilbert spaces was first introduced 
by Minty in 1960 for the study of networks [66] and became a well-studied subject 
also with generalisations to the Banach space case. For this topic we refer to the 
monographs [16] and [49, Chapter 3]. The concept of subgradients is older and it 
was found out by Rockafellar [99] that subgradients are maximal monotone. Indeed, 
one can show that subgradients are precisely the cyclically maximal monotone 
relations (see e.g. [16, Theoreme 2.5]). 

The Theorem of Minty was proved in 1962, [65] and generalised to the case of 
reflexive Banach spaces by Rockafellar in 1970 [100]. The proof presented here 
follows [106] and was kindly communicated by Ralph Chill and Hendrik Vogt. 

The classical way to approach differential inclusions of the form (u, f) € 
0; + A where A is maximal monotone uses the theory of nonlinear semigroups of 
contractions, introduced by Komura in the Hilbert space case, [56] and generalised 
to the Banach space case by Crandall and Pazy, [24]. The results on evolutionary 
inclusions presented in this chapter are based on [117, 118] and were further 
generalised to non-autonomous problems in [122, 126]. 

The model for Maxwell's equations in polarisable media can be found in [36, 
Chapter VII]. We note that in this reference, condition (17.4) is replaced by 


|E| < Ey > je - oE 
|E| = Eo > 34 2 0: fp (o 4c A)E, 
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which should hold almost everywhere. To solve this problem, one cannot apply 
Theorem 17.2.7, since O is not an interior point of the domain of the corresponding 
relation and thus, a weaker notion of solution is needed to tackle this problem, see 
[36, Theorem 8.1]. 


Exercises 


Exercise 17.1 Let f: H — (—co, 00] be convex, proper and l.s.c. Moreover, 
assume that f is differentiable in x € H (in particular, f « oo in a neighbourhood 
of x). Show that (x, y) € ðf if and only if y = f'(x). 


Exercise 17.2 Let f, g: H — (—0o, ov]. Prove that 


(a) f + g is convex if f and g are convex. 
(b) f + gis l.s.c. if f and g are l.s.c. 


Exercise 17.3 Let H be a Hilbert space, (xn)nen in H and x € H. Show, that 
Xn — x if and only if x, — x weakly and lim sup, ,,, ||x,|| < Ix |l. 


Exercise 17.4 Let X be a normed space (or, more generally, a topological vector 
space) and C C X convex. Prove the following statements: 


(a) If x e intC and y € C, then (1 — f)x + ty € int C for each t c [0, 1). 


(b) If intC 4 Ø, then C = int C and int C = int C. 
(c) If C is open and K C X is open with K C C. Then K CC. 


Hint: For (a) take an open set U C X with 0 € U such that x + U — U C C and 
show (1 — f)x - ty - (1— £)U € C. 


Exercise 17.5 Let X be a topological space and U C X open. We equip U with the 
trace topology. Prove the following statements: 


(a) For A € U we have a = A N U and inty A = inty A. 
(b) If A C U is closed in U and inty A = Ø, then inty a =, 
(c) If X is a Baire space, then U is a Baire space. 


Recall, that a topological space X is a Baire space if for each sequence (Ay) nen of 
closed sets with int A, = Ø it follows that int U, cN An = © or, equivalently, if for 
each sequence (U;,),cn of open and dense sets it follows that nen U, is dense. 


Exercise 17.6 Let A C H x H be maximal monotone. 


(a) Let u, A > 0. Show that (Aj), = Ais. 
(b) Let (0, 0) € A and (Q, A, j£) a o-finite measure space. Prove that (A,)7(y) = 
(Ar,(u))4 for each à > 0. 
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Exercise 17.7 Let H be a Hilbert space and C C H non-empty, convex and closed. 
Moreover, define Ic: H — (—oo, oo] by 


0 ifxec, 


Ic (x) = : 
oo otherwise. 


Show that Ic is convex, proper and L.s.c. and show 
(x, y) € dle & x e C, Yu € C : Re (y, u — x) <0. 


Moreover, prove Lemma 17.4.2. 
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Appendix A 
Derivations of Main Equations 


In this appendix we will derive the main equations studied in this book from a 
mere Physics’ point of view. We will start with the heat equation and then turn 
to Maxwell’s equations. After that, we derive the equations for linear elasticity and 
finally deduce the wave equation from elasticity theory. 


A.1 Heat Equation 


The heat equation describes the energy transport between materials due to a 
difference in temperature, where the transport evolves from high temperature to 
low temperature. Let Q C IR? be open. Let 0: R x Q — R be the heat distribution. 
As a physical principle, we ask for conservation of total energy. For a Borel subset 
V C Q with smooth boundary let Qy : IR > R given by Qy (t) := fy 0 (t, x) dx be 
the time-dependent heat content (i.e., the energy) in V. Then for a system without 
external heat sources, changes of Qy can only result in heat fluxes along the 
boundary of V. Let q: R x Q — IR be the heat flux, which can be interpreted 
as a density. Then 


ð Qv (t) = - f. q(t, x) : v(x) dS(x), 


where v is the outward unit normal on 0 V. By Gauss’ divergence theorem, we thus 
have 


3 Qv (t) = -f div g(t, x) dx. 
V 
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On the other hand, interchanging the time derivative and integration, we observe 


ov - f 0,0 (t, x) dx. 
V 


Hence, 


/ (8,0 (t, x) + div q(t, x)) dx = 0. 

V 

Since V C Q was arbitrary, we conclude the continuity equation 
0,0 + divq = 0. 


In presence of an external heat source Q: R x Q — R, the continuity equation turns 
into the heat flux balance 


0,0 +divg = Q. 


In order to incorporate that the energy transport runs from regions of high 
temperature to regions of low temperature, we make use of Fourier’s law stating that 
the heat flux at time ft and position x is determined by the gradient of the temperature 
at t and x; that is, 


q(t, x) = —a(x) grad 0 (t, x), 


where a: Q — R^*4 is the heat conductivity, and we may assume that a(x) is 


invertible for all x € Q2. We thus arrive at the heat equation 
0,0 + divq = Q, 
a~'q + grado = 0, 
or, put differently, 


0,6 — div(a grad 0) = Q. 


A.2 Maxwell's Equations 


Maxwell’s equations are the governing equations in electrodynamics and describe 
the evolution of the electromagnetic fields. Let Q C R? bea domain; that is, open 
and connected. The physical quantities of interest in Maxwell's equations in vacuum 
are the time-dependent electric field E: R x Q — R? and magnetic induction 
B: R x Q — R? on Q, since they can be observed via their action as a force. 
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Given two point charges q, q' at distinct points x,x’ € Q, respectively, the 
Coulomb force 


x—x 


1 t 
~ Greg? |x x 


can be observed, where £ọ is the dielectric constant in vacuum. More precisely, F is 
the force on the point charge q at x induced by the point charge q’ at x’: 


, 


q F q 


X 1 
X 


The electrical field at time ¢ and position x induced by q’ at x’ is then given by 


E(t,x) ] , x—-x 
X) = EET 
Areo. x-xi 


such that it acts locally on the point charge q at x via the Coulomb force 
F —qEc(t, x). 
Let us generalise from point charges, formally given by q'8,;, to charge densities. 


Let p: R x Q — R be the time-dependent charge density. Then the electric field at 
time ¢ and position x is given by 


E(t, x) = af D a " 


By Exercise A.1 we can rewrite this as 


1 t, x’ 1 t, x’ 
H f S E aL NU TR grad ( —— f DO ay) 
Areo Jo" — lx — x'l 4reo Jo lx — x’ 


= — grad ó (t, x), 


E(t,x)= 


where ®: R x — R given by ®(t,x) = ma Se fh ax! is the electric 
potential. 

Analogously, the magnetic induction acts as a force as follows. We first consider 
two closed non-intersecting curves C and C’ in Q decribing two wires and let Z and 
I' be (constant) currents on C and C’, respectively. Then the force between these 


two wires is given by 
x—x ; 
— dx’) x dx, 
(r — x" | 


where uo is the permeability in vacuum. 
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Thus, the magnetic induction at time t induced by the wire C’ acting at a point x 
from C is given by 


such that it acts via the force 
F = iy Bit, x) x dx. 
C 


Let us generalise from constant currents on one-dimensional curves C' to current 
densities. Let j: R x Q — R? be the time-dependent current density. Then the 
magnetic induction at time f and position x is given by 


Ho me d 


Bt, x) = -2 | —— 
a An Jo |x — x'|? 


x j(t, x’) dx’. 
By Exercise A.1 we can rewrite this as 


B(t,x) — al grad x j(t, x) dx’ 
Q 


Ix — x'l 


TN 
-an(2 f JO. ay) = curl A(t, x), 
Q 


lx — x’|| 


where A: Rx Q > R? given by A(t, x) = #2 fo Ee dx’ is the vector potential. 

We now relate the charge density p and the current density j. As a physical 
principle, we ask for conservation of total charge. For a Borel subset V C Q with 
smooth boundary let Qy: R — R given by Qy(t) := [^ p(t, x) dx be the time- 
dependent total charge in V. Then changes of Qy can only result in currents along 


the boundary of V ; that is, 


ð Qv (t) = -f Jt, x): v(x) dS(x), 


where v is the outward unit normal on 0 V. By Gauss’ divergence theorem, we thus 
have 


3 Qv (t) = - [iv je ax. 
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On the other hand, interchanging the (time) differentiation and integration, we 
observe 


vovo = f aoc. xax. 
Hence, 
f (8rp (t, x) + div j (t, x)) dx = 0. 
V 


Since V C Q was arbitrary, we conclude the continuity equation 
0; p + div j = 0. 


We now derive the two fundamental equations, namely Faraday's law and Ampére's 
law. We start with Faraday's law. Let & C Q be a two-dimensional submanifold 
with boundary curve 9$ which we may think of as a wire. 


73 
Then a changing magnetic field through & induces a voltage along 0% as 
U (t) — -f 9; B(t, x) - v(x) dS (x). 
Since voltages result from electric fields, we also have 
U(t)= f. E(t, x)dx = [ curl E(t, x) - v(x) dS(x), 


where we invoked Stoke’s theorem and v is again the unit normal on X (oriented 
accordingly to a parametrisation of 97). Thus, 


i (0, Bt, x) + curl E(t, x)) - v(x) dS(x) = 0. 
X 


Since X C Q was arbitrary, we conclude Faraday's law 


0; B = — curl E. 
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We now derive Ampére’s law by considering curl B = curl curl A = grad div A— 
AA, where AA = (AA1, AA2, AA3) and AA; = div grad A; for j € {1, 2, 3}. We 
calculate by Exercise A.1 


i(t, x’ 1 
div A(t, x) = af dicito iur af (—grad,, n) j(t,x’) dx’ 
4x Jo |lx-x' 4r Jo lx — xl 


— po f divj(t,x) |, 
- 4r Jo lx —x'l 


By the continuity equation, we further obtain 


Ho 0; p(t, x^) dx’ 


div A(t, x) = —7— Sear, 


t,x’ 
= -a f PEA i = —£0[100; P(t, x). 
g lx — x'll 


Thus, 


grad div A(t, x) = —£ouo grad 0; P(t, x) 
= —£ouoðr grad P(t, x) = £949; E (t, x). 


Moreover, by Exercise A.2 (assuming that j (t, -) can be smoothly extended to IR?), 


Ho 1 . Jahr 22] 1 . -— 
Hof x} ye yen f (ao — iara 
nf pa ae Oe 


i 
E 2 [aea = — uoj (t, x). 
4r lx — x’|| 


AA(t, x) = 


We conclude Ampére’s law 
curl B = £900; E + uoj. 


So far we only considered the equations in vacuum. In materials two additional 
effects, polarisation and magnetisation, occur due to the interaction of the fields 
with the medium. Let P: R x Q — R? be the polarisation; that is, the averaged 
electrical dipole moments. Further, let M: R x Q — R? be the magnetisation; 
that is, the averaged magnetic dipole moments. Then the current density gets two 
additional terms jp, jy: R x Q > R3, where Jp = 0;P and jy = curl M. 
Thus, j = jc + jp + jm where je corresponds to the free charged carriers or free 
current (as the current density in vacuum) and jp + jy forms the bound currents. 
In order to take these two effects into account, we define the electric displacement 
D: Rx Q — R? by D :— eogE + P and the magnetic field H: R x Q > R? by 


H := xB — M, such that B = uo H + M. Then one typically expands P and M in 
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terms of E and H. We only consider linear models; that is, P = yeE and M = x»,H 
with electric and magnetic susceptibility Xe, Xm: Q — R°*?, respectively. Then 
D = £E where ¢ = &g(1 + Xe): Q > R°**? is the dielectricity and B = uH where 
u= noll + Xm): Q — R**? is the magnetic permeability. Polarisation and mag- 
netisation have no effect on Faraday’s law, but on Ampére’s law, which now states 


curl H = oe E + je. 
In case of an external current jo: IR x Q — R3, we observe 
curl H = 0;€E + je — jo. 


Finally, Ohm’s law couples the free current je with the electric field E by je = o E, 
where ø : Q — R**° is the electric conductivity, so that we obtain 


curl H = àje E -F o E — jo. 
We thus arrive at Maxwell's equations 


Oj£ E 4- o E — curl H = jo, 
0,4H + curl E = 0. 


A.3 Linear Elasticity 


The theory of elasticity is devoted to the study of distortion of bodies due to forces, 
which is reversible in the sense that the body will return to its original state when the 
force is removed. In order to reasonably neglect thermodynamical effects we assume 
that the deformation occurs slowly to obtain thermodynamical equilibrium and the 
temperature of the body is constant. Also, we assume that the behaviour of the 
material does not depend on memory effects, so hysteresis is excluded. Moreover, 
we exclude rigid body moves (i.e., translations and rotations) due to the forces. 

Let Q C R? be a domain which models the body. Then the displacement field 
u: Rx Q — R’ describes the deformation vector of the body at time t and position 
x. For x, y € Q we write x’ = x+u(t, x) and y' = y+u(t, y) for the new positions 
of x and y, respectively, after the deformation at time t. 


x y 
aa Ne» 
y 
x! 
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Then, assuming spatially smooth and slowly varying deformations u (i.e., small 
spatial derivatives of u), by a linearisation of u(t, -) we obtain 


u(t, x) © u(t, y) + dyu(t, y)(x — y) 


for x close to y and therefore 


/ 


Ix’ — Y P = Ix + ult, x) — Qi ut y» 


= |x — yl? +2 (u(t, x) — u(t, y), x — y) + |u(t, x) — u(t, y)? 
& |x — y? + 2(dyu(t, y)(x — y), x — y]. 


where we neglected the quadratic term |u(t, x) — u(t, y)|? ~ làyu(t, y)x-— yy). 
Since 


d 
(ayu(t, y) — y) x —y)= D> aU; (t, y) Gc — vij — yp 
j,k=1 


d 
1 1 
= Y. (Foes y) + zaut »)) Ce — WO, =) 
j,k=1 


1 
= (Fane y) F djug(t, YD) sen... ae y), x = s), 


we may introduce the symmetrised gradient of u as Gradu: R x Q — R? defined 


33593 


/ 


|x’ -= yÊ ~ le — y? + 2 (Gradul, y) — y), x - y). 
Note that e(u)(t, y) := Grad u(t, y) is called the strain tensor of u at t and y. 

Due to the displacement u, there appear forces between the molecules of the 
material trying to push them back to their equilibrium state. These forces induced 
by the displacement u result from stresses along the boundary of Q. Let T := 
Ta: Rx Q > Rixa be the stress tensor corresponding to the displacement u. 
Then the forces between the molecules are given by the divergence of T; that is, by 
DivT:RxQ—> R4, 


d 


Div T (t, x) = ( » OT jx (t, ») 


je(1,..d). 
k=l jel ! 


In thermodynamics, the free energy F of a system describes the maximum 
amount of work that a system can perform. Thus, we may expand the free energy 
Fu of the deformed system in terms of the strain tensor (u) = Grad u around the 
undeformed system Fo. Since changes of the free energy result from stresses, we 


observe T = i. Since the stress tensor vanishes for deformation 0, there exists a 
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so-called elasticity tensor C: Q — L(RZX?, Rdxd) such that 


Fu = Fort : (e(u), Ce(u)) . 


Thus, 


8.5, 
^ Qe(u) 


= Ce(u) = C Gradu. 


This is Hooke's law of linear elasticity. Using Hooke's law, we get 
Div T = Div C Gradu. 


In order to obtain the governing equations for linear elasticity, we make use of 
Newton's law. Let p: R x Q — R be the mass density of the body. Then Newton’s 
law on conservation of momentum yields 


0; pru = F, 


where F describes the acting forces on the system. These forces decompose into the 
internal forces between the molecules due to the displacement u and we have seen 
that this is given by Div T. Moreover, there may be external forces f: R x Q > R4 
(for example gravity). Thus, F = Div T + f, and therefore 


0; poru — Div T = fi 


Taking into account Hooke’s law, we arrive at the governing equation of linear 
elasticity as 


0;00;u — Div C Grad u = f. 


A.4 Scalar Wave Equation 


The scalar wave equation can be derived from linear elasticity. Indeed, let Q C R? 
be open and consider scalar displacements u: IR x €2 — R, so we only consider 
displacements in one particular direction. Also, we may assume constant mass 
density; that is, o: R x Q — Ris constant. Without loss of generality, we therefore 
set o = 1. Let f: Rx Q — R be an external force in direction of the displacements. 
Then from linear elasticity we obtain 


82u — div T = f, 
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where T: R x Q — R’ is the stress obtained by the displacements. If we 
further make use of Hooke's law T — C gradu with the elasticity tensor C: Q — 
L (R7 , R4) = R4*4, we arrive at the scalar wave equation 


92u — div C gradu = f. 


A.5 Comments 


The physical derivations of the equations treated in this appendix are well-known 
and can be found in many textbooks. We refer to [74—76] for foundations on 
physics of electrodynamics, thermodynamics and statistical physics. The final form 
of Maxwell's equations appeared in [62], however they had been derived in his 
earlier works already. The vector form of Maxwell's equations appeared in the 
1880s. The equations of linear elasticity stem from elastodynamics. 


Exercises 


Qu abc 1 Let Q C R? be open, x’ e Q, f: Q\ {x’ , né R defined by f(x) := 
uL T. Show that f is differentiable and grad f(x) = E for all x € Q \ [x']. 


Exercise A.2 Let K: R^ V {0} > R, K(x) := — 
div grad K (x) = 0 for all x € R? \ {0} and 


id Then AK(x) — 


-f K(x) Ag (x) dx = (0) 
R3 


for all e € CX (R3). 


References 


62. J.C. Maxwell, VIII. A dynamical theory of the electromagnetic field. Phil. Trans. R. Soc. 155, 
459-512 (1865) 

74. W. Nolting, Theoretical Physics. 3. Electrodynamics (Springer, Cham, 2016) 

75. W. Nolting, Theoretical Physics. 5. Thermodynamics (Springer, Cham, 2017) 

76. W. Nolting, Theoretical Physics. 8. Statistical Physics (Springer, Cham, 2018) 


Bibliography 


12. 


15. 


16. 


. M. Abramowitz, LA. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, 
and Mathematical Tables, vol. 55. National Bureau of Standards Applied Mathematics Series. 
For sale by the Superintendent of Documents, U.S. Government Printing Office, Washington, 
D.C., 1964 

. M. Achache, E.M. Ouhabaz, ‘Lions’ maximal regularity problem with H 2 -regularity in time’. 
J. Differ. Equ. 266(6), 3654-3678 (2019) 

. F. Andreu et al., Finite propagation speed for limited flux diffusion equations. Arch. Ration. 
Mech. Anal. 182(2), 269 (2006) 

. W. Arendt, C.J.K. Batty, Tauberian theorems and stability of one-parameter semigroups. 
Trans. Am. Math. Soc. 306(2), 837-852 (1988) 

. W. Arendt et al., Form Methods for Evolution Equations, and Applications. 18th Internet 
Seminar, 2015 

. W. Arendt et al., Vector-Valued Laplace Transforms and Cauchy Problems. 2nd ed. 
(Birkhàuser, Basel, 2011) 


. R. Arens, Operational calculus of linear relations. Pac. J. Math. 11, 9—23 (1961) 


. P. Auscher, M. Egert, On non-autonomous maximal regularity for elliptic operators in 
divergence form. Arch. Math. (Basel) 107(3), 271—284 (2016) 


. C. Bardos, G. Lebeau, J. Rauch, Sharp sufficient conditions for the observation, control, and 


stabilization of waves from the boundary. SIAM J. Control Optim. 30(5), 1024-1065 (1992) 


. A. Bátkai, S. Piazzera, Semigroups for Delay Equations, vol. 10. Research Notes in 


Mathematics (A K Peters, Ltd., Wellesley, MA, 2005) 
. A. Bensoussan, J.-L. Lions, G. Papanicolaou, Asymptotic Analysis for Periodic Struc- 
tures, vol. 5. Studies in Mathematics and Its Applications (North-Holland Publishing Co., 
Amsterdam-New York, 1978) 

S. Benzoni-Gavage, D. Serre, Multidimensional Hyperbolic Partial Differential Equations. 
Oxford Mathematical Monographs. First-Order Systems and Applications (The Clarendon 
Press, Oxford University Press, Oxford, 2007) 


. T. Berger, A. Ilchmann, S. Trenn, The quasi-Weierstrass form for regular matrix pencils. 


Linear Algebra Appl. 436(10), 4052-4069 (2012) 


. T. Berger, C. Trunk, H. Winkler, Linear relations and the Kronecker canonical form. Linear 


Algebra Appl. 488, 13-44 (2016) 

A. Borichev, Y. Tomilov, Optimal polynomial decay of functions and operator semigroups. 
Math. Ann. 347(2), 455-478 (2010) 

H. Brézis, Opérateurs maximaux monotones et semi-groupes de contractions dans les espaces 
de Hilbert, vol. 5 (Elsevier, Amsterdam, 1973). 


© The Author(s) 2022 309 
C. Seifert et al., Evolutionary Equations, Operator Theory: Advances 


and 


Applications 287, https://doi.org/10.1007/978-3-030-89397-2 


310 


39. 


40. 


41. 
42. 


Bibliography 


. M. Briane, J. Casado-Díaz, F. Murat, The div-curl lemma "trente ans aprés": an extension and 
an application to the G-convergence of unbounded monotone operators. J. Math. Pures Appl. 
(9) 91(5), 476-494 (2009) 

. A. Buffa, M. Costabel, D. Sheen, On traces for H(curl, Q) in Lipschitz domains. J. Math. 
Anal. Appl. 276(2), 845—867 (2002) 

. P. Cannarsa, D. Sforza, Global solutions of abstract semilinear parabolic equations with 
memory terms. NoDEA Nonlinear Differ. Equ. Appl. 10(4), 399—430 (2003) 

. K. Cherednichenko, M. Waurick, Resolvent estimates in homogenisation of periodic prob- 
lems of fractional elasticity. J. Differ. Equ. 264(6), 3811-3835 (2018) 

. D. Cioranescu, P. Donato, An Introduction to Homogenization, vol. 17. Oxford Lecture Series 
in Mathematics and Its Applications (The Clarendon Press, Oxford University Press, New 
York, 1999) 

. P. Cojuhari, A. Gheondea, Closed embeddings of Hilbert spaces. J. Math. Anal. Appl. 369(1), 
60—75 (2010) 

. S. Cooper, M. Waurick, Fibre homogenisation. J. Funct. Anal. 276(11), 3363-3405 (2019) 

. M.G. Crandall, A. Pazy, Semi-groups of nonlinear contractions and dissipative sets. J. Funct. 
Anal. 3, 376-418 (1969). English 

. R. Cross, Multivalued Linear Operators, vol. 213. Monographs and Textbooks in Pure and 
Applied Mathematics (Marcel Dekker, Inc., New York, 1998) 

. G. Da Prato, P. Grisvard, Sommes d'opérateurs linéaires et équations différentielles opéra- 
tionnelles. J. Math. Pures Appl. (9) 54(3), 305—387 (1975) 

. C.M. Dafermos, An abstract Volterra equation with applications to linear viscoelasticity. J. 
Differ. Equ. 7, 554—569 (1970) 

. L. Dai, Singular Control Systems, vol. 118 (Springer, Berlin etc., 1989) 

. R. Datko, Uniform asymptotic stability of evolutionary processes in a Banach space. SIAM 
J. Math. Anal. 3, 428-445 (1972) 

. D. Dier, R. Zacher, Non-autonomous maximal regularity in Hilbert spaces. J. Evol. Equ. 
17(3), 883—907 (2017) 

. J. Diestel, J.J. Uhl Jr., Vector Measures. With a foreword by B. J. Pettis, Mathematical 
Surveys, No. 15 (American Mathematical Society, Providence, RI, 1977) 

. W.F. Donoghue Jr., Distributions and Fourier Transforms, vol. 32. Pure and Applied 
Mathematics (Academic Press, New York, 1969) 

. G. Dore, Lp regularity for abstract differential equations. Funct. Anal. Relat. Top. 1991 1540, 
25-38 (1993) 

. M. Dreher, R. Quintanilla, R. Racke, Ill-posed problems in thermomechanics. Appl. Math. 
Lett. 22(9), 1374-1379 (2009) 

. PL. Duren, Theory of H ? Spaces (Academic Press XII, New York and London, 1970), 258 
p. 

. G. Duvaut, J.L. Lions, Inequalities in Mechanics and Physics. Translated from the French by 
C.W. John, vol. 219 (Springer, Berlin, 1976). 

. A.EM. ter Elst, G. Gorden, M. Waurick, The Dirichlet-to-Neumann operator for divergence 
form problems. Ann. Mat. Pura Appl. (4) 198(1), 177—203 (2019) 

. K.-J. Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, vol. 194. 

Graduate Texts in Mathematics. With contributions by S. Brendle, M. Campiti, T. Hahn, 

G. Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli, R. Schnaubelt 

(Springer, New York, 2000) 

L.C. Evans, Partial Differential Equations, vol. 19. Graduate Studies in Mathematics 

(American Mathematical Society, Providence, RI, 1998) 

R.P. Feynman, R.B. Leighton, M. Sands, The Feynman Lectures on Physics, Vol. 2: Mainly 

Electromagnetism and Matter (Addison-Wesley Publishing Co., Reading, MA, London, 

1964) 

Y. Fourès, I. Segal, Causality and analyticity. Trans. Am. Math. Soc. 78, 385-405 (1955) 

S. Franz, M. Waurick, Resolvent estimates and numerical implementation for the homogeni- 

sation of one-dimensional periodic mixed type problems. Zeitschrift für Angewandte 

Mathematik und Mechanik 98(7), 1284—1294 (2018) 


Bibliography 311 


43 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 
57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 
67. 


68 


69. 


. KO. Friedrichs, Symmetric hyperbolic linear differential equations. Commun. Pure Appl. 
Math. 7, 345-392 (1954) 

K.O. Friedrichs, Symmetric positive linear differential equations. Commun. Pure Appl. Math. 
11, 333-418 (1958) 

D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order. Second. 
Vol. 224. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of 
Mathematical Sciences] (Springer, Berlin, 1983) 

M. Haase, Functional Calculus. 21st Internet Seminar. 2017/18 

M. Haase, The Functional Calculus for Sectorial Operators, vol. 169 (Birkhauser, Basel, 
2006) 

E. Hille, R.S. Phillips, Functional Analysis and Semi-Groups. American Mathematical Soci- 
ety Colloquium Publications, vol. 31. rev. edn. (American Mathematical Society, Providence, 
RI, 1957) 

S. Hu, N.S. Papageorgiou, Handbook of Multivalued Analysis. Vol. I, vol. 419. Mathematics 
and Its Applications. Theory (Kluwer Academic Publishers, Dordrecht, 1997) 

J. Voigt, A Course on Topological Vector Spaces (Birkháuser-Verlag, Cham, Switzerland, 
2020) 

B. Jacob, J.R. Partington, Graphs, closability, and causality of linear time-invariant discrete- 
time systems. Int. J. Control 73(11), 1051—1060 (2000) 

A. Kalauch et al., A Hilbert space perspective on ordinary differential equations with memory 
term. J. Dyn. Differ. Equ. 26(2), 369—399 (2014) 

T. Kato, Integration of the equation of evolution in a Banach space. J. Math. Soc. Jpn. 5(2), 
208-234 (1953) 

T. Kato, Perturbation Theory for Linear Operators. Classics in Mathematics. Reprint of the 
1980 edition (Springer, Berlin, 1995) 

D. Khusainov, M. Pokojovy, R. Racke, Strong and mild extrapolated L?-solutions to the heat 
equation with constant delay. SIAM J. Math. Anal. 47(1), 427-454 (2015) 

Y. Komura, Nonlinear semigroups in Hilbert space. J. Math. Soc. Jpn. 19, 493—507 (1967). 
P. Kunkel, V. Mehrmann, Differential-Algebraic Equations. EMS Textbooks in Mathematics. 
Analysis and Numerical Solution (European Mathematical Society (EMS), Zürich, 2006) 

S. Kwapien, Isomorphic characterizations of inner product spaces by orthogonal series with 
vector valued coefficients. Studia Mathematica 44(6), 583—595 (1972) 

R. Leis, Zur Theorie elektromagnetischer Schwingungen in anisotropen inhomogenen 
Medien. Math. Z. 106, 213—224 (1968) 

J.-L. Lions, E. Magenes, Non-Homogeneous Boundary Value Problems and Applications. 
Vol. I. Translated from the French by P. Kenneth, Die Grundlehren der mathematischen 
Wissenschaften, Band 181 (Springer, New York-Heidelberg, 1972) 

Y.I. Lyubich, Q.P. Vi, Asymptotic stability of linear differential equations in Banach spaces. 
Studia Math. 88(1), 37-42 (1988) 

J.C. Maxwell, VIII. A dynamical theory of the electromagnetic field. Phil. Trans. R. Soc. 155, 
459—512 (1865) 

D.F. McGhee, R. Picard, A note on anisotropic, inhomogeneous, poro-elastic media. Math. 
Methods Appl. Sci. 33(3), 313-322 (2010) 

H. Minkowski, Die Grundgleichungen für die elektromagnetischen Vorgánge in bewegten 
Körpern. Math. Ann. 68(4), 472—525 (1910) 

G.J. Minty, Monotone (nonlinear) operators in Hilbert space. Duke Math. J. 29, 341-346 
(1962). 

G.J. Minty, Monotone networks. Proc. R. Soc. Lond. Ser. A 257, 194—212 (1960). 

D. Morgenstern, Betráge zur nichtlinearen Funktionalanalysis. Ph.D. thesis. TU Berlin, 1952 
. S. Mukhopadyay et al., On some models in linear thermo-elasticity with rational material 
laws. Math. Mech. Solids 21(9), 1149-1163 (2016) 

M.A. Murad, J.H. Cushman, Multiscale flow and deformation in hydrophilic swelling porous 
media. Int. J. Eng. Sci. 34(3), 313-338 (1996) 


312 


70 


71 


72; 


78. 


79. 


80. 


81. 


82. 


83. 
84. 


85. 


86. 


87. 


88. 


89. 


90. 
91. 
92. 
93. 


94. 


Bibliography 


. F. Murat, Compacité par compensation. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 5(3), 489- 
507 (1978) 

. F. Murat, L. Tartar, H-convergence. Topics in the Mathematical Modelling of Composite 

Materials, vol. 31. Progr. Nonlinear Differential Equations Appl. (Birkhauser Boston, Boston, 

MA, 1997), pp. 21-43 

J. Nečas, Direct Methods in the Theory of Elliptic Equations. Springer Monographs in 

Mathematics. Translated from the 1967 French original by Gerard Tronel and Alois Kufner, 

Editorial coordination and preface by Šárka Nečasová and a contribution by Christian G. 

Simader (Springer, Heidelberg, 2012) 

. B. Nolte, S. Kempfle, I. Schäfer, Does a real material behave fractionally? Applications 
of fractional differential operators to the damped structure borne sound in viscoelas- 
tic solids. J. Comput. Acoust. 11(03), 451-489 (2003). eprint: https://doi.org/10.1142/ 
$0218396X03002024 

. W. Nolting, Theoretical Physics. 3. Electrodynamics (Springer, Cham, 2016) 

. W. Nolting, Theoretical Physics. 5. Thermodynamics (Springer, Cham, 2017) 

. W. Nolting, Theoretical Physics. 8. Statistical Physics (Springer, Cham, 2018) 

. R.S. Palais, Seminar on the Atiyah-Singer Index Theorem. With contributions by M.F. Atiyah, 

A. Borel, E.E. Floyd, R.T. Seeley, W. Shih, R. Solovay. Annals of Mathematics Studies, No. 

57 (Princeton University Press, Princeton, NJ, 1965) 

R.E. Paley, N. Wiener, Fourier Transforms in the Complex Domain. (Am. Math. Soc. Colloq. 

Publ. 19) (Am. Math. Soc. VIII, New York, 1934) 

D. Pauly, R. Picard, S. Trostorff, M. Waurick, On a class of degenerate abstract parabolic 

problems and applications to some Eddy current models. J. Funct. Anal. 280(7), 108847 

(2021) 

D. Pauly, A global div-curl-lemma for mixed boundary conditions in weak Lipschitz domains 

and a corresponding generalized Aj — A1-lemma in Hilbert spaces. Analysis (Berlin) 39(2), 

33-58 (2019) 

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, 

vol. 44. Applied Mathematical Sciences (Springer, New York, 1983) 

R. Picard, A structural observation for linear material laws in classical mathematical physics. 

Math. Methods Appl. Sci. 32, 1768-1803 (2009) 

R. Picard, Hilbert Space Approach to Some Classical Transforms (Wiley, New York, 1989). 

R. Picard, D. McGhee, Partial Differential Equations: A Unified Hilbert Space Approach, vol. 

55. Expositions in Mathematics (DeGruyter, Berlin, 2011) 

R. Picard, S. Trostorff, M. Waurick, A functional analytic perspective to delay differential 

equations. Oper. Matrices 8(1), 217—236 (2014) 

R. Picard, S. Trostorff, M. Waurick, On a comprehensive class of linear control problems. 

IMA J. Math. Control Inf. 33(2), 257-291 (2016) 

R. Picard, S. Trostorff, M. Waurick, On evolutionary equations with material laws containing 

fractional integrals. Math. Meth. Appl. Sci. 38(15), 3141—3154 (2015) 

R. Picard, S. Trostorff, M. Waurick, On maximal regularity for a class of evolutionary 

equations. J. Math. Anal. Appl. 449(2), 1368-1381 (2017) 

R. Picard, S. Trostorff, M. Waurick, Well-posedness via Monotonicity. An Overview. 

Operator Semigroups Meet Complex Analysis, Harmonic Analysis and Mathematical Physics. 

Operator Theory: Advances and Applications, vol. 250, pp. 397—452 (2015) 

R. Picard et al., A Primer for a Secret Shortcut to PDEs of Mathematical Physics, vol. 140. 

Frontiers in Mathematics (Birkháuser, Basel, 2020) 

R. Picard et al., On abstract grad-div systems. J. Differ. Equ. 260(6), 4888-4917 (2016) 

R. Picard et al., On non-autonomous evolutionary problems. J. Evol. Equ. 13, 751—776 (2013) 

R. Picard, Evolution equations as operator equations in lattices of Hilbert spaces. Glas. Mat. 

Ser. III 35(55), 1, 111—136 (2000). Dedicated to the memory of Branko Najman 

R. Picard, Mother operators and their descendants. J. Math. Anal. Appl. 403(1), 54—62 (2013). 

With an extension by S. Trostorff and M. Waurick. arXiv:1203.6762 


Bibliography 313 


95 


96. 
97. 


98. 


99. 


100. 


101. 
102. 


103. 
104. 


105. 


106. 


107. 
108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121 


. J. Priiss, Decay properties for the solutions of a partial differential equation with memory. 

Archiv der Mathematik 92(2), 158-173 (2009) 

J. Prüss, On the spectrum of Co-semigroups. Trans. Am. Math. Soc. 284(2), 847—857 (1984) 

T. Reis, Consistent initialization and perturbation analysis for abstract differential-algebraic 

equations. Math. Control Signals Syst. 19(3), 255-281 (2007) 

T. Reis, C. Tischendorf, Frequency domain methods and decoupling of linear infinite 

dimensional differential algebraic systems. J. Evol. Equ. 5(3), 357—385 (2005) 

R.T. Rockafellar, On the maximal monotonicity of subdifferential mappings. Pac. J. Math. 33, 

209-216 (1970) 

R.T. Rockafellar, On the maximality of sums of nonlinear monotone operators. Trans. Am. 

Math. Soc. 149, 75-88 (1970) 

W. Rudin, Real and Complex Analysis. Mathematics series (McGraw-Hill, 1987) 

G. Schmidt, Spectral and scattering theory for Maxwell's equations in an exterior domain. 

Arch. Rational Mech. Anal. 28, 284—322 (1967/68) 

R.E. Showalter, Diffusion in poro-elastic media. J. Math. Anal. Appl. 251(1), 310—340 (2000) 

B. Simon, Basic Complex Analysis. A Comprehensive Course in Analysis, Part 2A (American 

Mathematical Society, Providence, RI, 2015) 

L. de Simon, Un'applicazione della teoria degli integrali singolari allo studio delle equazioni 

differenziali lineari astratte del primo ordine. Rend. Sem. Mat. Univ. Padova 34, 205-223 

(1964) 

S. Simons, C. Zalinescu, A new proof for Rockafellar's characterization of maximal 

monotone operators. Proc. Am. Math. Soc. 132(10), 2969-2972 (2004) 

M. Sova, Cosine operator functions. Rozprawy Mat. 49, 47 (1966) 

S. Spagnolo, Sulla convergenza di soluzioni di equazioni paraboliche ed ellittiche. Ann. 

Scuola Norm. Sup. Pisa (3) 22 (1968), 571—597; errata, ibid. (3) 22, 673 (1968) 

S. Spagnolo, Sul limite delle soluzioni di problemi di Cauchy relativi all’equazione del calore. 

Ann. Scuola Norm. Sup. Pisa (3) 21, 657—699 (1967) 

A. Süß, M. Waurick, A solution theory for a general class of SPDEs. Stoch. Partial Differ. 

Equ. Anal. Comput. 5(2), 278-318 (2017) 

G.A. Sviridyuk, V.E. Fedorov, Linear Sobolev Type Equations and Degenerate Semigroups of 

Operators. Inverse and Ill-Posed Problems Series (VSP, Utrecht, 2003) 

H. Tanabe, Equations of Evolution, vol. 6. Monographs and Studies in Mathematics. Trans- 

lated from the Japanese by N. Mugibayashi and H. Haneda (Pitman (Advanced Publishing 

Program), Boston, MA, London, 1979) 

L. Tartar, The General Theory of Homogenization, vol. 7. Lecture Notes of the Unione 

Matematica Italiana. A Personalized Introduction (Springer, Berlin; UMI, Bologna, 2009) 

B. Thaller, S. Thaller, Factorization of degenerate Cauchy problems: The linear case. J. Oper. 

Theory 36(1), 121—146 (1996) 

S. Trostorff, A characterization of boundary conditions yielding maximal monotone opera- 

tors. J. Funct. Anal. 267(8), 2787—2822 (2014) 

S. Trostorff, Exponential stability and initial value problems for evolutionary equations. 

Habilitation Thesis. TU Dresden, 2018 

S. Trostorff, An alternative approach to well-posedness of a class of differential inclusions in 

Hilbert spaces. Nonlinear Anal. 75(15), 5851—5865 (2012) 

S. Trostorff, Autonomous evolutionary inclusions with applications to problems with nonlin- 

ear boundary conditions. Int. J. Pure Appl. Math. 85(2), 303—338 (2013) 

S. Trostorff, On integro-differential inclusions with operator-valued kernels. Math. Methods 

Appl. Sci. 38(5), 834—850 (2015) 

S. Trostorff, Semigroups and evolutionary equations. Semigr. Forum 103(2), 661—699 (2021) 

. S. Trostorff, Semigroups associated with differential-algebraic equations, in Semi-Groups of 
Operators — Theory and Applications. Selected Papers Based on the Presentations at the 
Conference, SOTA 2018, Kazimierz Dolny, Poland, September 30—October 5, 2018. In honour 
of Jan Kisyriski’s 85th birthday (Springer, Cham, 2020), pp. 79-94 


314 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 
130. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


Bibliography 


S. Trostorff, Well-posedness for a general class of differential inclusions. J. Differ. Equ. 268, 
6489-6516 (2020) 

S. Trostorff, M. Waurick, Maximal regularity for non-autonomous evolutionary equations. 
Integr. Equ. Oper. Theory 93(3). Id/No 30, p. 37 (2021) 

S. Trostorff, M. Waurick, On differential-algebraic equations in infinite dimensions. J. Differ. 
Equ. 266(1), 526-561 (2019) 

S. Trostorff, M. Waurick, On higher index differential-algebraic-equations in infinite dimen- 
sions, in The Diversity and Beauty of Applied Operator Theory, ed. by P.S. Albrecht Bóttcher 
Daniel Potts, D. Wenzel. Operator Theory: Advances and Applications, vol. 268, pp. 477-486 
(2018) 

S. Trostorff, M. Wehowski, Well-posedness of non-autonomous evolutionary inclusions. 
Nonlinear Anal. Theory Methods Appl. A Theory Methods 101, 47—65 (2014). 

D. Tzou, A unified field approach for heat conduction from macro-to microscales. J. Heat 
Transfer 117(1), 8-16 (1995) 

V.V. Jikov, S.M. Kozlov, O.A. Oleinik, Homogenization of Differential Operators and Integral 
Functionals (Springer, Berlin, 1994) 

H. Vogt, J. Voigt, Bands in L p-spaces. Math. Nachr. 290(4), 632-638 (2017) 

M. Waurick, A functional analytic perspective to the div-curl Lemma. J. Oper. Theory 80(1), 
95-111 (2018) 

M. Waurick, A note on causality in Banach spaces. Indagationes Mathematicae 26(2), 404— 
412 (2015) 

M. Waurick, G-convergence and the weak operator topology. PAMM, vol. 16, pp. 521-522 
(2016) 

M. Waurick, G-convergence of linear differential equations. J. Anal. Appl. 33(4), 385-415 
(2014) 

M. Waurick, Homogenization in fractional elasticity. SIAM J. Math. Anal. 46(2), 1551-1576 
(2014) 

M. Waurick, Limiting processes in evolutionary equations - A Hilbert space approach 
to homogenization. http://nbn-resolving.de/urn:nbn:de:bsz: 14-qucosa-67442. Dissertation. 
Technische Universität Dresden, 2011 

M. Waurick, Nonlocal H-convergence. Calc. Var. Partial Differ. Equ. 57(6), 46 (2018) 

M. Waurick, On non-autonomous integro-differential-algebraic evolutionary problems. Math. 
Methods Appl. Sci. 38(4), 665-676 (2015) 

M. Waurick, On the continuous dependence on the coefficients of evolutionary equations. 
Habilitation. Technische Universität Dresden, 2016. http://arxiv.org/abs/1606.07731 

J. Weidmann, Linear Operators in Hilbert Spaces, vol. 68. Graduate Texts in Mathematics. 
Translated from the German by Joseph Szücs (Springer, New York-Berlin, 1980) 


Index 


A D 
Abscissa of boundedness, sp (-), 74 5-Sequence, 48 
Adjoint relation, 19 Demiclosed, 276 
Almost separably-valued, 40 Densely defined, 16 
Ampére's law, 95, 304 Dielectricity e, 95, 305 
Autonomous, 82, 125 Differential algebraic equation, 150 
Div-curl lemma, 238 
Domain, 15 
B Drazin inverse, 162 
Baire space, 295 Dual phase lag heat conduction, 111 
Balance of momentum, 92 Dual space, 37, 133 


BD(div), 197 
BD(grad), 197 


Bochner-integral, 36 E 

Bochner-Lebesgue spaces, 33 Eddy current approximation, 100 
Bochner-measurable, 31 Elasticity tensor, 93, 307 
Boundedness in M(H, vo), 206 Electric boundary condition, 95 
Bounded relation, 16 Electric conductivity, 305 


Electric conductivity o, 95 
Electric displacement, 95, 304 


C Electric field, 95, 300 

Cy (R; H), 67 Eventually independent, 89 
on (R; H), 44 Evolutionary equation, 5, 6 
C,(R; H), 53 Evolutionary inclusions, 288 
Causal, 56, 125 Evolutionary mapping, 266 
Clamped boundary condition, 93 Evolution equation, 1, 2 
Closable, 16 Evo-system, 1 

Closed, 16 Exponentially stable, 168, 182 
Coercive, 277 External current, 95, 305 
Compensated compactness, 238 Extrapolated operator, 134 


Consistent initial value, 151, 155 
Continuous linear operator, 15 


Convex, 277 F 
Core, 18 Faraday's law, 94, 303 
Current, 95, 304 Fourier-Laplace transformation, 72 


© The Author(s) 2022 
C. Seifert et al., Evolutionary Equations, Operator Theory: Advances 
and Applications 287, https://doi.org/10.1007/978-3-030-89397-2 


316 


Fourier’s law, 91, 300 

Fourier transform, 67 

Fourier transformation, 71 

Fractional elasticity, 107 

Fractional integral, 78 

Fractional parabolic pair, 247 

Fundamental solution or Green’s function, 4, 
5.11 

Fundamental theorem of calculus, 39 


G 
Graph norm, 17 
Graph scalar product, 18 


H 

H (curl, Q), Ho(curl, Q), 87 

H (div, Q), Ho(div, Q), 87 
H'(Q), H (Q), 87 

Hi (R; H), 138 

H7 ' (R; H), 138 

HY (R; H), 246 

H; (div, Y), 227 

Hj (Y), 227 

Hardy space, 120 

Heat equation, 2, 8, 300 

Heat equation, evolutionary equation, 91 
Heat flux, 91, 299 

Heat flux balance, 91, 300 
(skew-)Hermitian, 21 

Holder continuous, 65 
Homogenisation problem, 230 
Hooke’s law, 93, 307 


I 

Image, 16 

Index of operator pair, 158 
Inverse relation, 16 


K 
Kernel, 15 
Korn’s inequality, 187 


L 

L2, (R; H), 42 

Laplace transform, 121 

Laplacian, 2 

Lax—Milgram lemma, 97, 100 
Lemma of Riemann-Lebesgue, 68 
Linear elasticity, 307 


Index 


Linear relation, 16 

Lipschitz semi-norm, 54 

Local boundedness, 285 

Lower semi-continuous (l.s.c.), 277 


M 

Magnetic field, 95, 304 

Magnetic induction, 95, 300 

Magnetic permeability u, 95, 305 

Magnetisation, 304 

Material law, 74 

Material law operator, 76 

Matrix exponential, 2 

Maximal monotone relation, 276 

Maxwell’s equations, 6, 305 

Maxwell's equations, evolutionary equation, 
94 

Mean value property, 114 

Monotone, 276 

Multiplication-by-the-argument operator, m, 
73 

Multiplication-by-V operator, 73 


N 
Newton's law, 307 
Normal, 21 


(0) 
Ohm’s law, 95, 305 
Operator, 16 


P 

Parabolic, 247 

Periodic, 210 

Periodic gradient, 227 
Poincaré’s inequality, 172 
Poisson’s equation, 4 
Poisson’s formula, 115 
Polarisation, 304 
Poro-elasticity, 103, 104 
Positive definite, 7 
Proper, 277 


Q 


Quasi-WeierstraD normal form, 151 


R 
Range, 15 


Index 


Real part of operator, 89 
Regular, matrix pair, 150 
Regular operator pair, 157 
Relation, 15 
Resolvent identity, 24 
Resolvent set, 23 
matrix pair, 150 
operator pair, 156 


S 
Schwartz space, 68 
(skew-)selfadjoint, 21 
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